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I. On Travelling Atmospheric Disturbances. 
By Haroup Jerrreys, M.A., D.Sc.* 

T has been shown by Lamb f that an arbitrary disturbance 
of the uniform distribution of density in the atmosphere 

in horizontal layers would ordinarily give rise to a motion 
of the nature of a wave spreading out from the originally 
disturbed region, the velocity of propagation being of the 
same order of magnitude as that of sound. Thus a local 
variation in mass distribution would be rapidly dispersed 
over a wide area and the original uniform state restored. 
Any disturbance of even moderately permanent character 
must therefore be of a very special type. Now the ordinary 
cyclone is able to retain its size and pressure distribution 
about its centre for days, the velocity with which it moves 
being of the order of twenty feet per second, very much 
smaller than the speed.of an atmospheric wave. ‘Thus the 
first question with regard to the nature of a cyclone is, why 
does it not spread out like an ordinary wave and disperse in 
an hour or two? ‘The answer seems to be that a cyclone is 
of the character of a standing wave, the pressure and velocity 
distribution being such that for this peculiar kind of dis- 
‘turbance the velocity of propagation is practically zero. 
The realization of this fact has led to the assumption of the 
well-known ‘Gradient relation,” according to which the 

* Communicated by the Author. 
+ “On Atmospheric Oscillations,” Proc. Roy. Soc. ones A. pp. 551— 

572 (1910). 

Phil. Mag. 8. 6: Vol. 37. No. 217. Jan. 1919. B 



2 Dr. Harold Jeffreys on 

wave velocity is very small, or, what is equivalent, that 
the acceleration terms in the equations of motion of the air 
can be neglected. If (w, v, w) be the components of velocity 
of the air at the point (a, y, 2), at time ¢, the axis of z being 
vertical, the equations of motion take the form * 

du aeiint Op ) 

Fontes | AE 
du 1 Op 
ZANE 'C) ane rr Re il TE 4MU p Gy L, ( ) 

a 1 dp | 

at op dz | 
where . eo Ps) Pa) Pa) 

TAA 1 le ian) ee 

pis i pressure, 
p is the density, 
g is the acceleration due to gravity, 

and w is the component about the vertical of the earth’s 
angular velocity of rotation. 

Friction, which is only effective in the surface-layers, is 
ignored. 

It is assumed first that the vertical velocity can be 
neglected. The writer has shown elsewhere that f this is 
justifiable in problems of winds caused by temperature 
variations of horizontal extent large compared with the 
height of the atmosphere, and as an average cyclone is of 
the order of 1000 km. across the same is probably true here. 
The assumption must not, however, be pushed too far; it 
would be in serious error for small islands, and probably also 
for land and sea breezes of the usual diurnal type. For the 
ordinary widespread depression, however, it is probably 
correct, and the third equation of motion becomes 

p=|_ gpdz oe elie 

The assumption that the disturbance is permanent gives 

at once that oe ; and - are zero; hence the two equations 

of horizontal motion become 

Qu Ou 1 3p) ae Bas = a ae Z 

3v So ie ee oC) 8%. a 

ne oO meee a 

* Cf. Lamb, ‘ Hydrodynamics,’ p. 302. 
+ Phil. Mag. vol. xxxiv. pp. 449-458 (1917). 
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ik ravelling Atmospheric Disturbances. 3 

Further simplification is not possible without some know- 
ledge of the size of the quantities involved. If it be assumed, 
as is usually correct in these latitudes, that the pressure 
gradients and wind velocities are small enough for their 
squares to be neglected in a first approximation, we have 
nearly 

—2ov= 13? 

ene Minette OA 

which gives the so-called ‘“‘Geostrophic relation.” If the 
isobars are concentric circles we have as a second approxi- 
mation, the density being assumed constant, the equation 

me +20V=— 5", e ° ° e e (35) 

where V is the resultant velocity and r the distance from 
the common centre, which is the usual form of the equation 
giving the wind in terms of the pressure gradient. It is 
often assumed to be correct even when the pressure distri- 
bution is changing with the time; but this involves the 
assumption that the air is not accelerated along its path, 

T Op BY 2 
which means that aya: neglected while a retained. 

This is a very uncertain hypothesis, for in general these 
two quantities would be expected to be of the same order of 
magnitude. 

When the pressure distribution is varying, the problem 
becomes much more complex. A cyclone in most cases 
moves fairly steadily in one direction, the isobars remaining 
approximately concentric. Sometimes the depression in the 
centre deepens as it moves, more often it becomes shallower and 
spreads out, but frequently it travels for thousands of miles 
practically unchanged. Now if it were merely a wave free 
to spread out, it would, as was said before, do so witha 
velocity comparable with that of sound, and would therefore 
disappear in a few hours. On the other hand, the motion 
of the depression is not itself of the character of the pro- 
pagation of a wave, for it only takes place at the rate of 
some feet per second. Thus the moving depression, like the 
stationary one, requires peculiar conditions for its main- 
tenance, and it is intended to indicate some of these in the 
present paper. ‘The method adopted is that of successive 
approximation according to powers of the pressure gradient. 

¢ 
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Suppose that the speed of translation of the cyclone is 
small, of the same order of magnitude at least as that of the 
winds themselves. Then 9/0? is of the order wd/de and the 
only first order terms in the equations of motion are those 
in the equations 

—20v=— 122 | 

Oe i er 
Ds eee OP 

p oy } 

Thus the geostrophic relation still holds as a first approxi- 
mation. When, however, the second powers of the velocities 
are negligible, no disturbance can travel. For the rate of 
increase of the surface pressure at any point is given by 

BP a |“ y Pae=—g(” 8 oy aes ; 
ot =| G5, 0 — ‘ { 55 (pu) + S (er) +S (pw) fede, 

by the equation of continuity. 
Now pw is zero when z=0 and when ¢ is infinite, since 

there is no vertical velocity on the ground and the density 
tends to zero at a great height. Hence 

of {2oedonhin .. @ 
Substituting in this from the equations (6) we have 
identically 

OPo _ =, 70. 2 

Thus to this order the pressure distribution is not varying. 
Hence if it is changing at all it must depend on powers of 
the pressure gradient higher than the first. The assumption 
that this kind of approximation is possible is therefore so 
far justified. 

A second approximation may now be obtained by substi- 
tuting the values of u and v given by (6) into the terms in 
(1) depending on the squares of the velocities,and again 
determining « and v as far as the second powers of the 
pressure gradients. As Qp/Ot is of higher order than udp/dz, 
it follows that Ou/dé and Ov/dt are of higher order than 
ugu/dz ; thus they contain no terms of the second order 
and therefore must be neglected. The vertical velocity also 
must be zero unless the distribution is changing; hence to 

jc 



Travelling Atmospheric Disturbances. D 

this order it also may be neglected in the equations of 
motion. Then 

Op Op Ov __ Op Ov) | 
A ae But a7 Or On 5.) ‘ (10) 

2oov= OP _ 1 ( aes — oe Oe | ay 
e Of 20\d7¥02 dz al 

and 

Ope _ dp dv _ Bp de 
Te 4 {&( @ On 7 

_ 9 (9p ou _ Op ou\71 5 
SAG ee Sy) f ott) 

where for u and v we must substitute their values from (4). 
So far these results are general, subject to the validity of 

the approximations made, which seems satisfactory in ordinary 
cases. Further progress, however, requires some knowledge 
of the relations connecting pressure and density with 
position ; and when the actual laws that hold in the atmo- 
sphere are substituted the formule soon become unmanage- 
able. An approximation can nevertheless be employed that 
enables the actual conditions to be imitated without making 
the algebra quite intractable. In the ordinary cyclone 
below the stratosphere the difference of pressure from normal 
does not vary greatly with the height, and it appears as if 
the disturbance arose from a change within the stratosphere : 
thus the conditions within the troposphere could be repre- 
sented by a variation in the height of the free surface of an 
incompressible fluid. At the same time there is a well 
marked temperature gradient, the temperature usually 
increasing towards the south in the troposphere; the opposite 
seems to hold in the stratosphere*. Thus the troposphere 
can be represented by an incompressible fluid of finite depth 
whose temperature and therefore whose density are mono- 
tonic functions of one of the horizontal coordinates. Let 
the mean height of the free surface be H, and the excess of 
the actual height of any point of the free surface above this 
be € Also let the density be given by p=po+ pi, where p; 
is small and a function of # and z only. 

It is further supposed that € and p, are small enough for 

* W. J. Humphreys, Bull. Mt. Weather Obs. vol. ii. pp. 292-297 
(1910). 
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their third powers to be neglected in the present approxi- 
mation. Then 

g oF PES ee (Sas (12) u=— a Z ) A AG 

20 oy. © 20 0x 2apo 

to the first order, and substituting from these into (11) we 
find 

— Se Op _ (BEE _ Of OE _ at aE, oF a 
gp. ot \dy dn dx da¥dy Ox dy? dy OwO!? 

@ secu cole, \ eee ; Hone Speed 

Marae Sema 
tate See my VEL | ge 
= OEE, oS ae eles 

here Catt oal i ded, 

and Via So+e,. 

Now gpof’ is the mean of the excesses of the pressure 
above normal at all points of a vertical column. Also by 
hypothesis Qp/dt=0, and theretore if P=gpo¢', P satisfies 
the equation 

eo Uae 
gi, Oma Okra) 

From this several interesting consequences can be deduced 
at once. If for instance this mean pressure anomaly is 
constant over concentric circles, it is a function of the 
distance from the common centre of these circles, and 
therefore \/7;7P is a function of P and the Jacobian vanishes. 
Thus if a depression is perfectly symmetrical the pressure 
cannot vary with the time, and therefore all pressure changes 
must be caused by departures from circular symmetry. 
Again, if the curves P=constant are symmetrical with re- 
spect to two perpendicular axes, let us take these to be the axes 
of andy; then P isan even function of 2 and y, and therefore 
so is V17P; hence the Jacobian is an even function of x 
and y and the same must apply to the pressure changes. 

(15) 

Din te oe 
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Motion of the depression in one definite direction cannot 
therefore occur, though it may change its form subject to 
the condition that it must remain symmetrical with respect 
to these axes. Hence a cyclone cannot travel if it is 
symmetrical with respect to two axes; if it is to do so it 
must be definitely ovoid in form. A case of motion produced 
by asymmetry is afforded by the ordinary cyclone. This 
forms at the edge of a region of low pressure, so we shall 
take the general distribution of pressure to be decreasing in 
the direction of z increasing. In such asystem a depression 
forms, the lowest pressure being near its centre. It seems, 
however, that the distribution does not consist of a sym- 
metrical distribution on which a uniform increase in one 
direction is superposed. Tor if it were so, we should have 

P=—Br+kR. 

where R is a function of w?+y? only, and B is a constant. 
Then 

ene) ONG 
0 (#,y) Oy 

and the rate of variation of P is given by 

oP pHB avvR 
ony Sat pye, Om 

Now if the disturbance is travelling unaltered we must 
have 

0 0 te Cheese 20: Dt Oe OY 
where U and V are the components of the velocity of trans- 
lation, and the object of the operation is any of the physical 
quantities of the system. But the density does not depend 
on ¢ or y, and therefore this operation on it shows that U is. 
zero. Next applying it to P we find 

oR  gHB oVi?R a 

Oy 8w%p dy 
First, consider the order of magnitude of the velocity of 

translation thus indicated. Let the horizontal dimensions 
of the cyclone be of order a; then V/1?R is comparable with 

R/a?, and V is of order — ee 
8a" pya 

Now B/2qp, is the geostrophic wind corresponding to the 
general pressure gradient; and gH/4o? is the square of the 
distance sound would travel in an interval comparable with 
12 hours, which is itself much greater than the linear 

Vv 
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dimensions of an ordinary cyclone, as has already been 
mentioned. Thus if the pressure were distributed in the 
simple way here supposed, the velocity of translation would 
be much greater than the general velocity ot the winds 
around the cyclone. This does not appear to be the case ; 
for it would imply that the depression moved at such a rate 
that no part of the surrounding air could keep pace with it, and 
probably none of the air it itself contains. This contradicts 
the fact of the existence of a tornado centre *, or portion of 
air within the cyclone moving with the cyclone as a whole. 
The explanation seems to be that the actual effect of super- 
posing a general pressure gradient on amass of rotating air 
is to cause a considerably smaller change in its symmetry 
than would be expected, the reason being that some internal 
compensation reduces the asymmetry. That this reduction 
is not complete is, on the other hand, seen from the fact that 
the cyclone does move, and usually does so in the direction 
of the general gradient wind. 

Summary. 

The geostrophic relation between the wind and the surface 
pressure gradient is incapable of accounting for any variation 
whatever with time in the pressure distribution. All changes 
in this arise from those terms in the equations of motion 
that are neglected when the geostrophic relation is assumed. 
When these terms, which depend on the squares and differ- 
ential coefficients of the velocities, are taken into account, it 
is found that an asymmetrical cyclone can move. It seems, 
however, from the low speed of travel of these depressions, 
that a simple superposition of a general pressure gradient on 
a rotating system must be compensated internally in some 
way, so as to reduce the asymmetry introduced. Thus the 
remarkable circularity of the isobars in a cyclone is seen to 
be a condition of its slow movement. It is indicated that 
the cyclone itself is a very special type of disturbance, in 
which the pressure, temperature, and velocity are so distri- 
buted as to make the wave tending to readjust it travel with 
extreme slowness; other types of disturbance spread out 
much more rapidly (with velocities of the order of that of 
sound) and are dissipated, and this fact is probably the 
reason why of all the irregularities possible the cyclone is 
the most conspicuous, other forms dissipating before they 
can be observed. 

* Sir Napier Shaw, Geophysical Memoirs of the Meteorological Office, 
No. 12. @ 
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II. On the Flow of Energy in the Electromagnetic Field 
surrounding a Perfectly Reflecting Cylinder. By T. K. 
CurymayaM, B.A.(Hons.), Research Scholar in the Indian 
Association for the Cultivation of Science, Calcutta ™. 

[Plate I.) 

1. Introduction. 

ie a paper recently contributed to this Journal, Mr. N. 
Basu f has discussed the general features of the pheno- 

mena observed in the immediate neighbourhood of a perfectly 
reflecting cylinder on which plane light waves are incident 
in a direction at right angles to its axis. Further investi- 
gation was, however, necessary in order to establish the 
formule for the distribution of light intensity in the various 
parts of the field. These formule have now been obtained 
and subjected to a detailed experimental test. Besides 
describing the results of a photometric study that has been 
carried out, the present paper also deals with the torm of the 
lines of flow of energy through the field which, it is thought, 
may prove of interest with reference to the work of Profs. 
R. W. Wood ¢ and Max Mason § on the simpler case of the 
interference field due to two-point sources of light. 

It may be remarked here that the phenomena which form 
the subject of this paper may be strikingly shown on a large 
scale without the aid of a microscope by using a cylindrical 
surface of very large radius as the diffracting “edge.” A 
strip of thick plate glass, two inches wide and about a yard 
long, may be bent into a circle of some yards radius by 
resting it on supports near the two ends and loading the 
latter sufficiently. A slit illuminated by a Cooper-Hewitt 
lamp and placed at some distance from the surface in a line 
with it, may be used as the source of light. A very large 
number of fringes may then be seen with a low-power eye- 
piece if the plane of observation be within a few feet of the 
eylindrical ‘‘ edge.” At greater distances, the fringes widen 
out; their visibility and number decrease, and their spacing 
alters with increasing distances from the cylinder in such 
manner as to approximate more and more closely to that of 

* Communicated by Prof. C. V. Raman, M.A. 
tT N. Basu: “On the Diffraction of Light by Cylinders of large radius.” 

Phil. Mag. xxxv. p. 79 (1918). 
Tt R.W. Wood: “On the Flow of Energy in a System of Interference 

Fringes.” Phil. Mag. vol. xviii. p. 250 (1909). 
§ Max Mason: “The Flow of Energy in an Interference Field.” 

Phil. Mag. vol. xx. p. 290 (1910). 
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the diffraction-fringes due to a straight edge. Some photo- 
graphs taken with the arrangement described above are 
shown in Plate I., the tigures (a), (6), (¢) corresponding 
to the phenomena in planes at increasing distances from the 
“edge.” 

2. The Form of the Illumination Curves. 

Debye* has shown from the electromagnetic theory that 
at a great distance from a cylinder (assumed to be of a large 
radius) on which plane waves are incident, the disturbance 
due to it is practically the same as that to be expected from 
the principles of geometrical optics, this statement, however, 
not being taken as correct in respect of points lying in a 
direction very nearly the same as that of the incident rays. 
Debye’s results suggest a simple method of finding the 
distribution of intensity at points lying within the region of 

Fig. 1. 

light in the immediate neighbourhood of the cylinder. Let 
QO (fig. 1) represent the section of the cylinder and KOY 
the direction of the incident rays. We may assume that the 
fringes observed in the plane OX containing the “edge” O 

* Debye: Phys. Zeitschr. ix. pp. 775-778, Nov. 1908; also ‘ Science 
Abstracts,’ 1909, p. 88. 
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of the cylinder grazed by the rays are due solely to the 
interference of these rays with those reflected trom the 
surface of the cylinder at varying angles. This would also 
be the case as regards any plane such as QM’ in advance of 
the edge. But the phenomena in a plane such as Q’P’, 
which lies on the remote side of the edge, would not admit 
of such simple treatment, especialiy when we consider the 
effect at points lying not far from the boundary OY of the 
direct. and reflected rays. In sucha plane, the intensity at 
any point on the right cf the boundary may be regarded as 
due to the superposition of three factors: (a) the efiect due 
to the direct rays, () that due to the refiected rays, and 
(c) a diffraction effect mainly perceptible in the neighbour- 
hoed of the boundary. If the cylinder were replaced by a 
perfectly reflecting semi-infinite screen lying in the plane 
CO with its edge at O, the diffraction-effect would be found 
as in Sommerfeld’s* well-known investigation, by super- 
posing upon the direct rays a radiation emitted by the edge 
of the screen. It will be observed that in the present case 
the intensity of the rays regularly reflected from the surface 
of the cylinder, as given by the formule of Geometrical 
Optics, is zero along the boundary OY, and increases slowly 
as we move away from the boundary into the region of light, 
and thus presents no discontinuity. Itthus seems justifiable 
to assume that so far as regards the phenomena in the region 
on the right-hand side of the boundary, the ditfraction-effect 
(c) is practically the same as in the case of « semi-infinite 
screen with its edge at O. 

The distribution of intensity in the field may be readily 
found on the foregoing assumptions. Take the “edge” O 
as origin of coordinates, and rectangular axes OX, OY, 
perpendicular and parallel respectively to the direction of 
the incident rays, and let the angle OCQ (assumed to be 
small) be denoted by @. The path difference between the 
direct and the reflected rays reaching any point P is 

6=(QP—MP)2c/A4+7 
= 2h6?(y+a0) +7 approximately, 

where k=277/X. 
Again, if the amplitude of the incident light be taken as 

unity, that of the reflected light may be written as 

{p/(e + QP) }3, 

* Sommerfeld: “On the Math. Theory of Diffraction,” Math. Annalen,. 
vol. xlvii. p. 317 (1895). 
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where p is the radius of curvature of the reflected wave on 
emergence at Q. Since p=a/2 approximately, 

po ae.ae 
p+QP 2y+3a0" 

In any plane in advance of that passing through the edge 
of the cylinder (y= —d,s say), the expression for the intensity — 
of illumination at any point i is 

T=1+s—2)/scos¢, . . 4) 

where p=2ke?(y+a0) and s=ad/(3a0+2y). 

The positions of the maxima and minima of illumination 
are given by 

dl_ ds cos h 4) OD om 
79 = Bi 71) +2V/s8in bay =O. oO hike (2) 

Since dp/d@=4kO(y +48) + 2k6a, and contains the factor 
27/2, it will be large, so that the first term in equation (2) 
is negligible. That equation hence becomes 

sin @=0, 

or 20°(y+ab)=mr/2, . .. 2) es 

while the relation between 6 and « is given by 

“= (y+a0)20—a0?/2=2y0+ 3007/2. . . (4) 

From (1) and (3) it is seen that the intensities of the 
successive maxima and minima are respectively proportional 
to 

m= {14 (gag—za) f+ 
242 

oe. es) 
The intensity-curve has been plotted out in fig. 2 (a) for 

the case a=1°5 em. and d=0°2 cm. It will be seen that 
in this plane Imax, begins nearly with a value (1+1)?= 
and drops down gradually in successive fringes to a limiting 

value of (141/\/3)?=2°49 approx. Imin, Increases from a 

value nearly zero to a limiting value (1—1/\/3)?=0:18 
approx. The visibility of the successive fringes in the plane 
of observation therefore decreases slowly. 

At the plane y=0, the illumination is given by 

1414122 coso//3.. .. ..) a 
The intensity-curve is shown in fig. 2(6). Imax, has a 
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constant value of (1+ 1/\/3)? and Inin, a value of (1—1/4/3)?. 
The visibility of the fringes is thus stationary along this 
plane for a considerable distance from the edge. 

Fig. 2. 

In advance: 
of the edge” 

Intensity-curves at different parts of the Field. 

Passing on to consider the distribution of intensity in any 
plane Q’P’ below the plane y=0, we have, as remarked 
above, to add to the effect of the direct and reflected rays a 
diffraction effect. We shall represent the latter effect by 
that due to a single source placed at the edge O, the amplitude 
of the disturbance due to it at a point in the region bounded 
by Ow and Oy being given by Sommerfeld’s expression * 

rE ie ( _ 1 1 
Las —cos| kr—nt + — + Ged Ge ate CO) Aq . 4 | cost ® cos? ® : 

* Sommerfeld, oc. cit. 
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where 7 is the distance of the point from the edge O, @, ¢’ 
are the angles which the diffracted and incident beams 
respectively make with the direction «OQ. If we denote the 

angle POY (ie. 1) by 2, a= oa = =5 , so that the 
expression (6) becomes 

1 ye TE / 1 = ps a i eg a AC pee (1 nt + in a 2) 
sin - 

2 

x 
dee *cos(kr—nt+ 7), 

since a is small so far as our present investigation is 
-concerned. Now r=P’O=y+.2?/2y; «a=a/y approximately. 
Hence the above expression may be written 

avis Dreos(ky+ ™ —nt+ 7). 

The total distur oe at Puas ae 

£= cos (ky —nt)—v/s cos (ku —nt + k 2a6? + 2y8*) 

J yr a oa 
mele Sane 008( ky + Qy —nt + 7) 6 

Remembering that 

w=3aP?!24 28, x7) 2y=2yF + 348, 

we get for the intensity of illumination at any point the 
expression 

[=148—-2/Scouy, 2...) ae 

yr a/ sir Pe ae 
where S=s+ 7" ze + = cos (Fad? + ), me (3) 

X= k (2a0? + 248?) + €, Af ue eo aie (9) 

ale WUX sin (a6? + +2) 

and tan e— re 

7: cos (kad® =e 4 
ti (10) 

9/84: 

Hquations (4) and (7) give for the positions of the maxima 
-and minima of illumination 

x= 2y0+ 3a0?/2, 

ea ee 

We see that the introduction of the diffraction term has 

(11) 
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slightly changed the positions of the maxima and minima. 
The magnitude of the change depends upon e, which is zero 
when ¥=0 (equation 10), and steadily increases with y to a 
limiting value of (ka? + 7/4) or 7/4, since ka? is negligible 
over the first few bands when y is sufficiently large. By 
actual calculation it is found that this limit is practically 
reached when y is over three times the radius of the cylinder. 
Under these conditions equations (11) reduce to 

ey AA a A ee ae CED) 

Formula (12) is identical with Schuster’s formula for the 
case of diffraction of plane waves by a straight edge. 

Returning to equation (7) we see that the intensity of 
illumination of the successive maxima and minima is given 

oy Inox = (1+/'8)? \ (13) Tin, = (1—V/8)? J” 
where S is given by equation (8). ‘The intensity-curve for 
a plane 5 mm. behind the edge is shown in fig. 2 (ec). It 
will be seen that the ratio of the minima to the maxima is 
considerably greater than in (a) and (6). Calculation also 
shows that the visibility of successive fringes in this plane 
of observation should decrease, though somewhat slowly. 
For still greater distances from the edge of the cylinder the 
illumination curves become practically identical with those 
of the Fresnel type due toa straight edge, the intensity of 
the reflected rays becoming negligible in comparison with 
that of the incident and the diffracted rays. The ordinates 
of the curves (a), (0), (c), (though not the abscissa), have all 
been drawn to the same scale, and the curves illustrate the 
fact that the luminosity of the field as a whole decreases as 
we recede from the cylinder. 

3. Photometric Study of the Field. 

The formulee obtained above have been tested by two 
independent methods, (1) by photometric comparison of the 
maxima and minima of illumination, and (2) by deter- 
mination of their relative positions. 

Asmall polished cylinder of glass, of about 1°5 cm. radius, 
was used. It was mounted on one of the stands of an 
optical bench, anda microscope objective mounted on another 
of those stands was brought up close to the cylinder. Light 
from a narrow slit was passed through a collimating lens and 
was allowed to fall grazingly on the cylinder. The field 
was viewed through a micrometer eyepiece placed at a 
distance behind the objective. By moving the cylinder 
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towards or away from the objective, the phenomena at 
different planes y=d could be observed. 

The photometric arrangement used to study the relative 
intensity of the fringes was based upon a polarization method. 
The beam of light was plane-polarized by passage through a 
nicol before falling on the cylinder. The eyepiece (a low- 
power one) was moved off toa pretty large distance behind 
the objective, and two narrow slits cut out of aluminium-foil 
and pasted on two glass strips were mounted, one above the 
other, between the eyepiece and the objective, so as to 
allow a small relative motion which could be controlled by a 
micrometer-screw. A thin mica plate was also fixed up on 
the upper one, which was movable in the experiment, the 
thickness of the plate and its orientation with respect to 
the slit being adjusted by trial so that under the conditions 
of the experiment it circularly polarized the light falling on 
it. The field was viewed through another nicol fitted with a 
graduated circle and mounted just behind the slits. The 
lower slit was always set on the first bright band, while 
the upper one was set successively on the different maxima 
and minima. Hquality of illumination was obtained in each 
case by rotating the analysing nicol. The reading for the 
crossed position of the analyser being also taken, the ratio 
of the intensities of illumination could be easily calculated. 
Tkus if W be the orientation of the analyser in any case 
(y being reckoned from the crossed position) and I, Ip 
the intensities of illumination of the upper and lower slits 
respectively, 

T/Iy= sin? y. 

Readings were taken for the first few bands on the planes 
y=0 and y=0°5 cm., and are given in Table I. with the 
corresponding values calculated from theory. 

TaBLeE I, 

g=0, y—Oio ems 

T/T Maxima. | Minima. Maxima. Minima. 

Obsd. | Caled.| Obsd. | Caled. || Obsd. Gated Obsd. | Caled. 

Weta 1:00 | 1:00 | 0:09 | 0-07 || 1:00 | 1-00 | 0-46 | 0-42 
DHE se 0:96 | 1:00 | 0:08 | 0:07 || 0-91 | 0°93 | 0°45 | 0:44 

Diseases 1:00 | 1:00 | 0:12 | 0-07 | 0°91 | 0°91 | 0°52 | 0-46 

Anes 0:94 | 1:00 | 0:15 | 0-07 | 0-83 0:90 | 0:52 | 0-46 
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The discrepancies are within the limits of experimental 
error, so that the theory developed above appears to be 
substantially correct. 

As has been remarked already, the theory was also tested 
by measurements of the positions of the minima of illumina- 
tion in different parts of the field. Some explanation is here 
necessary with regard to the measurements of fringes in a 
plane in advance of the “edge” (y negative). With the 
ordinary arrangement as described above, if the microscope 
is moved near so that its focal plane may be in advance of 
the “edge,” we are unable to see the exact phenomena in 
that plane, since the light has to come past the edge before 
it can fall on the objective, and secondly, as has been fully 
described in Mr. Basu’s paper, the field is complicated by 
the occurrence of the caustic and its accompanying fringes 
formed by reflexion from the surface of the cylinder. This 
difficulty was got over in the present work by turning the 
cylinder around its axis till the desired plane of observation 
coincided with the boundary of the polished surface. What 
is meant may be better understood by a reference to fig. 1, 
the process described being equivalent to cutting off the 
eylinder along CQ and removing the lower half. It is not 
easy, however, with this arrangement directly to determine 
the value of y when it is negative ; and in Table II. below it 
has been calculated from a pair of readings. The source of 
light was a quartz mercury lamp with a green ray filter. 

TABLE TL: 

Fringes between the cylindrical edge and the 
source of light 

| | y=. y=—02 em. y= —O0'29 em. 

| 

i Obsd. | Caled. | Obsd. | Caled. | Obsd. Caled, 
| 

| 

00169 | 0-0169 | 0-0082 | 0-0082 | 0:0062 — 0-0060 
| 0:0307 | 0-032 | 0:0165 | 00163 | 0:0123  0-0120 
00420  0-0417 | 00240 | 0:0240 | 0-0183  0-0182 
0:0524 | 0:0522 | 0-0310 | 00317 | 0:0285 | 0:0235 
| 0:0620 | 0:0619 | 0-:0378 | 0:0395  0-0290 | 0-0293 

Phil. Mag. S. 6. Vol. 37. No. 217. Jan. 1919. C 
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Tasue ITT. 

Fringes behind the cylindrical ‘‘ edge.” 
| 

y=0'1 em. y=0°83 cm. y=0°9 cm. 

Obsd. | Caled. Obsd. | Oaled: 

0-0159 0-0158 (0-0250 0-0251 
0-0284 |0:0284 0-0439 |0:0450 
0-0385 (0:0390 |0-0600 (0:0609 
0-0483 '0:0480 0:0740 |0:0750 

0-0568 |0-0570 0-0867 |0-0879 

Obsd. | Calcd. 

0:0341 |0:0326 

0:0580 |0:0580 

0-0776 |0:0782 

0:0928 |0:0938 

0-1116 |0°1134 

y=0°7 cm. 

Obsd. | Caled. 

0:0370 |0:0370 

0:0660 |0-0661 

0:0887 |0:0897 

0-0651 0-0650 0-0990 0:0997 
0-0715 0:0723 0-1108 0-1110 

fe 0-0794 0:0796 
1 Wee 0-0862 0.0863 

The agreement between the calculated and the observed 
values is very close and confirms the theory. 

4. The Loci of Maxima and Minima of Illununation. 

These curves have an interesting property which may be 
briefly considered here. The equation to the loci is obviously 

r(1— cos 20)=md/2 or r6?=m)/4 approx., . (14) 

where r is the distance of the point from the surface of the. 
cylinder, measured along the reflected ray which passes. 
through the point. The shape of the curves is indicated by 
the thick lines in fig. 4, for the case a=5 inches, X=0-016 
inch, A being taken so large for convenience of representation: 
to scale ; only the first, third, fifth, &c. loci are drawn. 

The equation to the loci can also be got in terms of @ and 
az or y. Thus on eliminating y from equations (3) and (4); 
we get 

aN a? 2 
v= O87 8? eh he e ° ° (15) 

which gives the abscissee of the points at which the loci cut 
the straight lines @=const. The ordinates of these points. 
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are given by 

2y0=x2— a6? mn — 206? 

mr 
so that y= 462 A LEASE PEO RN ee - (16) 

From (15) and (16) it is seen that 

‘mn da=— (75 +a0) 80 

a a ie +a) 80, 

and hence dy/dz=@. At any point, therefore, the curves 
bisect the angle between the directions of the incident and 
the reflected rays which pass through that point. 

As might be expected, the formule obtained above for 
the case of diffraction by a cylinder reduce to the ordinary 
formule for diffraction by a straight edge on writing a=0, 
provided of course that the light from the other side of the 
cylinder is cut off by a semi-infinite plane extending to the 
left of the origin O. For then equations (11) become 

x= 2y0, \ 

246? =md/2—erf27 J” 

and e=~, so that a’=yd(4m—1)/4. This is Schuster’s 4 p) 

formula for diffraction of plane waves at a straight edge. 
The results regarding the loci of maxima and minima of 
illumination will also apply for diffraction at a straight edge 
under the same conditions. 

dD. The Flow of Energy in the Field. 

We will first take into account only the effects due to the 
interference of the direct and the reflected rays. The effect 
due to diffraction at the edge of the cylinder can be brought 
in later as a correction. 

Let us assume, for simplicity, that the light is polarized 
in the plane of incidence, so that the electric intensity is 
perpendicular to that plane and the magnetic intensity lies 
in it. Then at any point P (fig. 1) the resultant electric 
intensity is 

R= cosn(t— 2) +(-— “cos {n(¢—2) ae ; 
c pte c f 

where 7,= PM, 7,=PQ, and p is the radius of curvature of 
C2 
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the reflected wave at Q. The expression (p/o +72)? will 
in the rest of the paper be denoted by «. The resultant 
magnetic intensity at P is 

=> ——>s 

H= cos n(¢— +) + GOS n(t—*2) +7} ‘ 

Let now k,, ky be unit vectors at P in the direction of the 
incident and the reflected rays respectively. The flow of 
energy is determined by the Poynting vector 8 where 

Pane ¢ ) = 2 a ia 2 sey al EE ore { cosn(¢ 2 +1 cos(nt E +r) f 

or 

x hey [cosm(e—) + ko E cos(nt—"+ar) | a 

A4nrS STS = hy [cos?y + KCOSY COS x] +ko[ «cos ycos y’ +x? cos? x’ ], 
c 

a 
where Vv (- ) and '=n(i—2) +. 

The time-mean § of the flow of energy is given by 

om = h,|1+«¢0s (vy —y) | + $k“? + « cos(y al 

=hky{ ay | + ke| ae |, 
C 

if aj=1+« cos (x’—x) and dg=x«?+« cos (x'—y). 

If ¢ be the angle which the direction of S makes with 
that of the incident rays, it can be easily shown that 

a2sin20 2a, 
tan 6 = ——____,, 

? G+ a, 60820 | Gy 4 as 
= ip proxe 

26, «? +« cos (y'—x)} 
Thus Saas a Uy. Cnr ee CT 

n(%2—11) 
G 

Now x/—-xX= +7 = ‘ 27,0? + 7 approx. 

Hence (17) becomes 

20 {i —K cos 2ra6? | 

tan d= ae ere. (18) 
1+«7—2« cos A 27.67 
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The current of energy at the point is 
— C : 

S— By te + dq? + Zaza cos 20}2 

oly 

The lines of flow of energy are determined by the condition 
that at any point (72,0) the inclination to the direct rays 
is d, where ¢ is given by equation (18). From this we can 
get the differential equation to the lines of flow in terms of 
7, and @, or, dropping the suffix, rand @. It is seen trom 
fig. 3 that 

WEG | L+0?— 2x cos “27,6? | Seay: 

dr'—addé 
tan o= dr eae, ; 

Fig. 3. 

But r’ =r sin 20=270 and 7,;=1r cos 20=r approximately. | 

Hence tan d= se Ee st ee (20a) 

dé 
or tan d (1 = a) = 26 + (2r—aé) poe onde (20) 

From (18) and (20), we get 

dé ral 
rs (27 —a@) + 20= (1—a7 
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which on reduction becomes 

say Vay 10 A 1—K cos” 270 

Cas OME ART ig Sa teen 

1—2« cos 270? 

Hquation (21) may also be written 

d(r8) — 5, .—. cospdy=0, a 

nN 
where w= 2r@? . a In the immediate neighbourhood of a 

point we can regard «/@={a/0(2r+a6)}? as constant, since 
its variation with r and @ will be small compared with the 
periodic part. On integrating (22) we get 

r0—(35)< . sin y=const., re Ce) 

which determines the shape of the lines of flow in the 
immediate neighbourhood of a point. ‘The points of inter- 
section of these curves with the loci of maximum and 
minimum of illumination (y= mz) are’given by the equation 

rO= const... , +) 1h eae eee 

This gives the “mean lines of flow” about which energy 
erinkles down. They are shown in fig. 4 (thin lines). We 
find that so long as @ is not very large, these curves are 
inclined to the direct rays at angles smaller than those 
corresponding to the maxima and minima loci. If we 
imagine the latter set of curves as forming successive bright 
and dark tubes, energy will flow down across the tubes, its 
direction being periodically shifted such that it tends to 
flow along the bright tubes and to cut across the dark tubes, 
The shift in its direction yoes through one complete cycle as 
the energy passes from one dark tube to the next or from 
one bright tube to the next, so that the “ wave-length ” of a 
crinkle in the neighbourhood of a point (r,@) may be deter- 
mined by finding the distance along the curve r?=const. 
between two successive points of intersection of that curve 
and the family of curves r6?=md)/2 (the loci of minima of 
illumination). Thus 

r@@=mxr/2; rO=C, giving d=mr/2C 

or 66=r/2C, 
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if 60 be the difference in the 6-coordinates between two 
successive points of intersection. Also if o be the arc 

Dotted lines represent the reflected rays, the heayy lines the loci of 
minimum illumination, and the thin lines the mean lines of flow of 
energy. 

measured along the curve 79=(, we have from equation 
20 a) 

doy" f dr )? dr 2 

(Fa) = 4 2r—as) +207 4 mah. (85) 



24 Mr. T. K. Chinmayam on the Flow of 

Along the curve r6=C, dr/d9=—7/0. Hence from (25) 

If 1 be the “‘ wave-length” of a crinkle, 

l= (a+ 5)d0= (at m)aus - + + (26) 

C being the same, / increases as 6 decreases, the rate of © 
increase getting larg er as the absolute value of 6 diminishes ; 
l=co when 06=0. Again, as we move away from the 
cylinder to the right (fig. 1), both C and @ increase so that 
1 decreases. These points are brought out in fig. 5. 

Turning back to equation (23), the lines of flow near the 
point (7), @,) are given by 

r9=C— eatin wi 

The curves will obviously lie between the curves 

= 6=C+ 7 + 6 

The deviation from the mean line r?= UC isiproportional to 

aT eae sot 

As either r or @ increases, this will’ decrease. The 
“amplitude” of; these crinkles therefore gets smaller and 
smaller as 7 and @ increase and the crinkles vanish at 
sufficiently large distances from the cylinder. 

The shape of the lines of flow very near the surface of the 
cylinder is of special interest. The energy which comes 
crinkling down successive loci of maxima and minima of 
illumination, when it reaches the first maximum, flows down 
in a smooth curve which will meet the mean line of flow 
only at infinity. The energy does not crinkle along after it 
has crossed the first maximum of illumination. 

It is thus seen that the introduction of a perfectly reflecting 
cylinder into a field through which plane waves are passing 
nas the effect of (1) altering the general direction of flow of 
energy, and (2) giving a crinkled microscopic structure to 
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the energy current at any point. But we have still to seek 
an explanation as to how a flow of energy in the manner 
described above leads to the actual distribution of maxima 

Fig. 5. 

a 

Illustrating the form of the lines of flow of energy in different parts of 
the field. The thin lines are the “mean lines of flow” and the 
heavy lines the actual lines of flow. 

and minima of illumination in the field. The current of 
energy at any point is by (19) 

Ns n 
ee En ey, SO AID st, S i K COS - 270? + K )> 
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and this varies from point to point along each line of flow, 
being a maximum and a minimum respectively where it cuts 
successive curves 276?=maA/2. This variation of the current 
of energy along its own line of flow can be explained only 
as due to the change in cross-section of the tube ot flow 
tormed by two lines of flow close to each other. The con- 
ception of energy as flowing through tubes must therefore 
give us a better idea of what happens in the field. 

The curves which are at every point normal to the lines 
of flow, 2. e. the curves analogous to the equipotential curves, 
can easily be obtained. For these curves 

tan Oe CeEE (comp. eq. 18). 

20 Gs K COS E 2r6°) 

The differential equation in terms of @ and 7 is found to be 

2QK 
(dr—ad@) + ae cos 270*| (a —270)d0—dr |=0 (approx.). 

In the immediate neighbourhood of a point, we can as 
before leave out all variations other than the periodic one 
and integrate. Then we get 

IK 
cent speedy 2 i ie te 

any, — = COMSh.y) am) 
Avo 262" ‘ ¢ 

which cuts the successive loci of maxima and minima of 

illumination at points lying on the curve 

t- dy-eonst:, |... 

which is hence the mean curve about which the actual curve 
erinkles round. In the rectangular coordinates (wz, y), 
equation (28) becomes approximately y=const., 7. e. the 
mean curves are nearly straight lines parallel to the #-axis. 
One of these curves is shown in fig. 6 in relation to the lines 
of flow and to the loci of minimum illumination. Suppose 
it cuts two successive minima loci at points A and B. Then 
by (27), there is one complete crinkle between A and B. 
Consider the tube of flow bounded by the lines of flow 
which pass through A and B. Since the flow of energy 
should be everywhere normal to the wavy curve AOB, 
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energy is concentrated in the right half of the tube and 
“rarefied ” in the left half. If we draw the line of flow 
passing through the point O midway between A and B, we 
see that we can conceive of the tube AB as made up of two 
tubes each of which widens and contracts periodically, and 
one of which is so shifted relatively to the other that the 

Fig, 6. 

aoe 

Vv 

4.0 8 

SHTTT 

Illustrating the ‘‘ microscopic” structure of the Field. 

broadened part of one falls by the side of the narrow part 
of the other. We see also from fig. 6 that the contracted 
parts of successive tubes lie along the loci of maximum 
illumination. 
We may now take into account the diffraction at the 

“edge” of the cylinder, and obtain the correction to our 
results necessary for points below the plane y=0. Using 
Sommerfeld’s expression as before, the electric intensity at 
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a point P’ (fig. 1) due to this alone is from (6) 

il r } T | it 
n “1008 (7! —ct) + L| aie } 

sin 

i is {n,, T 
ae “7008 me —ct)+ i 

since « (=P/OY) is small. 

r' = P/O=(r,;—a8) sec a=(1,—a0) sec 26 (approx.). 

r' +a0=r,(1+ 26"), where 7, =P'M’. 

Also if P’Q=r, «=2r6/(r—al) approx. 

If E, H be the resultant electric and magnetic intensities 
aah age 

” \ vf 

EK= cosn(t— ue | —« COS n(t— ) 
Co C 

ae Mf nit— = C08 ( 

and —— oa 
rT 1 

H= cos n (t— 4) —K COS n(t— =) 
C Cc) 

A os (Bee = SF COS n 
Qarn yl U C 4 

6 aa 

If ky, ko, kz be unit vectors measured; along 7, 7, and 7’ 
respectively, the time-mean of the flow of energy is found 
to be given by 

SrS 
= hy E eK CORO? C8 ie 270? + zl 

c c 4 

+ ko | K cos 270? + «K' cos 4 

+h, «'2—«' cos (7 Zvi se i) t#* cost], 

. SE ae f® 
k’ being written for a ae 

Resolving the vectors along and perpendicular to the 
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direction of the incident rays, we get 

ets. =1442+ 4? —20 cos — 276? 

n mia 
—2x' cos (F2re*+ 7) 3 4- 2a! cos 7 , 

ans, S)=20 4 — 1 cos 26? cos (* 276? + 2) 

+ 2«K' cos yey ae ; + (29) 

where @” is neglected in comparison with unity and « and 0 
are considered to be the same in the small term 8,. Since 
x, «' are each small in the present problem, terms involving 
their squares and products may be neglected. The expression 
for tan é may then be written 

20 cee: cos—2r6?—«'! cos (*2r6 + a 

Ft eae ok Wien» NSA ed eh (30) 
Nn alt POY 1D 

Sz 1—2k cos — 276? — 2x! cos ~ 218? + a) 

K | tan d= 

But by equation (20), 

dé dé ECA rape ses yA — Ty = (2r—a0) + 20 (1 ug, ) ta dp. 

Hence (30) becomes, after some reduction, 

nN nr TT 

1—« cos— 2r6?-- «' cos (° 276? + i) 
c ¢ 

za —". BRE WERE ay 
‘ " 1—2« cos — 276? — 2x! cos ( — 276? + a) 

c eae + 
Now 

x COS 2762 +k cos(~ 2re? + a =D cos” 2r6?+ e), 
c c £ We | 

if D?= (K+ 4) /4/2)? 4 ¢?/2=e +024 V Zeck! 

kK 

and tan e= ————.,, 
K+KV2 

Then (31) may be written 

16 9 es —Deos(? 26° + €) | 

dr =—_— , e ° e . (32) 

1—2D cos - 276? + c) 
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In the neighbourhood of any point, D and e can be 
regarded as constant and equation (32) integrated. 

fo = a ¢C 276? + c) : 
6; C 

The ‘mean lines of flow” are still given by r=; but 
the actual lines of flow which wind about them cut them 
along the curves ‘ 

- 276? +e€=—=™MT, oh be) eth eee (33) 

instead of the curves — 27@?= mmr. It may be noted that it is 

equation (33) that determines the position of the maxima 
and minima of illumination when the effect of diffraction is 
also taken into account, so that the points of intersection of 
the lines of flow with the loci of maxima and minima of 
illumination still lie on the “‘ mean lines of flow.” 
If the squares and products of «, « are not neglected it 

can be shown that the mean lines are given by the equation 

rdO(1+«?+«n'/2)+0dr=0 

or rO'** =const., 

where a=«’?+ V 2«x', and is hence very small. 
It will be interesting finally to deduce the results for the 

case of diffraction by a straight edge from the above 
investigation. Putting a=0, « becomes zero also. We 
have then directly from equation (29), 

21, Sle 
96 2 «'?—x' cos ( 22 D7? yh 

ue 4 : 
tan d= im 

bat? De eos (F 2rO? + 7) 
¢ 4. 

— y < Uae a 2 we 16 p 1—x’' cos : 270 +7) 

and SS 2 
dr r 

1—2x«’ cos G 270? + S. 
G 4 

an expression very similar to (21). The “ mean lines of 
flow’? are given by r@?=const., or in the rectangular co- 
ordinates used, by z=const. They are straight lines parallel 
to the y-axis; the mean direction of energy-flow is apparently 
not altered by the presence of the edge. The actual lines of 
flow cut the successive loci of maxima and minima of 
illumination (i.e. the curves 27r6?+2/8=m)/2) at points 
which lie along the mean lines of flow. The shape of the 
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lines is indicated in fig. 7, which has been drawn for a large 
value (0°5 inch) of ® for convenience of representation. 

Fig. 7. 

The lines of flow cf energy in relation to the loci of minimum illuniin- 
ation in the Diffraction Field due to a straight edge. 

6. Summary and Conclusion. 
The present paper deals with the distribution and flow‘ of 

energy in the immediate neighbourhood of a_ perfectly 
reflecting cylinder on which plane light waves are grazingly 

incident in a direction at right angles to its axis. The 
following are the principal results which are indicated by 
theory and have been verified by photometric study of the field.. 

(a) The positions of maxima and minima of illumination. 
are determined by eliminating @ from the pair of equations 

240 +3a67/2=2 ; 26°%(y+a0)=mr/2 ;sW 
or from the pair of equations 

2y0+34007/2=x; 267(y +a0)=mr/2—€r/277, 
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according as the plane of observation is in front of the 
cylindrical ‘“‘edge”’ or behind it. w, y are the coordinates of 
any point, the origin being the “edge” of the cylinder. €¢ is ° 
a small angle which for large values of y becomes equal to 77/4. 

(6) The visibility of the fringes varies in an interesting 
manner with the position of the part of the field under 
observation. It is practically constant over the entire plane 
of observation when this coincides with the plane passing 
through the “edge”; but it falls off when it is moved 
farther away from the source of light, the decrease being 
greatest for the regions farthest from the surface. When 
the part of the field under observation is between the “edge” 
and the source of light, the visibilility of the fringes reaches 
the maximum value at the surface of the cylinder, falling 
otf slowly as we recede from it. 

(c) The loci of maxima and minima of illumination are 
given by r= mxd/4, and the “ mean lines of flow” of energy 
are given by r?=const. and are for small values of @ less 
inclined to the direction of the incident rays than the former 
set of curves. The actual lines of flow crinkle about these 
mean lines ; the “‘ wave-length ” of the crinkles increases as 
we move along the direction of the incident rays, and 
decreases as we move in a direction at right angles to it 
away from the cylinder. The “amplitude” of the crinkles 
decreases as 7 and @ increase, and vanishes at sufficiently 
large distances from the cylinder. A good conception of 
the actual phenomena is obtained, if we imagine energy as 
flowing through tubes which widen and coutract periodically, 
the widened parts of successive tubes lying on the loci of 
minimum illumination, and the contracted parts on the loci 
of maximum illumination (see fig. 6). When the radius of 
the cylinder is very small, the results are practically identical 
with those obtained in the case of diffraction by a straight 
edge. 
No reference has so far been made to the phenomena 

noticed within the region of the geometrical shadow of the 
cylinder. The writer has made some preliminary obser- 
vations on this subject, and hopes to continue the work, 
which might prove of interest in relation to the general 
problem of the diffraction of electromagnetic waves by 
cylindrical or spherical surfaces of large radius. 

Tn conclusion, the writer wishes to express his best thanks 
to Prof. C. V. Raman, who suggested the investigation and 
‘took much interest in its progress. 

Calcutta, 
November 15, 1917. 
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III. Jonization and Resonance Potentials for Electrons ia Va- 
pours of Magnesium and Thallium. By Pau D. Foot, 
Ph.D., and Frep. L. Monier, Ph.D.* 

a types of inelastic collision between electrons and 
atoms of metallic vapours are known to exist. One 

type of collision results in the expulsion of an electron from 
the atom, and the other type of collision produces an 
agitation, or transfer from one orbit to another, of one or more 
electrons bound in the atom. Collision resulting in ioni- 
zation is accompanied by the emission of the complicated 
series spectra of the metals, presumably due to recom- 
bination following ionization. The second type of collision 
is generally supposed to result in the emission of a single 
line spectrum f. 

The potential difference through which an electron must 
fallin order to acquire sufficient energy to produce ionization 
upon collision with an atom is known as the ionization po- 
tential, and the corresponding potential difference for the 
second type of collision is known as the resonance potential 
for the particular vapour in question. Dr. Tate and one of 
the writerst have determined the ionization and resonance 

* Communicated by Dr.S. W. Stratton, Director Bureau of Standards. 
+ Dr. F. A. Saunders suggests there is reason for believing that the 

term single line spectrum is a misnomer. It is possible that the entire 
series of which the so-called single line is the first member appears 
simultaneously with this line. In most cases where single line spectra 
have been studied, experimental difficulties are such that other members 
of the series could not be detected. ‘his suggestion raises a very im- 
portant question which might be decided experimentally by a spectro- 
scopic study of low voltage discharge through sodium or potassium 
vapour. It may be pointed out, however, that conclusive evidence in 
this regard will be difficult to obtain; for if the other lines of the series 
should be found to be present, they would appear in such low intensity 
that their emission might be accounted for by the presence of a few 
electrons of velocity greater than that corresponding to the ionizing 
potential. These high velocity electrons are always present on account 
of the Maxwell distribution of velocities of the electrons emitted by the 
hot cathode. A second difficulty, even if a univelocity stream of electrons 
were employed, would be to assure that the collision of the electron was 
with the normal atom, and not with an atom having an electron already 
displaced trom its normal orbit by a previous collision. This latter 
question has been considered by Van der Bijl, Phys. R. x. p. 546 
1917). . 
t Tate and Foote, J. Wash. Acad. Sci. vii. p. 519 (1917) ; Bur. Stds. 

Sci. Paper No. 317; Phil. Mag. xxxvi. p. 64 (July 1918). 

Phil. Mag. S. 6. Vol. 37. No. 217. Jan. 1919. D 
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potentials for electrons in vapours of zinc, cadmium, sodium, 
and potassium. The present paper is a continuation of this 
work, using vapours of magnesium and thallium. 

The experimental arrangements have been fully described 
in the above-referred to papers. One modification has been 
introduced for the work with thallium in that an equi- 
potential surface was used for the hot cathode. This method 
of producing a more nearly uniform distribution of velocities 
of the electrons, first suggested by Goucher*, has proved 
most satisfactory. A helix of tungsten wire is threaded through 
a small porcelain cylinder, and the equipotential surface from 
which the electrons are accelerated consists of a platinum 
or preferably, for thallium, a nickel cylinder, coated with 
lime, fitting tightly over the porcelain. This surface is heated 
to about 1000° C. by the current through the tungsten helix, 
and a thermionic current of several milliamperes may be 
maintained with an accelerating potential of a few volts. 
The metal and ionization-chamber were heated in a glazed 
porcelain tube to about 600° C. for magnesium and 900° C. 
for thallium. Hard glass and iron tubes were also used for 
magnesium. Both of these metals attack porcelain very 
rapidly at these temperatures. At temperatures above a 
glow the thermionic emission from the cylinders of the 
ionization-chamber and from the walls of the porcelain 
tube become very troublesome, and for this reason the 
accuracy obtained in earlier work upon metals of lower 
boiling-point is not to be expected. The apparatus was 
evacuated by means of a Stimson and a Langmuir conden- 
sation-pump to a pressure of less than 0°002 mm. Hg as 
read by a Mcleod gauge. 

Fig. 1, curves 2, 3, 5, 6,7, and 8, and fig. 2, curves 1, 3, 4, 
5, 6, 7, and 8, for magnesium, represent the current between 
the inner net and outside cylinder, through a retarding field 
of about 0°7 to 1 volt, as a function of the accelerating field 
applied between the hot wire and net. The total current 
from the hot wire as a function of the accelerating field is 
represented by fig. 1, curves 1 and 4, and by fig. 2, curves 2, 
2a,9,10,and11. The analysis of these curves is given in 
Tables I.and II. The partial current, curves are characterized 
by successive maxima and minima due to inelastic collision of 
resonance. We have chosen as before the points at which 
such inelastic collisions begin to show an appreciable effect 

* Goucher, Phys. R. viii. p. 561 (1916). 
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upon the current, rather than the position of maximum effect. 
These are determined by carefully plotting and extrapolating 
the lower portion of each curve. The point selected as 
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these points of resonance gives the resonance potential 
directly. Since we are concerned only with differences of 
points similarly selected, the arbitrary method of selection 
can introduce no error. The total current curves, for 
example, fig. 1, curves 1 and 4, show a rapid increase in 
current at an applied potential of 7°3 volts, due to ionization. 
These points are selected in the same manner as the points 
of resonance, both curves being plotted on the same scale of 
coordinates. In general the total current is from 10 to 
50 times greater than the partial current. The initial 
velocity of the electrons is determined from the partial 
current curves. Thus, referring to Table I., the first reso- 
nance occurs at 2°6 volts, for curve 2, whereas if the initial 
velocity were zero it would occur at 2°69 volts. The initial 
velocity of the electrons is accordingly 0:09 volt. The mean 
value of the initial potential for any one group of curves is 
added to the mean value of the applied potential at ionization 
to obtain the true ionization potential. The data represented 
by Tables I. and II. were obtained with entirely different 
construction of apparatus, and the agreement in the mean 
values of the resonance and ionization potentials illustrate the 
reproducibility of this work. The final mean values for 
magnesium are 7°75 volts for ionization and 2°@5 volts for 
resonance. 

TABLE I. 

Ionization and Resonance Potentials for Magnesium 
Referring to fig. 1. 

Applied Resonance Potential. 
Potential — “~ —~ Initial 

Curve. a b G for } } Potential. 
[onization. Sig ae 

2 BG BD Ane 2°9 0:09 
3 AD! a oe se 2°8 0:3 
4 abe Be 8 73 
5 24 48 po. ae 2°4 0°3 
6 20 46 a 2.6 07 
7 DOr) 4:6 =" 2°6 a 0-7 
8 20 46 68 2°6 2:2 0:7 

Means...... “3 2°69 volts 0°5 

Mean Initial Potential ... 0°5 

Ionization Potential ...... 7°8 volts. 
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TaBie iid: 

Ionization and Resonance Potentials for Magnesium. 
Referring to fig. 2. : 

Applied Resonance Potential. 
Potential _— gal Initial 

Curve. @ d. re for He ae ie Potentiak. 

Tonization, ; ; 
1 ey 4°6 76 put 2°9 uae 0:9 
2 oe oh? te Tl 
2a ys Sa fk 
3 2-2 46 2°4 0-4 
4 2:0 4:5 : 2:5 0:6 
5 1:8 4°2 ge d 24. oa 08 
6 1:8 4-2 6°6 te 24 2:4 0:8 
7 2°0 4°6 i 4 2°6 Ne 0'6 
8 18 4°6 ye 2°8 08. 
9 aa oe, 70 

10 ee 6:9 
ll 69 

Means...... 70 2°60 volts. 0-7 
Mean Initial Potential... 07 

Tonization Potential..... Ste MOLUS. 

Final Mean Ionization Potential=7°75 volts. 
Final Mean Resonance Potential=2'65 volts. 

The curves obtained for thallium vapour are shown by 
fig. 3. The total current curve 4 clearly indicates ionization 
at an applied potential of 6°6 volts. The other curves 
represent partial current between the net and cylinder 
against a retarding field of about 0°2 volt. Analysis of 
these curves is given by Table III. It will be noted that 

TasueE III. 

Tonization and Resonance Potentials for Thallium. 

Referring to fig. 3. 

Applied Resonance Potential. 
Potential _— oe — Initial 

Cmmevieds (ye) Oe CN eee fi Dee i.) die eae ae Potential 
Tonization. i 

6 ey Qe BIG iy Seca. 12 Oe GG eke 
7 15 25 3:45 46 56 10 095 115 10 06+ 
8 1425), 3:6 47536. we ed Pe .  O7+ 
OF Oma 21) Zeb eae he BE auido ati 06+ 

10 17 2838 388 elie nabel 
11 1T/2 Shi. ih 11 
4 66 

Means...... 66 ' 1:07 volts. 0-'% 
Mean Initial Potential ............ 0:7 

Mean Ionization Potential ...... 7°3 volts. 
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the first point of resonance was very difficult to obtain. 
Only one curve, 9, shows this point clearly; and even in 
this case the value of the potential could not be observed 
with great enough precision to justify its use in determining 

Fig. 3. 

Current ~ Arbitrary Units 

Accelerating Potential Volts 

Variation with accelerating potential of current to outside eyimden 
and of total current from hot wire. Thallium. 

the final value of the resonance potential. The fact that this 
point does not show up as distinctly as the other resonance 
points is due to the temperature distribution of initial velo- 
cities of the electrons, and to the thermionic emission of all 
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parts of the apparatus on account of the high temperature, 
900° C., required. The partial current curves 6, 7, 8,9 corre- 
spond to the tota] current curve 4, and were accordingly used 
for determining the initial potential. The initial potentials 
for curves 10 and 11, taken some time later, are a trifle 
higher. The final values obtained for thallium were 7:3 volts 
for the ionization potential and 1:07 volts for the resonance 
potential. 

Discussion of the Results. 

If we apply the quantum relation hy=eV to the expe- 
rimental data obtained for magnesium, we find that the 
line X=4571 corresponds to resonance potential and the 
convergence or limiting wave-length, ~=1622, corresponds 
to ionization potential. The limiting wave-length, v=1:58, 
has the value 1622 A., so that the ionization potential is 
determined by the same spectral series relation as in the case 
of other metals so far studied. It was found in the earlier 
work that the resonance potential is determined by the single 
line spectrum of the metal; but magnesium would appear to 
offer an exception to this rule. McLennan™ has investigated 
the single line and absorption spectrum of magnesium, and 
has concluded that X=4571 is not the single line spectrum, 
but rather the line X=2852. Although special effort was 
made to detect the presence of X\=4571 as a single line, the 
line 2852 always appeared with the line 4571, and only the 
line 2852 could be made to appear alone. If the single 
line spectrum is X= 2852, we have the first exception to the 
rule that resonance potential is determined by the single line 
spectrum, for our curves show no indication of resonance at 
multiples of 4°3 volts as would be required by the line 2852. 

The behaviour of the various metals as regards ionization 
and resonance potentials is apparently determined by their 
position in the periodic table of the elements. Thus in the 
case of sodium and potassium, group I., ionization is de- 
termined by the convergence of the principal series and 
resonance by the first line of this series. For magnesium, 
zinc, cadmium, and mercury, group II., ionization is de- 
termined by the convergence of a combination series 
1°5 S—mpe2, where mp, is the variable term of the second 
line of the principal series of triplets, and resonance is given 
by the first term of this series where m=2. The 1:58 
term is the limit of the principal series of single lines, 
and may be derived from the variable term in the second 

* Pree. Roy. Soc. Lond. xcii. p. 574 (1916); xcii. p. 8305 (1916). 
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subordinate series of single lines. Thallium, group III., 
behaves in a sti!] different manner, as will appear below. 

The following table shows the critical wave-lengths deter- 
mining resonance and ionization tor the metals of group II. 

TABLE LV. 

Metal. 15 S—2p,. 158. 
ee, 4571-38A 1621-74 
Bai Pe sh 3075°99 1319°95 — 

Te a ewe 326017. - 137869 
iri 2536°72 * 1187-96 

The ionization potential is determined for all of these metals 
by the lines in the third column, and the resonance potential 
by the lines in the second column. If X=4571 were the 
single line spectrum of magnesium, the second column would 
give correctly the single line spectrum of these elements 
of the same family. The experiments of Prof. McLennan 
do not permit the above classiticaticn of the elements of the 
same group as regards the single line spectrum, although 
the classification is correct as regards ionization and resonance 
potentials. | 

When the potential difference between the cathode and 
net was equal to or greater than the ionization potential, 
about 7°8 volts, a strong are was formed, and the entire 
ionization-chamber was filled with a green glow. A faint 
blue-green glow, probably X=+4571, could be detected at 
potentials as low as 5°5 volts. This fact is a strong argument 
that the line 2852 is not the single line spectrum of magnesium; 
for if so, one would not expect the line 4571 to appear below 
7°8 volts. On the other hand, if the line 4571 were the single 
line spectrum, one would not expect the line 2852 to appear 
below 7°8 volts. Meél.ennan observed the latter line at 
o°9 volts. A possible explanation of these contradictory 
results would be had if two resonance potentials existed, one 
corresponding to X=4571 and the other to X=2852. We 
have no experimental evidence of this fact. We would 
further expect that if two resonance potentials existed for 
magnesium, we would have two resonance potentials for 
cadmium, mercury, and zinc. Experimental evidence here 
again is to the contrary, although in the case of zinc 
peculiar maxima were found in the total current curves, the 
exact meaning of which has not been determined. 

If, referring to the values for magnesium in Table LV., we 
apply the quantum relation hy=eV, using h=6°547.1)-* 
erg sec., we obtain the theoretical values of 2°70 volts for 



42 Dr. Foote and Dr. Mohler on Jonization and 

resonance potential, and 7°61 volts for ionization potential. 
The observed values of 2°65 volts and 7:75 volts respectively 
are In satisfactory agreement with the theoretical values. 

In the case of thallium the observed value of the resonance 
potential, 1°07 volts, agrees exactly with that computed from 
the quantum relation hyv=eV if v is taken as the frequency of 
the shorter wave-length member of the first term of the 
principal doublet series. The resonance potentials of sodium 
and of potassium are also determined by the first line of the 
principal series for these elements; but here the doublets are 
so close together that, as far as experimental confirmation is 
concerned, either member of the doublet may be used for the 
critical frequency v. In thallium, however, the two lines of 
the doublet are widely separated, one lying at X=11513A. 
and the other at X=13014A. ‘The former line corresponds 
to a resonance potential of 1:07 volts, and the latter line to 
0°95 volt. The curves of fig. 3 show no indication of reso- 
nance collision at multiples of 0°95 volt. This fact raises 
the question as to whether the components of the thallium 
doublet can be separately excited by electronic impact. To 
determine this spectroscopicelly would be difficult, since the 
two lines lie in a region of the spectrum where temperature 
radiation from the surrounding walls is especially high. 

A spectroscopic study of the radiation emitted when low 
velocity electrons collide with sodium atoms might prove 
fruitful. Ifthe D-lines can be excited separately by elec- 
tronic impact, we would expect one component alone to 
appear with two valt electrons, and would not expect the 
other component to appear until the lonizing potential was 
attained. Wood and Mohler* have shown that in the 
excitation of sodium vapour by incident radiation the D-lines 
may be excited separately, although the influence of the 
surrounding vapour may cause a transfer of energy from 
the excited line to the other component of the doublet. A 
similar transfer of energy might take place in thallium, 
sodium, «&c., vapour excited by electronic impact. The fact 
that the higher frequency line of the thallium doublet de- 
termines the value of the energy quantum absorbed may be 
analogous to the emission of characteristic X-rays under 
electronic bombardment. D. L. Websterf- concluded that 
the K group does not appear until the energy of the impacting 
electrons is greater than that corresponding to the highest 
frequency of the K group, namely K,. At this voltage all 
of the lines of the K group appear, and the ratio of the 

* Wood and Mohler, Phys. Rev. xi. p. 70 (1918). 
+ D. L. Webster, Phys. Rev. vii. p. 599 (1916). 
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intensity of the lines remains the same when the voltage is 
further increased. However, if the K group is to be looked 
upon as a series of lines, the above compurison to the 
behaviour of thallium is not justified. 

The single line spectrum of thallium has never been 
observed. McLennan has suggested that it lies far in the 
ultra-violet. Our work indicates that A=11515 A. , lying in 
the infra-red, is the true single line spectrum of thallium. 

If we continue the analogy of the behaviour of thallium to 
that of sodium and potassiuin we shall expect to find the 
ionization potential determined by the convergence of the 
principal series, A=438%. This corresponds to an ionization 
potential of 2°81 volts, a value which is clearly disproven by 
the present work. Accordingly thallium does not behave 
similar to sodium and potassium, and actually in the light 
of the work with other metals we should expect a ditterent 
behaviour, since it belongs to a new family in the periodic 
table as discussed above. ‘The observed ionization occurred 
at 7°3 volts corresponding to a convergence frequency (wave 
number) of about 59000. The highest convergence frequency 
so far known in the thallium spectrum is that of the shorter 
wave-length member of the 2nd subordinate series, vy = 49263. 
The other member of this series converges at 41470. 
McLennan ®* has attempted to predict 1°58 for thallium by 
assuming, as in the case of zine, mercury. etc., that the single 
line spectrum is given by the notation v=1'5 S— 2p, where 
y corresponds to X=5351, the line appearing prominently in 
the flame-spectrum of ci licuen and 2p,=49263 the con- 
vergence of one member of the first subordinate ‘doublet 
series. In this manner he obtained the value v=1'5 S = 67947. 
If one employs the proper value for the single line spectrum, 
one obtains v=1°5 S=57946. This corresponds to an 
ionization potential of 7:2 volts in good agreement with the 
experimentally determined value of 7:3 volts. However, the 
above method of deducing the convergence frequency 1:5 8S 
is incorrect. The term 1°5 8 belongs to the principal series 
of single lines, and 2p, properly belongs to the principal 
series of triplets. Since neither single line series nor triplet. 
series are known in thallium there is no means of deter- 
mining 1°58 or 2p. If 2p, is taken to denote the con- 
vergence of one member of the first subordinate series, 
v=49263, then the only series deducible is v=1° Dd S— poy 
which represents the principal series converging at v=l'ds 
=22786. Our work accordingly predicts for thallium a 
new series of the form 15 S—mP, a single line series 

* McLennan, J. Frank. Iitst. clxxxi. p. 201 (1916). 
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converging near y=59000, but a closer determination of this 
frequency must be made from spectroscopic data as yet not 
correlated in series. Prof. Saunders suggests that the lines 
ought to be of high intensity and that it is quite likely one 
or two of the lines are already known. 
When the ionization potential of thallium was reached, a 

brilliant green glow filled the ionization-chamber No glow 
whatever could be detected below this potential in agreement 
with the assumption that the infra-red line X=11513 is the 
single line spectrum. It is interesting to note that in all 
of this work on ionization and resonance we were unable to 
operate the apparatus when wireless signals were being 
transmitted in the wireless laboratories of the Bureau, as the 
ionization-chamber constitutes an efficient detector. 

Dr. Tate and one of the writers have pointed out in earlier 
work that the long wave-length limit for the photoelectric 
effect in a metallic vapour is probably identical with the 
wave-length limit determining jonization potential. Prof. 
Kunz™ has discussed this point in some detail, using our 
data on Na, Zn, Cd, and K. ‘Thus, for example, Tate and 
Foote observed an ionization potential ot 5°13 volts for 
sodium and a resonance potential of 2°12 volts. Metallic 
sodium is photcelectrically active to radiation of wave-length 
X= 9893, corresponding to 2°12 volts. Accordingly, if 
sodium vapour were photoelectrically active in the same 
manner as the solid metal we should have observed ionization 
when the D-line was emitted at resonance of 2:12 volts. 
Actually no ionization was detected until the voltage reached 
5°13 volts. This fact proves that sodium vapour is not photo- 
electrically active to yellow lght, and while not proving 
definitely that ultra-violet radiation is required to produce 
the photoelectric effect in the vapour, it is an indication that 
such is the case. For at 5°13 volts the ultra-violet lines of 
sodium are excited. Whether the photoelectric effect in 
sodium vapour can be produced by radiation of wave-length 
greater than that corresponding to 5-13 volts is a question 
which must be decided experimentally. It is hoped that 
work now in progress may offer conclusive evidence. Apply- 
ing the above reasoning to the present work we may conclude 
that magnesium vapour is not photoelectrically active to 
radiation of wave-length 4571, and that very likely the 
limiting wave-lengths for photoelectric sensibility of mag- 
nesium and thallium vapours are X= 1622 A. and » = about 
1700 A. respectively. 

Van der Bijl + has recently discussed the relation between 

* Phys. R. xi. p. 246 (1918). 
+ Phys. R. x. p. 552 (1917). 
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the ionizing potential of a metallic vapour and the limiting 
wave-length for photoelectric sensibility of the solid. The 
data available at the time his paper was written were “‘ too 
meagre to warrant any importance being attached to the fact 
that the difference between Vo, the voltage corresponding to 
the limiting line for photoelectric sensibility of the solid 
metal and V, the ionization potential for the vapour, is nearly 
constant, and equal to 6 volts.”” If such a relation did exist 
as Van der Bijl points out, it would mean that a material 
having an ionization potential of less than 6 volts would be 
photoelectrically active in the dark. Both sodium and potas- 
sium have ionization potentials less than 6 volts. In the 
ease of lithium, rubidium, and czesium we should expect the 
ionization potentials to be 5°37, 4°16, and 3°88 volts re- 
spectively, although these values have not been determined 
experimentally*. Allofthese materials accordingly would be 
photoelectrically active in the dark. That the above empirical 
relation is not justified is seen from the following table of 
experimental data :— 

TABLE V. 
Element. Photoelectric Ionization 

Bp Ve. Ve—V,. 

WON 2 sis da avaeie 3°08 7795 4°67 

OU A Se ea 3°49 8°92 5°43 

Be OS toads 3 3°77 9°5 5°73 

LES Rn ee ee 1°81 5°13 3°32 

Toes nae naes 4°44 10°35 5°91 

Thus, V-—Vo is definitely not equal to 6 volts and no 
simple accurate relation is apparent. 
Hebb f has shown that ionization of mercury vapour is. 

not produced by the radiation X=2537 acting photo- 
electrically. This fact is in accord with the above discussion. 
We should expect the long wave-length limit to be \=1188 A. 
That radiation of wave-length }= 2537 cannot ionize mercury 
vapour is evidenced by the tailure of Tatet, Davis and 
Goucher $, and several other investigators to detect any sign. 
of ionization of a normal mereury atom suffering resonance 
collision, as during such collisions the line X=2537 is 
emitted. 

Gilbreath || has concluded that potassium vapour is acted 

* Note added Nov.11.—We have since experimentally determined and 
confirmed these values for Rband Cs. This paper including data for As. 
will appear in Phys. R. 
Ft Phys. R. xi. p. 179 (1918). 
t Tate, Phys. £ Vil. p. 686 oo: idem. x. p. 81 (1917). 
§ Davis and Goucher, x. p. 101 (19 117). 
| Phys. R. x. p. 166 (1917). 
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upon photoelectrically by ordinary light. The work of Tate 
and Foote* proves that light of wave-length X=7685 cannot 
produce ionization because this radiation is emitted during a 
resonance collision, and the total current-curves showed no 
trace of ionization at this point. We should expect the 
limiting long wave-length of photosensibility to be X= 2857, 
and believe that the experimental evidence so far published 
is not sufficient to show that ionization of potassium vapour 
can be produced by ordinary light. 

Determination of h. 

Since the ionization and resonance potentials of electrons 
in metallic vapours obey the quantum relation eV =hy, 
this method is one which lends itself for a determination 
of h, Planck’s constant of action. If we use the value 
of e=4°'774.10-' determined by Millikan we obtain 
h=0°5308 AV .10~* erg sec. where V is the value of the 
ionization or resonance potential in volts and X is the wave- 
length in Angstr6ém units corresponding to the frequency 
yv=1:58S or v=lL5 S—2po. Table VI. presents the data so 
far accumulated :— 

Vain) VY, 

Determination of h. 

Element. | A (1°5 8). Reds, Observer. ee 

Fs eM nek oe ae 1378-69 8°92 volts. b 6°53 
Waid tate aie 2412°83 (a) 5°18 b 6°57 
) GREAT PS AE 2856°65 (a) 4°] b . 6:22 
ZU Sat aera 1319°95 9°5 b 6°66 
ds Rene ern Ale 1187-96 10°35 € 6°53 
Ne itd SU ee 1621-7 7°75 c 6°67 
CN ud eens ? 73 ¢ 

os : Ob 1 
d (1:5 S— 2p,). Be tance: 

Cader cuch aad. 3260°17 3°88 b 6°71 
DE gps een ed 5893: (a) 2°12 b 6°63 
de Got Ae Se 7685° (a) 1°55 b 6°32 
ES IO eR Me 307599 4] b 6°70 
lier) ji tlectogiak 253672 AO) d,e 6°60 
Wes oe es oe 4571°38 2°65 ¢ 6°43 
A Uae Reece 11513°22 (a) Eos C 6°54 

Mean ...... 6°55 

(a) Properly denoted by 1°5s or 15 s—2p, except for thallium, where 2p, 
refers to the shorter wave-length of the doublet, 

(6) Tate and Foote. 
(¢) Foote and Mohler. 
(d) Franck and Hertz. 
(e) Tate, Davis and Goucher, and others. 

* Phil Mag. 2. /¢: 
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The above values are plotted in fig. 4, V versus 1/A. A 
straight line passing through the origin is obtained, confirm- 
ing the quantum relation. The mean value of A obtained 
either from the curve or the above table is h=6°55. 107?! 
erg sec. In obtaining this mean value and in drawing the 

Fig. 4. 

Toa 
a er | ————s | 

| 

oO rh Ww as oO a ~ A |S Mean ane 

De LAA 
Determination of h by ionization and resonance potentials, 

straight line of fig. 4 each determination was given equal 
weight. The final value of h=6°55.10-2’ is in excellent 
agreement with the value of 6°547.10-?" which Millikan * 
suggests as the most probable value. 

* Phil. Mag. xxxiv. pp. 1-30 (1917). 
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The writers believe that the above method of determining 
h is capable of much higher accuracy than the photoelectric 
method if developed to the degree of refinement which the 
latter method has received. For very high precision a source 
of electrons possessing a uniform velocity is desired. This 
can be realized by magnetic separation similar to the method 
recently employed by Richardson and Bazzoni™, or it can be 
accomplished by the use of a properly arranged electric field. 
Dr. Tate suggested a year ago the great value to be derived 
from such an experimental procedure. The writers contem- 
plate using in the near future a univelocity stream of elec- 
trons in mercury vapour. Inasmuch as the present deter- 
mination of A is by an entirely new method, it is of interest 
to compare determinations by other methods. The following 
table presents a summary statement of recent data :— 

TABLE VII. 

Determination of h. 

Method. Observer. h. 102". 

Black body radiation. Coblentz. 6°56 erg sec. 

X-rays. Blake and Duane. 6°56 

Photoelectric effect. Millikan. 6:57, 

Ionization and Resonance Foote and Mohler. 6°55 

Potentials. 

In a recent paper Sanfordt has developed a theory of 
the relation between ionizing potentials and atomic charges. 
The writers are unable to reconcile this theory with the 
Hinstein equation or with experimental data. Sanford pro- 
poses the following relations :— i 

(1) Nuclear charge =Q=2°95.10-”/ A where 2 is the 
wave-length of the radiation emitted. 

(2) Ionization potential = V=(Q— 2°42) 1:4, whence 
(3) V=412/ /X—3'39 for % expressed in Angstrém 

units. On multiplying (3) by e, the equation takes the 
following form :— 

(4) eV=a /v—8, whereas the quantum relation which 
is known to be correct (see fig. 4 as one example of its 
verification) is given by eq. (9). 

(5) (eVi— hp. 
It is evident that Sanford’s equation (4) is incompatible 

with the quantum relation (5). 

* Phil. Mag. xxxiv. p. 285 (1917). 
+ Phys. R. ix. p. 575 (1917). 
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Summary. 

The ionization and resonance potentials for electrons in 
vapours of magnesium and thallium have been measured, 
using the method of Franck and Heriz as modified by Tate. 
The experimentally determined values for magnesium vapour 
were 2°65 volts for resonance potential and 7°75 volts for 
ionization potential. The corresponding theoretical values 
on the basis of the quantum relation hy=eV are 2-70 volts 
and 7:61 volts respectively. The experimentally determined 
values for thallium vapour were 1:07 volts for resonance 
potential and 7:3 volts for ionization potential. The theo- 
retical value for resonance potential is 1:07 volts. The 
theoretical value for ionization potential is not known. For 
magnesium the ionization potential is determined by the 
limit of the combination series 1°5 S—mp,, and the resonance 
potential is determined by the first line in this series, m= 2. 
For thallium the resonance potential is determined by the 
shorter wave-length member of the first term of the prin- 
cipal series of doublets. No known series in thallium has 
a convergence frequency greater than 49263. The observed 
ionization potential for thallium suggests the presence of an 
undiscovered series of single lines converging at v=1:58 
= 57000 to 60000. The present work offers evidence that. 
the single line spectra of magnesium and thallium are 
X=4571 and 11513 A. respectively. The general behaviour 
of the metals as regards ionization and resonance potentials 
appears to be identical for metals in the same group of the 
periodic table. In the case of thallium the component of 
the doublet having the higher frequency determines the 
value of the energy quantum absorbed by the atom. ‘This 
fact suggests either the possibility of separate excitation of 
the components of a doublet by electronic impact or a 
behaviour of thallium -vapour, thus excited, analogous to the 
emission of characteristic X-rays for which the K group does 
not appear until the energy of the impacting electrons is 
greater than that corresponding to K,. From work carried 
en mainly at the Bureau of Standards the writers have 
obtained a value of Planck’s constant h by the method of 
ionization and resonance potentials. Using 13 determi- 
nations on 7 different metals, each determination a mean of 
several experiments, the final value of h=6'55.1077’ erg sec. 
was obtained in excellent agreement with recent determi- 
nations by other methods. The question of photoelectric 
sensibility of metallic vapours has been briefly discussed, and 
several recent papers upon the subject of ionization and 

Phil. Mag. 8. 6. Vol. 37. No. 217. Jan. 1919. E 
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resonance potentials have been considered from a critical 

standpoint. In conclusion, the writers desire to acknow- | 
ledge their indebtedness to Prof. F. A. Saunders, of Vassar 
College, for suggestions in the preparation of the manu- 
script. | 

Bureau of Standards, 
Washington, D.C. 

April 18, 1918. 

Note added Nov. 11, 1918. 

Since the above paper was written the writers have studied 
electronic discharge in sodium vapour below the ionization 
potential and have reported upon this work in J. Wash. 
Acad. Sci. viii. p. 513 (1918). Both D-lines appear in the 
normal ratio of intensities at the resonance potential. 

[V. On Sommerjfeld’s Treatment of the Problem of Dujrac- 
tion by a Semi-injinite Screen. By Sista Kumar Mrrra, 
M.Sce., Lecturer in Physics at the Calcutta University”. 

| Plate II. | 

Introduction. 

TYNHE rigorous treatment of the effect of obstacles on the 
3 propagation of light, considered as a boundary-value 
problem in analysis, has “received much attention from mathe- 
matisal physicists during recent yearst. The particular case 
of the diffraction of light by a semi-infinite perfectly reflecting 
screen, for which the complete solution was first given by 
Sommerfeldt (and later by Carslaw$), has been more ‘recently 
dealt with by Lamb|| in a paper characterized by very simple 
and elegant mathematical analysis. As remarked by Lamb . 
in his paper, the principal interest to the physicist of investi- 
gations such as these lies in the fact that they afford a check 
on the accuracy of the results obtained by less rigorous 
methods, and also enable a comparison of the theory with 
experiment to be carried out for cases in which the ordinary 
treatment can hardly be regarded as applicable. A com- 
parison of the results of the approximate theory with those 

* Communicated by Prof. C. V. Raman. 
+ An excellent summary of the literature of the subject with refer- 

ences to the original papers will be found in the article by Upstein in 
the Encycl. Math. Wiss. (section on Wave Optics, 1914). 

t Sommerfeld, Math. Annal. vol. xlvit. p. 317 (1895). 
§ Carslaw, Proc. Lond. Math. Soe. vol. xxx. p. 121 (1899). 
|| Lamb, Proc. Lond. Math. Soc. (2) vol. iv. p. 190 (1906). 

— 
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deduced from the rigorous analysis for the case of the semi- 
infinite screen has been made by Sommerfeld himself, and 
also by Drude*, who has used the Cornu Spirals with good 
effect in his discussion of the value of Sommerteld’s integrals. 
According to these writers, Kirchhoft’s formula should give 
the value of the ce of illumination with sufficient 
accuracy when the angle of diffraction is small, that is at all 
points of the tield (e xcept very near the edge of the screen) 
which are not far removed from the boundary between light 
and shadow; but for large angles of diffraction, Kirchhoft’s 
formula is inapplicable. It appears, however, from a 
‘areful examination of the formule given by Sommerfeld 
and Drude, that the statement made by them on this point 
requires to be qualified in one important respect. I propose 
in the present paper to show by a detailed discussion that 
when the screen is held very obliquely in the path of the incident 
waves, the rigorcus treatment gives results differing from 
those of the approximate theory even in regard to small angles 
of dyjraction. Experimental work recently carried out by 
me and described in the course of the paper confirms this, 
and shows that the approximate theory of diffraction fails to 
represent the facts correctly under these conditions. Inci- 
dentally it is found that in ‘the case of light polarized in a 
plane perpendicular to that of incidence, ‘the boundary con- 
dition at the screen assumed by Sommerfeld leads to results 
differing very widely from the observed optical behaviour of 
any actual screen at very oblique incidences, anda suggestion 
is made as to the manner in which the rigorous ‘solution 
oud be modified in order to secure an agreement with the 
result obtained experimentally in this case. 

Theory. 

Tt is convenient here to state Sommerfeld’s results in the 

simplified form obtained by him from a semi-convergent 
expansion of the integrals representing the complete solution. 
This is 

2 es Qn 
$=cos 1? COS (p—¢') +ut | += cos Vat cos (6+ ¢’) +nt | 

it ie . 1 Due C20 
aie NGS ee yee pea —nt |, 

a ‘ cos? a Es 4 

where sis the light disturbance, ¢' and ¢ are respectively 

* Drude, ‘Theory of Optics,’ English oe by Mann and 
Millikan, p. 208. 

H 2 
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the angles made by the incident rays and by the radius: 
vector with the plane of the screen, and ris the distance of 
the point of observation from the edge of thescreen. The 
alternative signs refer tothe state of polarization of the incident 
light. The upper sign should be taken in the case when the- 
incident light is polarized in a plane perpendicular to the edge 
of the screen, 2. e. when the electric vector is parallel to the 
edge, and the lower sign in the case when the light is polarized 
in a plane parallel to the edge, 7. e. when the magnetic vector 
is parallel tothe edge. The first and second terms in the ex-- 
pression represent the incident and the reflected waves respee-. 
tively, while the third term gives the wave of diffraction. In 
the region of shadow, only the third term should be taken into 
account; in the region of transmission we have to take the 
first and third terms only, while in the region of reflexion 
all the three terms in the expression for the light disturbance 
have to be retained. Thus, beyond the path of the rays. 
determined by geometrical optics, there is a wave of 
diffraction whose phase is determined by the factor 

73 
Cos Ee r+ 7 nt), 

and whose amplitude by the factor 

Mt ge: 
. COS meg) COS orm 

The lines of equal phase in this wave-train are circles round 
the point r=0, so that from this point rays start out on all 
sides in the direction of the radius vector, straight on as if 
the edge of the screen were a linear source of light. The: 
intensity of these cylindrical waves is, however, not the 
same in all directions. It is greatest near the region of 
the two boundaries separating the different parts of the- 
field, and gradually diminishes as we go away from these 
boundaries. 

As is well known, the most remarkable result indicated by 
Sommerfeld’s analysis, and which is in substantial agreement. 
with the experimental observations of Gouy, Wien, and 
others, is that the amplitude of the diffracted waves is 
different for light polarized in and at right angles to the 
plane of incidence. This is sufficiently clear from the 
expression given above. For. small angles of diffraction,, 
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however, that is in the neighbourhood of the planes defined 
by d=7—¢' and 6=7+ 4’, the difference in the magnitude 
of the two components is generally quite negligible. For, 

in the neighbourhood of the first plane, eit is nume_ 

cos dak 
2 

rically very large compared with a and similarly in 

cos 
2 

the neighbourhood of the second plane is very Hee 
as — 

i 
large compared with > ue Accordingly, in the neigh- 

cos 
2 

bourhood of these two planes, it is ordinarily sufficient to 
retain one of the two terms and neglect the other in the 
expression for tbe amplitude of the diffracted waves, which is 
thus numerically the same for both states of polarization, and 
for the region considered is in substantial agreement with 
that found from the approximate theory. Butthe preceding 
argument fails entirely when ¢’ is nearly equal to either 7 or 
zero, that is when the incidence of the light at the screen is very 

} are 
p-$' 

d 
5 Cosa 

then always of comparable magnitude, and have both to be 
retained. Itis thus clear that some special features are to 
be expected when the incidence of light on the screen is very 
oblique. 
We may now consider separately the two cases in which ¢’ 

is nearly equal to 7 and zero respectively, as they present 
distinctive features. When @¢’ is nearly equal to 7m (see 
figs. la and 16), by far the largest part of the field is 
occupied by the region of transmission (marked II. in the fig.), 
and the remaining part of the field is equally divided between 
regions of shadow and of reflexion (marked I. and III. re- 
spectively in the figure) which lie on opposite sides of the 
screen and are completely separated by it. If we wish to 
observe the phenomena in the neighbourhood of the boun- 
daries separating the different parts of the field, we have 
two distinct choices open to us. We may either study the 
phenomena near the region of shadow which lies on one side 

oblique. For the two terms tas an 
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of the screen, in which case ¢ is nearly equal to 27 (fie. Lay, 
or we may study the region which lies on the other side of 
the screen, in which case ¢ is nearly equal to zero (fig. 16). 
The case in which ¢ is nearly equal to 2a is the simpler of 
the two, as we are then concerned only with the transmitted 
and diffracted wave-trains. 

Fig. 1 a, Rigs a 

Putting ¢'=7—a and ¢=27—8 where « and @ are 

> . e E 1 small angles (fig. la), it is found that "ee and 
cos + 

2 
ee of comparable magnitude. Sommertfeld’s formula 
cos 

2 
thus leads to the striking result that in the case of a very 
obliquely-held screen, the intensity of the diffraction-fringes 
seen near the boundary between leht and shadow should 
depend to a very considerable extent upon the plane of 
polarization of the incident ght, and should be quite 
different from that given by Kirchhoft’s formula. Similarly 
on the other side of the screen (fig. 16), puttng ¢’=a—aand 
o¢=, where « and 6 are small angles, we may work out the 
expression for the light disturbance. If @>a, we are only 
concerned with the interference of the incident and diffracted 
wave-trains ; whileif @<a, we have to consider tl:e stationary 
waves formed by the interference of incident and reflected 
wave-trains and modified by the superposition of the cylin- 
drical waves radiated by the edge of thescreen. If the light 
be polarized in the plane of incidence, we find that when ¢ is 
vanishingly small, the expression. for the light disturbance 
is zero. This shows thatthe surface of the mirror is a nodal 
plane for the light vector in this case. On the other hand, 
if the light be polarized perpendicular to the plane of incidence, 
itis found that for vanishingly small values of ¢, that is along 
the surface of the mirror, the intensity of the diffracted waves 
does not vanish and that, moreover, the incident and reflected 
wave-trains reinforce one another, the light vector being 
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thus a maximum at the surface of the mirror. ‘The last- 
mentioned result is a direct consequence of the boundary 

condition Os =0) at the surface of the mirror assumed by (3: 
Sommerfeld as the basis of his work, but is contrary to the 
observed optical behaviour of any actual screen at very 
oblique incidences. In practice any polished surface is, at 
such incidences, nearly a pertect reflector; but, as shown by 
Lloyd’s experiment, both the electric and magnetic vectors 
In tiie incident and reflected waves are of opposite signs at 
the suriace irrespective of the plane of polarization of the 
incident light, and their resultant is zero. 

The prece eding discussion makes it clear that the solution 

obtained with the boundary condition es =0 for the light 

vector at the surface ot the mirror is entirely inapplicable 
under experimental conditions for oblique incidences. The 
solution obtained with the boundary condition }s=0) may, 
however, for our present purpose be regarded as practically 
valid at all incicvences for any screen w vhich is a sufficiently 
near approach to a perfect reflector, provided the light be 
polarized in the plane of incidence. The experimental inves- 
tigation described in the present paper shows that the same 
solution may also be regarded as applicabie for light polarized 
at right angles to the plane of incidence provided the incidence 
be very oblique, and attention is tied to the phenomena 
observed at small angles of diffraction. 

Heperimental Methods and Results. 

The diffraction fringes of the Fresnel type bordering the 
shadow of an obliquely-held screen may be observed with 
the arrangement shown diagrammatically in fig. la. A 
front-silvered vlass plate bordered by parallel straight edges 
may be used as the screen. ‘The first edge diffracts the 
incident light, and by observing the fringes near the surface 
of the mirror at the second edge, the necessity for using an 
infinitely extended screen is avoided. The contrast between 
the maxima and minima of illumination is found to be not 
entirely independent of the inclination of the surface of the 
screen to the direction of the incident rays. When the 
inclination is considerable, the fringes at the edge of the 
shadow are of course of the usual Fresnel type, few in number 
and very diffuse. Butas the surface is gradually brought up 
to the position in which it just begins to graze the incident 
light, the contrast between the maxima and minima of 
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illumination in the fringes gradually increases, their relative 
position remaining unaltered, and at the same time the 
falling off of the intensity to zero inside the geometrical 
shadow of the screen becomes more rapid than in the 
diffraction fringes of the ordinary type due to a normally 
held screen. Onexamination of the fringes through a nicol, 
itis found that the intensity of the fringes is independent of 
the plane of polarization of the incident light. 

A detailed comparison has been carried out between the 
position and the intensities of the fringes as observed ex- 
perimentally with these calculated from the theoretical 
expression 

s=cos E cos (b—¢') +nt | 

i il ie 1 Mp E 
ot Tat | sr y A , 

the second term in which satisfies the boundary condition 
s=0 at the surface of the mirror. When qd’ is much less 
than 7, the intensity curve given by the expression is prac- 
tically the same as that obtained from the usual Fresnel 
integrals, and is shown in thedotted line in fig. 2 (c)*. As ¢! 
is gradually increased so as to approach the value zw, the 
maxima and minima of the illumination remain unaltered ia 
position, but the contrast between them gradually increases. 
The full line in fig. 2 (c) shows the calculated intensity curve 
in the limiting case in which ¢’ is equal to 7 and the screen 
just grazes the incident light. The illumination is seen to 
be zero on the surface of the mirror. 

Table I. shows in the first column the calculated intensities 
of the maxima and minima in the diffraction fringes of the 
Fresnel type due toa normally held screen, and in the second 
column those due toa screen grazed by the incident rays, 
the intensity in the incident waves being taken as unity. 
The calculated positions of the maxima and minima are given 
in the third column, these being, of course, the same in both 
cases. 

* The asymptotic expansion given by Sommerfeld is inapplicable over 
a very small part of the field on either side of the boundaries g=z+ 9! 
and +—9%. A small part of each of the curves shown in fig. 3 has 
accordingly been filled in in free-hand so as to represent as closely as 
possible the general trend of the curve. 
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Fig, 2 
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TaBLE 1.—rA=4377 A.U. r=30°75 cm. 

Calculated ‘Calculated Calculated Observed 
intensity at intensity at position of position of 

the maxima and the maximaand the maximaand the maxima and 
minima. minima, minima minima 

2 2 x ave x ia 
Case (1). Case (2). io i 

1374 1-920 1-225 1-192 
mes "590° 1871 1887 

1-199 1238 2°345 2°345 
"843 “722 2°739 2746 
tlk 1°300 3082 3077 
"872 TOT 3°39) 3°409 

1126 1243 3°674 3692 
“889 “786 3°937 3°960 

1-310 1-219 4183 4155 
“900 "820 4-416 4°422 

1-099 1-199 4637 4°615 
“909 820 4848 4850 

1091 1:153 5°050 3°000 
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The fourth column in the Table gives the positions of the 
maxima and minima of illumination measured on a photo- 
eraph oe of the fringes due to a screen grazed by the 
incident r They agree closely with the theor etical values 
given in ite “thir d column. 

The ratios of the intensity of illumination at the maxima 
and minima have been determined photometrically tor com- 
parison with the theoretical values shown in the second column 
of Table I. As mentioned above, the intensities were found 
to be independent of the plane of polarization of the incident 
light. The method adopted for the photometric work was as 
follows. The incident light was plane | polarized by passage 
through a nicol. ‘Two narrow slits were mounted one above 
the otiner in the plane of the diffraction fringes, and a thin 
plate of mica of proper thickness (‘032 mm.) was fixed up on 
the upper one, so oriented that it circularly polarized the 
light tailing on it. The field was observed through an eye- 
piece and an analysing nicol mounted in a graduated circle. 
The lower and the upper slit were then respectively set on 
the first maximum and the first minimum, or the second 
maximum and the second minimum, and so on. The illumi- 
nation of the upper and the lower slit was equalized by 
rotating the analysing nicol, and the position of the analyser 
at which the light from the lower slit was extinguished was 
also noted. The angular difference of the two positions 
suffices to give the ratio of the illumination. Thus if @,and 
8, be the two positions and I, and J, the intensities of ilumi- 
nation of the upper and lower slit respectively, 

I,/1,=sin? (0; —@,). 

A correction was made for the loss of light in transmission 
through the mica sheet covering the upper slit. Table IL. 

TABLE II. 

Observed Value calculated Value calculated 
Ratio of intensity of from Sommerfeld’s from Fresnel’s 
Minima and Maxima. value. expression, integrals. 

lst min. and Ist. max. °36 30 58 

2nd min. and 2nd max. ‘53 "30 "67 

3rd min. and 3rd max. 60 “DT 49 

shows the results of the photometric work which was carried 
out on the fringes obtained with monochromatic light. It 
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was not found practicable to carry the measurements beyond 
the third fringe. The photograph reproduced in Plate II. 
fig. 4(c) clearly shows that the contrasts between the 
maxima and minima of illumination iu this case are greater 
than in the fringes of the Fresnel type. 

Two other cases besides that described above have been 
investigated experimentally. In one of these shown dia- 
grammatically in fig. 1 (b), @' was nearly equal to 7 and } 
was small and positive. The positions and magnitudes of 
the maxiwa and minima of illumination were calculated from 
Sommerfeld’s solution (the upper signs only being taken), 
and the experimental data are shown in Table III. for 
comparison. The illumination curve for this case is shown 
in fig. 2(b), and the photograph on which the measurements 
were made is reproduced in Plate IJ. fig. 4(0). In this 
case on the side of the screen under observation, only the 
reflected wave-front is limited by 2 boundary passing through 
the edge of the screen, and suffers diffraction, and the 
general agreement between experiment and theory is only 
rendered possible by taking for the latter the rigorous 
solution obtained by Sommerfeld, the boundary condition 
s=0 being assumed to be satisfied at the surface of the 
screen. 

TABLE III. 

PAGO) CIM N= 425 61 A ah (97 5456, 

Calculated distance 
of the maxima and 
minima from the edge 
of the screen in cm. 

Calculated Intensity 
of the maxima 
and minima. 

Observeddistance of 
the minima from the 

edge of the screen. 

Max. 3°83 ‘006 

Min. 0:18 0140 ‘0140 
Max. 4:52 j -020 
Min. 0-02 | ‘0278 ‘0275 

Max. 3°38 ‘036 
Min. 0°20 0423 0421 

Max. 3:20 0490 
Min, 0-21 0558 0354 

Max. 2°45 ‘60 
Min. 0°32 ‘0682 ‘0681 

Max. 1:17 ‘074 
Min. 0:60 ‘0798 0796 

Max. 1:47 082 
Min. 0°64 0912 ‘0907 

Max. 1°39 092 

"1014 ‘1008 
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The third case investigated is that shown in fig. 3. $' isa 
small positive angle and ¢ is nearly equal to 7. 

Fig. 3. 

In this case practically the whole of the field is divided 
equally between the region of shadow and reflexion (marked 
I. and III. in the figures) and only a comparatively small 
portion (marked II. in the figure) is that occupied by the 
region of transmission. Both of the dividing boundaries fall 
within the region of the field under observation; and so far 
as this part of the field is concerned, the approximate theory 
of diffraction gives the same result as that found from the 
complete analytical solution satisfying the boundary con- 
dition s=0. The theoretical form of the illumination curve 
from a typical case of this kind is shown in fig. 2(a@), and 
a photograph of the diffraction fringes is reproduced in 
Pl. II. fig. 4 (a). Table IV. shows the calculated positions 
of the minima of illumination and the experimental data 
for comparison. The agreement is satisiactory. 

TABLE LV. 

f==9 Cm: r=4410 ALU. q' = 19°Ome 

Calculated widths of the 
successive bands between Observed widths. 

the minima of illumination. 

0:0071 cm. 0:0071 

0:0052 0:0053 

0:0046 0:0048 

0:0044 0:0042 

0:0039 0:0041 

0:00387 0:0038 

Summary and Conclusion. 

The results arrived at from this investigation may be 
summarized as follows :— 

When plane waves of light are diffracted by the edge 
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of a very obliquely held screen, the fringe systems observed 
at and near the surface of the screen on either side show features 
which require for their explanation the complete analytical 
investigation of diffraction given by Sommerfeld. On 
one side of the screen we have the region of shadow, and 
adjoining it diffraction fringes, the maxima and minima of 
illumination in which show contrasts more marked than 
those in the diffraction fringes of the Fresnel type, their 
positions, however, being the same. This has been verified 
by photometric observation. On the other side of the screen, 
the fringes due to the interference of the direct and reflected 
wave-trains are observed, and these are modified by dif- 
fraction in a manner which can be fully explained only in 
terms of the complete analytical solution of the diffraction 
problem. 

The solution obtained by Sommerfeld with the boundary 
condition s=0 at the surface of the mirror, agrees with the 
results observed at oblique incidences in the part of the field 
under discussion, irrespective of the plane of polarization of 
the incident light. 

The investigation described in the paper was carried out in 
the Palit Laboratory of Physics. 

Calcutta, 
16th March, 1918. 

eee 
—— ——— 

V. The Light from Mercury Vapour. 
By C.D. Cup ~*. 

if a recent article by Strutt+ a description is given of 
experiments on the luminous vapour coming from the 

discharge through gases at low pressure. The conclusion 
reached in that paper is that the light given off by the vapour 
very largely comes from the negative ions. The conclusion 
reached during an investigation of the luminous vapour 
distilled from the mercury are performed by myself was 
that the light did not come from either the positive or the 
negative ions alone, but from the two at the moment of 
recombining f. 

Two questions present themselves in connexion with these 
papers. First, is the same fundamental action being studied 
in the two sets of experiments? Secondly, do the experiments 
of Strutt prove his conclusions ? Apparently neither of these: 

* Communicated by the Author. 
+ Proc. Roy. Soc. A, xciv. p. 88 (1917). 
£ Phil. Mag. [6] xxvi. p. 906 (1918). 
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guestions can be answered definitely until further experi- 
mental work has:been done; and, since 1 do not have apparatus 
making it possible to repeat Strutt’s experiments, I am taking 
the liberty of pointing out the desirability of further investi- 
gation of this subject. 

In regard to the first question, the following statement may 
be made. In the experiments of Strutt, a current of a few 
milliamperes at a high voltage was passed through mereury 
vapour which had a slight admixture of some other @ gas. The 
presence of the additional gas was found to be necessary in 
order to produce the effects observed. In the experiments by 
myself there was a current of several amperes passing through 
a gas that was in all probability pure mercury vapour. The 
necessity of some impurity in the former experiments would 
indicate that two different phenomena were being studied. 
On the other hand, the fact that the luminosity lasts for 
practically the same length of time indicates that the cases 
are identical. We should be in a better position to decide 
this question if the spectrum of the luminos ity observed by 
Strutt could be obtained. Unfortunately, the light was too 
faint to allow this to be done. 

Again, we could better decide regarding the identity of 
the two phenomena, ifit were certain that the light examined 

by Strutt was not caused by Fecombinatiou_—1ee is, iL. his 
experiments prove his conclusions. Certainly an explanation 
different from that given by him can be suggested, as is shown 
by the following discussion. 

In Strutt’s experiments a discharge is Lee through a 
tube at the right of the part shown in fig. 1. A is the anode 
for this discharge. In this anode there is a small opening, and 
gas from the discharge is blown through this opening into the 
tube shown in the drawin g. Pis the connexion to the pump; 

-g and hare electrodes to which an H.M.F. may be applied, so 
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as to deflect any ions which come into this region. When 
these electrodes are uncharged, the luminosity spreads out 
from the opening 6 in a sy mmetrical manner, becoming 
fainter toward the left of the drawing. When an E.M. ¥. 
of 160 volts was applied between g ¢ and h, the position of 
the luminosity was shifted. 

Im all of the photographs shown by Strutt there was an 
increase of the luminosity in the neigh: i:bourhood of the positive 
electrode. In the majority of the photographs there was also 
an increase in the light near the negative electrode. According 
to Strutt, the positive and negative ions are separated by the 

field, and the luminosity near the positive electrode is caused 
by the negative ions alone, and that near the negative electrode 
by the positive ions alone. 

As has often been shown, it is impossible to separate 
positive and negative ions by this method unless there is a 
very high vacuum on account of the formation of new ions. 
This in the stream of gas coming from A there are electrons, 
and since the potential difference between g andhis 160 v olts, 
the electrons will be drawn toward the positive electrode with 
sufficient velocity to ionize by impact any molecules which 
may be present. ‘The recombination of the ions thus formed 
will then give out light. That is, a second discharge is pro- 
duced between gand h, giving out light as any other discharge 
through a rarefied gas gives out light. In fact, the p otential 
difference is sufficiently large here to make it possible for the 
positive ions as well as the negative ones to ionize by impact, 
so that new ions may be fjemed: hosh! in’ the region of the 
positive and in that of the negative electrode. 

The only way to avoid such action is to obtain a gas so 
rarefied that there are no molecules present. Unfortunately, 
no measurements were made of the pressure of the gas in 
Strutt’s experiment; butit is evident that there was a sufficient 
number of molecules present to allow of ionization by impact, 
since an are was apt to start between g and h when the 
voltage was raised above 160 volts (p.911). Ivis impossible 
to have an arc in a region where there are no molecules, for 
no ions can be formed without molecules from which to form 
them. This is shown, for example, in the Coolidge X-ray 
tube, where the voltage may be several thousand volts without 
starting an arc. 

Furthermore, it was found that there was the greatest 
tendency to start an arc when the gas was least dense. If 
there had been very few molecules present, the lower the 
density of the gas the less possibility there would have been 
of the formation of an arc. 

Again, to start an are there must be ionization by the 
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positive ions as well as by the electrons. Consequently, with 
160 volts a eondition was being approached where both 
positive and negative ions were able to ionize by impact. 

The appearance of the photographs favours the view that 
there was not a displacement of the light, but an actual pro- 
duction of new centres of luminosity. When no field is 
present, the luminosity gradually fades out as the gas passes 
from the opening. When the field is applied, it does not in 
any case gradually fade out. In some cases the whole region 
between the electrodes becomes luminous. In all cases the 
region near the positive terminal is luminous. In photograph 
No. 11, for example, which was a photograph of mercury 
vapour, the luminosity first decreases as the gas leaves the 
opening, and then increases as the positive terminal is 
approached. It is very difficult to see how the luminosity 
could increase, unless new centres of radiation were forined. 
The ions do not give out more light as they move from the 
opening, as is shown in the photograph where there is no 
field. The application of an electric field to this region 
causes the ions to move out of the region, so that there are 
fewer ions per unit volume. Moreover, the strength of the 
field will become greater in the neighbourhood of the elec- 
trodes, and the ions will move faster, so that the number of 
the ions per unit volume will be less, unless new ions are 
formed near the electrodes. If, then, the photograph repre- 
sents correctly the appearance of the glow, there must be new 
centres of illumination formed near the positive electrode. 
It is difficult to see how this can occur, unless there is 
ionization by impact near the electrodes. 

Again, the increase in luminosity in the neighbourhood of 
the negative electrode is most prominent when the density 
of the gas is least. This is also what would be expected if 
the luminosity is due to ions which are produced by positive 
ions. It would only be with the more rarefied gas and 
longer mean free path that the positive ions would be able to 
ionize. When both the positive ions and the electrons are 
able to ionize, it only requires a small increase in voltage 
to start an are; and this, in fact, was what was found to occur. 

It would, therefore, appear possible that the luminosity 
observed by Strutt was caused by recombination of positive 
and negative ions, and not by any action of the positive or 
negative ions alone; and that further experiments are 
necessary before a definite conclusion is reached concerning 
this phenomenon. : 

Colgate University. 
Sept. 1918. 
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VI. Molecular Attraction and Attraction of Mass, and some 

New Gas Equations. By James Kam *. 

INCE the publication of my article, “ A Criticism on 
van der Waals’ Equation, and some new equations 

derived therefrom ” +, I notice I have omitted an argument 
without which the relation 2y.v,-=constant and its deduction 
cannot be understood. 

In submitting the explanation here, some repetition for 
the sake of continuity of argument was unavoidable ; but 
as the subject leads to entirely new expressions, and seems 
to point to a general law ruling the cohesive forces, I publish 
the results so far obtained under a new title. 

Introduction. 

The relation between pressure, volume, and temperature 
during isothermal compression of a “ perfect’ gas is given 
by the expression 

Ror 
) 

I 

the law of Boyle-Mariotte. 
For an actual gas according to van der Waals, the total 

pressure IT (equal to the sum of the pressure » from the 
exterior and the “ Inward Pressure” p,) is expressed by 

y) 

if B is the “ co-volume ” of the molecules of the gas contained 
in v. 

The volume v is expressed in respect of vy=1, 0° C. and 
760 mm., and 8 is a function of v; and it follows that for 
the same pressure II but a temperature Tj, both v and 8 

change at the rate a 

The expression can therefore hardly be a correct versiun of 
the physical process of isothermal compression. 

For suppose the same pressure II to be exerted at a lower 
temperature T,. Then the velocity of mean square c decreases 

at the rate a 

absolute value of v remains the same, the density increases 

i.e. proportional to the temperature. If the 

at a rate smaller than a, say w times, and the co-volume 

* Communicated by the Author. 
+ Kam, Phil, Mag. vol. xxxi. January 1916, p. 22. 

Pili, May, atv ol ot No. 217. Jan, 1919. F 



66 Mr. J. Kam on Molecular Attraction and 

becomes B,;=a2.8; so that the combined effect of these last 
two increases compensates the decrease of c. 

This might be expressed as follows :—— 

ew Ly Tae 

vB v—2x. 8B” v ; 28 
v 

ORT ee , Ay 
and it will be seen, since <a that a gas reaches a total 

1 

pressure II at a lower temperature sooner than at a higher 
temperature. The same changes of volume cause larger 
changes of pressure at lower than at higher temperatures. 

Another objection lies in the solution of the equation of 
van der Waals for the critical state. If we convert it into 
the form 

oie be as 

Oe Ema e 
making v=¢@+ 8, and solve for the critical state, we find 

dpa Ae dye de : 
dd = 0, (6-+8)8 =- be 5 oc, oni eunmens (i.) 

d*p 6a Ala te ye in 
SS) 5 oe Seem 
dd’ : (d.+ oy pe ( ) 

whence 
de = 28. 

Since ¢ here is certainly a volume but not a density, we 
may not calculate the values of the critical data by sub- 
stituting ¢-=2@ in (i.) or (ai.). Yet if we do so, we obtain 

’ those values as found by van der Waals. The operation is 
the same though in inverse order as the one of multiplying 
and arranging according to powers of ¢., and the same error 
is made. 

Substituting e.g. in (i.), we find 

20 ek. T, 

2788 48? 

ae a=2.8.R.T, 

a ia a 
Pe 97 Gt Tuas Bl le 

8 a 

T= 97° Re 

which for a, Pic, and T, are the values found by van der 
Waals. 
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Jt would have been more correct to substitute @¢-=28 
in the original equation, converting the latter into the 
quadratic form 

Oo Bt 

7 9 AOR 

an equation in which », be the same meaning on either side, 
and which is a special form of a general quadratic expression 
into which we can reduce a cubic gas equation. In this 
manner we take into account that the two extreme values 
of v for the roots of every. cubic equation are points of the 
quadratic ‘“* Border-curve.’ 

Pot a 

1% 

In order to meet the two objections mentioned, I have 
found it useful to introduce, apart from the factor @, another 
factor b. 

8 is the actual co-volume ; 

b is the *‘ theoretical 7’ co-volume. 

gine an actual gas with a co-volume @ exerting at the 
volume v and the temperature I the same pressure T=p+p, 
(pressure + the effect of the cohesive forces) as exerted by a 

‘perfect”’ gas at the same volume and temperature. If the 

Imag 

: Speer ea | 
number of molecules in the latter is N= —, then the number 
in the former is C 

v 
N, =. N 1 otb 3 

with the co-volume ” 

vot+b 

Consequently & is the “theoretical”? co-volume of 
N molecules of an actual gas at the ‘theoretical ” volume 
(v+6), which at the “measured”? volume v would exert 
the pressure II of N molecules cf a “perfect” gas at the 
same temperature and volume v. The volume v contains 
.N, molecules of the actual gas, and we have the relations : 

0: 

v ti 2 
N, ee IN estar NA ta RON (1) 

B=v., : aca arate 

UNS eM ety \ Sanaa Pe Ny BO OP RanS 6) 

ANY iO 
anh ae al . ° ° Z C (4) 

F 2 
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We may call v the “ specific density” of a gas in respect 
of a perfect gas at the same volume, temperature, and 
pressure II. It is always <1, and in respect of I it 
compensates the effect of @, viz. 

=e 

If, however, the volume of the actual gas is given in 
respect of vy=1, 0° C. and 760 mm., and such is naturally 
the case, then the pressure is 

Religie eb OR | 1 = 93> : , 
Vv Uv 

and we consider either 8 or 6 as a constant, but the other as 
a variable. 
We can, e.g., consider bp, as the theoretical co-volume 

for the critical state. Then 6p, and v, have the values of the 

experiment. At any other state the relative values are 
the same. 

At small densities the values \of 6 and @ are practically 
the same. For large pressures they differ considerably. 
Another characteristic of 6 is, by definition, that its value 
is inversely proportional to the temperature T,—which, as 
was pointed out previously, is not the case for @. This 
characteristic will presently prove most useful. 

It will be seen that for a definite temperature T we can 
express v in bp or @y, viz. 

v=n.bp=n.v*. Br = (n+l) Br; oe 

hence (vide equation 6), 

RT RT @ eho BLT et bes Ae 
Pe Bn Uh aq haem ON Ope OO @ ails (8) 

The total pressure II of equation (8) is equal to the 
pressure » from the exterior plus the effect of the cohesive 
forces p;. We make 

II = pt2p, “ ° ° . ° ° ° (9) 

for the following reason. 
A molecule travelling towards the surface conquers the 

attraction p, The normal component of its impact is 
diminished by p,, but its temperature is not affected, as. 
the gas is in thermic equilibrium with its surroundings. 
After the impact it at once proceeds with the velocity 
corresponding to its temperature, and on impinging towards: 
the interior its impact is supported by the molecular 
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attraction. Hence the pressure p from the exterior is 
supported by p,. but the pressure II from the interior 
towards the surface is opposed by the same force. The 
condition of equilibrium is satisfied when 

T—p, = pt+pi 
pt+2p, =H, 

and it is immaterial whether the pressure II exists between 
the surface and the interior conforming to the principle of 
the equality of action and reaction, orin the interior. Inthe 
former case only, II would be identical with the “ Intrinsic 
Pressure” of Laplace in the case of liquids, and the pressure p 
in the interior would be transmitted undiminished towards the 
exterior and be equal to the pressure p from the exterior on 
the gas, no matter how great the intermediate “ Intrinsic 
Pressure” II. 

Making the total pressure II of an actual gas equal 
to II of a perfect gas at the same volume (absolute) and 
temperature, we then find 

ZO ek wieL 
LOST Che CY 

or 

(A) 

in which a is the constant of attraction if the density of 
the actual gas were proportional to the pressure II, and 

pre y In whatever way the volume v is measured, (+o)? : 
: ae 

the density of the gas is nay when it exerts a pressure 

agate 
v g 

At the critical state the three points of the curve of 
equation (A) denoting the three values of v -satisfying 
the equation coincide with the two points for which the first 
and second derivatives are equal to 0. 

We obtain 
ap 4a reat, 
rs =V, (ve by = ee, ° ° ° . (i.) 

ath 12a CA teed Bye 

el Comyn ae 
whence Ver peba tes mata ee a GLO) 

Hence (v. equations (1) and (2)), | | 

N, =2N, | 

B= 2, }5 (11) 
Viv 2, j 
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i. @., at the critical state the density of an actual gas is 2 of 
the density of a perfect gas at the same temperature and 
pressure II.. 

The experiment, however, gives us the volume of an actual 
gas reduced to yu. =1,0°C. and 760mm. If ¢ is the constant 
of attraction at v=1, we can express equation (6) in two 
forms, (B) and ((), in a cubic and in a quadratic form, viz. 

Qe RA 

Pr yz= v— ee ea (B) (ey 

ee De) Moieebe OR ek 
Pra= . 4 

(Ns (0) UV 
(C) 

Treating equation (B) in the same manner as equation (A), 
we have for the critical state, 

dp fhe Ae he R 6 ae 

ae ve (v,—8)”” O) 
dp ats aie Be ys 
7a 0s ee (i1.) 

whence = 38,0. |. as 

in accordance with equations (7) and (11). 
The curve of equation (C) is a quadratic curve. For 

every value of p there are two values of v satisfying the 
equation, which coincide with the two extreme values of v 
on the curve of equation (B). At the critical point these 
two values coincide in the vertex of the curve for which 

ts 9  We tnd 

dp _ Ao (n+). ns 
MEO Mea Le). a ESE aR Or nt 3 and 
Ver Ve Ve 

(vw. eq.10)) e = ih .1T.,$2)) = 3.1.0, Sa 

and the critical state can only be attained if this equation (13) 
is realized. 

On substituting this value of c in the original equation, we 
find at once " 

al | ; | 
=o 3 Or 2p), «Desay. Le, 2pcpe — 1, le emis 

expressed in. =deeatl. and Il — 1...) / ae 

(15) 
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The critical point thus forms the point of intersection of 
three curves belonging to the equations (A) or (B), (C), 
and (14). 

The equality of the critical pressure and critical ‘“ Inward 
Pressure ”’ accounts for the disappearance of the phenomena 
of surface-tension and of the latent heat of vaporization at 
the critical state. or the attraction is compensated by the 
thermic pressure, and the transference of a molecule from 
the interior ot the fluid towards the space over its surface 
does not require work done against a force p,,._ This equality 
ean be deduced entirely independently of the preceding, as 
will be shown presently. But it is as well to point out that 
it demands that the principle of the equality of action and 
reaction applies to the cohesive forces as to all other forces*. 

According to the preceding, we should get in a p.v.t.-system 
a series of cubic and quadratic curves in vertical planes. 
Every equal-pressure line cuts the two curves of each plane 
in their points of intersection, denoting the volumes of the 
saturated vapour and its liquid. At the critical point the 
equal-pressure line cuts through the point of intersection of 
three curves. 

SON ke ated on atom 
Subtraction of = * = (equation 14) from equation 

(C) for the critical state leads at once to 

Cacia 
Pets — mn ; SODURE Saas Phas Be et aS (C,) 

a similar equation to equation (C), and naturally affording 

the same values for the vertex of its curve for which a =). 

We have not so far considered the influence of the tem- 
perature on the relative values of 6 and @ in respect of v. 
Still such an influence must exist, and is bound to affect the 
increase of II with increasing density. If we compress 
the same gas at different temperatures from the volume 1 
and the total pressure II=1, it is clear that the same com- 
pression causes a greater pressure-increase at the lower than 
at the higher temperatures. For 8 at the lower temperature 
is relatively and absolutely greater than at a higher tempe- 
rature. A change of density at lower temperatures causes 
greater changes of II than at higher temperatures. 

Our equations (A), (B), and (C) do not allow for this 
temperature influence. Their solution causes the temperature 
factor to divide out. But it is here that the introduction of 
the factor }, the “theoretical co-volume,” proves most useful. 

* Vide Kam, Phil. Mag. vol. xxxi. Jan. i916, p. 35. 
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Il. 

A General Gas Equation which considers the effect of the 
temperature on the relation of b and B to v. 

For the same volume v and total pressure IT, the theoretical 
co-volume > is by definition inversely proportional to the 
absolute temperature T. 

If v is the volume of a gas at the pressure II, one time at 
a temperature 0° C. (I =273) and another time at T, then 

v=n.b) = san be 

if by and & are the respective theoretical co-volumes. 
If v is expressed in yy=1, 0°, and II=1 (760 mm.), then 

the total pressure of the gas is for both temperatures (wde 
equations (7) & (8)) 

a Diane, Dee Rie, ra 

srk fi 
Giving by the value 573° bi, 

I a ae fi i See 273/T (16 8) 

mn EL 1 n n. by 

rie ated 
in which II is equal either to the pressure of the gas at the 

temperature 0° (T= 273) and the volume =, in, .¢, ON GG iene 

temperature T and we volume n.b; In the latter case we 

have compressed (= i “)N, molecules of the gas at T from 

a pressure IJ= al to a pressure II, =TII (16 6) if N, was the 

number of molecules of the gas at 0° exerting the pressure I] 
at the volume v. 

If we make the pressure II of a gas at T equal to the 
pressure II of the same gas at 0° C., and express 0, in bo, 
then, if the volumes are expressed in equal multiples n of by 
and 6;, II=1, we have the relation 

7 vu+bo 2e50 ne eo Loe pe tae 2 

Past a O80 pian 768 Dg a aire Wine die 

b+ 5.) 2am 273i 8g 
a = = —_, (16 

p— Bi wie, a ( 

273 
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. : 273 
in which o=h .v, By and #; are the co-volumes at the 

volumes vand ¢and 0°. In this expression consequently 
v is the volume of @ reduced to 0° and w=1 at Ihb=1, 
2. e. the experimental value of the volume. 

In other words, for the same relative change of the “free 

space” (@6—£;) or (v5 Br) for a gas ut 0°, we obtain the 

same change of pressure II: we have reduced the actual gas 
as regards pressure-changes to a perfect gas for which they 
are only dependent on the changes of volume, whatever 
the temperature T. The volume at the temperature T is 
g=nbz, and at 0° v=n. bo, but the pressure II is the same ; 
and the expression given by (16 c) applies to any temperature 
between T, and 273, if T,>273, whatever the compression 
at the temperature T from IIp>=1 to II. 

If T,< 273, then for any temperature between T, and 273 
we have similarly : 

aie dnl Poet oe, ek is Ce 105 1 
Bp iby nih n. bo ele 

i 
ah vt bo if aa 1 Fs 1 

Ee er eae eee ~ 6-6? 

cee, ag 60 Po) (16 d) 
in which @ is expressed in gd:=1, T, and H=1, 

bo= 57 bi, v= 573 ¢, and v has the experimental value, 

reduced to ¢:=1, T°, and II,=1, and we have the gas 
for temperatures below 0° in the same condition as above 
that temperature. 

(We could of course just as well reverse the proceedings 
and express the volume of a gas for temperatures >273 in o 
in respect of d¢=1, at T,° and II=1, etc.) 

Making II of equations (16 a) and (16 5) equal to p+ 2y,, 
we obtain for T>273, 

fs 
ce a 1 

Soy ys. (D) 
2¢5 Bi ies 

2 ThE, ih : as aes ah 

2 hee rae shea wae 
373) i mee 27a. aga ke) 

for any temperature I’ (in which co is the corstant of attraction 
at v=1, 0° C., and 760 mm.), and always equal to 

20 _vtb 1_ 1 
vw vv vw—-pP 

(D;) 



74 Mr. J. Kam on Molecular Attraction and 

in which v(the volume reduced tov, = 1,0°andIi=1=760mm.) 
La a 

is always = --- od. 
v 973° 

Solving the cubic expression for the critical state, we find 
(equation D,) : 

dp Ac li . 

a hn Goer He 
dp 12 y an 
— ) SS SS SS = 2 ° ° ° e e op Te Q, ae eae: (ii.) 

whence a) 

bie oS 
Hence (vide equations 1-4) 

idly = 2 .b 
MAT) 

Solving the quadratic equation (D,), we find for the critical 
state, 

dp 4co 2ivetd) 1 
Ge. aes Ree 

whence 

ak 1 
Cy = 5) Ve — 9 he e R ° pies ° e e ° (17) 

but in respect of d)=1, 

Te and gle, : vf} = = = 5 Osea . Gls 

Substitution of co=4v, in the oe equation leads at 
once to 

pe=fi,= a= ~ (19) 

2p,. 0, = 1 (constant), ..  . 2...) 2) eer es 

gli 
3D¢ — 3p, = Dt 20, = 2 A = the ut Vale (21) 

For temperatures <273 we have the equations 

2c: ian o+b i oe ef \ 
(Dap fa ee "973 v—B’ ° (KE). 

On cpt 
205 2 Hb, ee 

oo ave 273 (Bi) 
oe aia 

+ eee 
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of which (E) again applies to any temperature, 7. e. any 
reduced value of @ in equation (1), and always is, equal 
to (Ki). 

The same operations lead in the case of the cubic ex- 
pression (H,) to the similar expressions, 

dp Aeg 1 ts 

Bo eee eae (i) 
($.- 7. Bx.) 

d*p 12¢ 2 iy 

ig a PE ONG om 
($.— ay Bx.) 

whence er) MiB Ts 
( ) De a 38 .— = do, > 

Bad 
ete 

3 es esa 
by, = 5 Br, : T = 7 Pe 

and in the case of the quadratic form of (i)) 

de dep 2(he+ bn.) 1 
db o3 a be he” 

ep = 59, in-respect of @=1 at T,and II=1. . (22) 

273 
As bea » Ucy 

5 

cp = = T ve in respect of P6=1, the temperature 
‘a ann Wd! ed 22 a) 

In respect of vyp=1, } 

cp=iv, . 0e( 220) 

ieee eet. (22) 

The values thus calculated for cy (equations 17 and 23 c) 
will be derived presently in a completely independent and 
different manner. 

The value of cp (equation 22 a) substituted in the original 
equation affords at once 

C it La 
fo es Bin oa a Ha e+ 232) 20, 

5 273 
2Per Me a = ECEOUStANT ean t thew eee ao! 0) 
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The accuracy of equation (20), 

Zpcwe— 1, 

is sufficiently demonstrated by the figures of the larger 
Table * (1.), in which will be found the experimental and 
calculated values of 

In the smaller Table + (II.) the values of (equation 23 d) 
97 

+P, +Ue- = constant are calculated for gases whose 

critical temperatures are below 273 (0° C.)t. Though the 
values thus obtained are smaller than 1, they are re- 
markably constant and equal to about’75, with the exception 
of air, which shows a value of °69. But the latter is a 
mixture. 

The constancy is such that the deviation from the value 1 
must have a general cause. It is conceivable that at the 
extremely low temperatures of the critical state the co- 
volume 8 adopts a relatively smaller value. In any ease, 
the fact that the mono-atomic gases with extremely low 
critical temperatures fall into line with hydrogen, nitrogen, 
oxygen, CO, CH,, and NO deserves attention. 

Deduction of c=4v.=6, cr,=4¢-=br from the corre- 

sponding equations (D,) and (EH) leads at once to 

py oo ate 
and oe is 

Cc fe 
P a p e e e . ° e e (H.) 

It will also be of interest to compare the value of ¢ 
(eq. 17) and p_ (eq. 19) with a few experiments. 

* Landolt-Bornstein, ‘ Physikalische Tabellen,’ Berlin, 1905, pp. 181- 
186. Values marked * are borrowed from U. Winkelmann, ‘ Handbuch 
der Physik,’ vol. ii. Leipzig, 1906, pp. 859-868. 

+ G.W. C. Kaye & F. H. Laby, ‘ Physical and Chemical Constants,’ 
1911, p. 34, 

yy 3 
EA. - = gas found by van der Waals is for such gases evidently 

more in correspondence with the experimental values. 
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TABLE I. 

Ve. | Pe (exp.). P (cale.). 

“2s TUTTE Sr RRR Cee peer ‘0066 57°11 75:7 
Pees et Cae 8 SG Re | ‘00713 62°76 70 
EDGY LORTIREO «a. osue ss coe nne's scenes i SOLO 3412 29°2 
TGS ‘00981 47 9 BOS 
Benzene chloride.................. 01175 44-62 42-5* | 
Bed RE Sian naten lene aes | °01334 37°5 37°8 | 
Bibhiy) acetate.......2-.0.6..05-0eeese ‘01222 39°65 41 | 
bye DULVTALC 02 pnisi5. js sans ont 01744 30°24 28:30 | 
Hithyl dichloride .........-.:-.0..- 00982 53 51 | 
Ethyl isobutyrate.....c0s0. se... | 01749 | 3013 28-6 * 
Ethyl propionate” ............... | 01482 33°86 33°75 
Tsobutylacetate ».--.....2...050c0: ‘01717 31-4 29°41 | 
Isobutyl formate ...............2.. 01472 38:29 37°86 
Methyl acetate, }.0....2..2-.-se.-.5. 0096 47-54 52 
Methyl butyrate .................. 701455 36°02 344 
Methyl ethyl ether .........00.... | 00873 46-27 57 
Methyl propionate ............... ) )OL224 39°88 40-8 
Methyl valerate...............+2.++. 01728 31°5 29 
PEPE ACCLALE, (can oncec ee ence. “01464: | 34:8 A'5 
Bap SICOUO in. . 2c. cecan de e-mns ‘C0268 50°16 BLS 
Propy! chloride —..................| “00982 49 50-9 * 
Prep LORWate 22 ei. sss on =e: | 01203 42-7 41°5 

Psa se enous sciacinons | 008864 194-61 130 
LD TCU Seas naa a een PD | 00436 775 114 
RNa AB cha sctind boda hag cca | ‘00587 78:9 &5 
/ Re att | 0066 77 he a6 
RNP dre Bes ch ue ae u's | ‘009011 72868 | 60 

Pydreren.t 23.52: .4: — 234 39 00264 2.20. te. 7 =-7392 

Oo ee ae hits 155 ‘00426 2.50 .ve. 176 =°75 

[50 ee — 268 5 00299 2. 23... 54-6 763 

Je 1, Se ae ee —117-4| 1556 00404 2.52°9. ve. 1°76 = “7523 
UL Sa a —141-1} 131°9 00505 2.35°9..%6. 2°07 = 7506 

35 NS an eal ae — 95°5| 1775 | -00488 26 OO). els hE ok = “ToL 

b a a } lo fo} ia) =} 
| — pp (er) —" Lo “I can) j=) or HH ~] bo oo © iJ Ss LS) — — ~l Os i=) Ne) 

> ~ ber | a ts oO _ (J) ow (=) © nix lor) oO 

bo bw lw 

(Sy) © o Ar) fod ie) 
| 

jer) ico} 
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For Carbonie Acid, Andrews found 

0. = “0066: 

Pc = 17 atmospheres (experimental value). 

We have (equation 17) 

6 == Jo, "00333 

hence, according to equation (19), we calculate 

c "0033 

Pee “0066? 
For Methyl Acetate we have 

= 76 atmospheres. 

v, = “0090; 

Pe = 47°54 (exp. value) ; 
hence 2 ¢ “Q0LS)" > 

= — = —— = 92°08 aid. Ve ic Pe = 3 = 00982 52°08 (cale. value) 

For Propyl Alcohol, 

vo “O00e, 

p, = 90-16 (exp. value) ; 
hence ‘OO-49 

Pe = 00982 = 91°65 (calc. value) ; 

and soon. All substances following the rule 2.p,.v,=1 
must naturally comply. In case of dissociation or con- 
densation during the experiment, large deviations may be 
expected. Thus acetic acid and compounds of [OH] gene- 
rally show deviations beyond the somewhat large errors of 
observation. 

Equations (D) and (EH) hold good for any temperature 
between T, and 273. They are, in fact, quadratic equations 
with the three variables p, v, and T. For every value of p 
and T we have two values of v satisfying the equation, the 
one being the volume of the saturated vapour, the other. 
the volume of the liquid of the vapour the moment it 
has entirely disappeared. The curves of these equations 
consist of the points in which the equal-pressure lines 
cut the isothermals, and denote the two extreme vaiues 
of v. Each point of these curves is a point of intersection 
of the quadratic curve, an equal-pressure line, and an 
isothermal. At the vertex of the quadratic curve the two 
points indicating the two values of v coincide with the three 
points of the critical isothermal denoting the three values 
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of v, and the two points of the latter curve for which 

oP 0, eS 0. The curves described by (D) and (EB) are 

therefore identical with the *“‘ Border-curve.” Their vertices 

| eet. er TOPE! Oly 
are the critical points, and at these points a ime 

We have already solved (D) and (E) for oP =0. We 

get the same results for ot —(). 
Ov 

Differentiating equation (D) we find : 
273 

Bee Salar 2 “aly 6b— = “per 0! EE oct ig Bs 3¢ 
pe he 

As J =0. ; 

bey =a yp het end a dam Phe 
7 

273 (ae) ais jo ep 
which are the values obtained in equations (17) and (18). 

These values substituted in the original equation lead to 
the expressions (19), (20), and (21). 

The critical point consequently is the point of intersection 
of the Critical Isothermal, the Border-curve, and the Curve 
2pc-Ue=1. For gases with critical temperatures below 273 
the analogous curve of the latter is 2p,.6.=1. Itis therefore 
defined by three equations. (Vide fig. 1. 

Differentiating equation (EH), we find (for T, < 273) 

AT. ES may 2%, + b.) Al Pa) 

+ 9733 ° i a 

Vth, | 

73 <0 toa? 973 8 

one 

+ 
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Ries 1. 

\ Critical point CO2 

i 
i 
! 7 \ 

Critical point’ 

Border | G : 
Critical pomnt\. Ether “ik 

30+ Atm Critical point one tye ie 

or 

Ma, 2(ve+b.) 273i ube 273 
Egy) Ve? Te eee le 

oe 4 ae Vet be ot aie 0 

Cae 2 ° Ve \5. Panes. 

Zia aoe. 
Lon = . 2(u.+ 5.) —2, T, 

i 
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whence 
273 

Cn. ae 3 ~Uce es = 3Pe 

in respect of d6=1, T, and Il=1 ; 

eee r 
o = oa. 37 f = 8% - 373 

or bh OR 

ie tee} 373 j 
in respect of vy=1, 0° and IT=1, 

which are the values of equations 22 a, 6, ¢. 
For substances with T, v 273 it is clear that equations (17) 

to (21) afford an opportunity to calculate T, if the volume 
de is given, i.e. the critical volume in respect of ¢=1, IT=1, 
and at the temperature T.. 

For we have T 

2pe - Pe - ee ee |e 
273 ; 

and thus 973 

Be oe ee 
eke Dein De 

The argument leading up to the equations (D) and (HK) 
can be also expressed more shortly as follows :— 

The ‘ theoretical co-volume ” 0} is inversely proportional 
to the absolute temperature T, 2. e. 

by = T/273 b,, if bo is given. 

Compressed at 0° from the volume vy=1, IIj>=1, to the 
volume v the pressure is 

eh els yet I 
4% v ti. Urerad Dos 

To attain the same pressure II at the temperature T, the 
compression must be different ; and 

Co UtOop a Ui2tant le 

Tae eee ERTS nha, 
Tein +1 x 

Hiquating the two expressions for II, 

one T/273(n +1) 
} 2. T2738 2+41: 

Pilal. Mags S26. Val’ ai. No, 217. Jan, 19t9. G 

i 
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It will be seen that “reduction of d=n.b; to y=1” 

reduces the value of « to 1, whatever the temperature. 
2 

feel > 203, b= 

higher temperature the compression must be greater. 
If T< 273, «<1: at the lower temperature less compression 
is required to attain the same II. 

Substituting x in the equation for the temperature T, 

v+b, T/273(n+1) ke v--D, 1 

Bo COR Ly ee 

_ ntl 273/T 64+ 273/T 

ue b, and consequently «>1,—-2. e., at the 

i 

Be ORO ) o 

— b+5: p 

Mi ae Wes ag 
*. The last equation but one indicates that (273/T)? N mole- 
cules at T° compressed from the volume ¢o= 273/T at T° and 
IJ,=1 to a volume @ exert the same pressure II as at the 
temperature 0° compressed from the volume wy%=1 to a 
volume v=1T/273.¢. This volume v is the experimental 
value, and is the reduced value of 6=n.l; in respect of 
v=1. For 5, expressed in ¢ grows at the same rate as ¢ 
through the reduction. 

Or again, 
Imagine two quantities of gas at the two temperatures T 

and 273 exerting at the same volume 1| the infinitely small 
but still appreciable total pressure IJj=1. Then 

Be =3e. Bo 
The same pressure II will be reached at the volumes 

V)= (n+1)Bo and v= (y+1)B:, if vo and x; are expressed in 
the volume 1, at IT,=1, 2. e., 

1 1 

By BP 
or ee a i : 

Pes 213 ae n Bo gi Be y T Bo 

1 Te 
“‘ Reducing ” the volume y. &; to y%=1, 0°, W,=1, 

le bi Le) 2 Tape 
i = - = = 

y. Bo 1/275 .n « Bo Vo — Bo n. Bq 
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pe TL < 275, 

1 ] T 
Ee) eee Bo = 973 Rts 

et) 1 : yarcle 
Mea y hs se wae ME AGT 

Ne ries 
Reduced to v, 0°, and II =1, 

Deena: Saat St dee Nata cee 
C : a ee 
=O Bo nN. ena vo— Bo 

and in both cages vy is the experimental value. 

Note.—It is evident that for gases with T > 273 the total 
pressure is inversely proportional to the reduced “free 
space.” 

AGE Il, -7n2. Cot at 0° Ge 

then for the same pressure I], 

Hii, Sen ae, at a temperature T>273, 

n.oand n. Br being “free spaces.” ry is a definite fraction 
of 8, dependent on T, and @> has an absolute value expressed 
me, ft at 1,1. 

The number of molecules with the free space n.@p is 
273\2 a 
2 times the number of molecules with the free space 

2, 2 
' m. 8, and their co-volume is ( T ): Bo or a =) Br. 

Hence expressing its volume in respect of v»=1 at which 
273 

it would exert a pressure L,=~ 7 the gas at the tempe- 

rature IT’ exerts a pressure inversely proportional to the 
volume, 1. e. 

273/T 
n. Py 

But if we express that volume n. pp in respect of the 

i 

273 ; 
volume T at which the gas exerts the pressure II)=1, we 

find the total pressure inversely proportional to the reduced 
free space. ‘Thus we found e. g. for the critical state: 

273 
See 

G 2 
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or reduced to 0° C. and 760 mm. 

= SS 

and 

Pe= = (eqs. 20 & 21) 
“Ve 

for gases with T, > 273. 
For gases with T,<273 we should find for the same 

reason: 
2 Di aiee cetera 
~ Ue—Bo’ Po= 20,” 

and v- is in both cases the reduced volume. 
This view is entirely in accordance with the formula 

at 

I, 

I= 
v | 

for gases like Hy, O., No, &c. at temperatures T above 273. 
For expressing By and Gin Bz, as fraction of the volume 1 

at IT=1 and the critical temperature T,, we have 

TD en 973 mn al 
— i 

Wanye B51 an en, 

in which n. Br, &c. are the “‘ free spaces.” 
It is evident that 

tied We erie P08 nies pea Lb 

n. Bo n.Bo 

2. e. equal to the pressure of the gas at T and the “ reduced 
volume ” (n+1)8>. 

ii 

. it. 

Reduced Isothermals and Reduced Border-curve. 

For every saturated vapour-pressure pe we have one 
temperature but either two or three volumes. Where in 
our equations T? is found it only appears as a volume factor. 
In fact, as is shown by equations (D) and (2), the temperature 
divides out, and the volumes are determined by the value 
of p, the pressure of the saturated vapour. 

If, following van der Waals, we make 

= @. Pe, 

v= tn. Ve, 
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and give pe, Co, and = the values given by equations (17) 
c 

and (19) for T<273, and pe, cr,, and i the values of equa- 

tions (22) and (23 a), we obtain at once 

eee. Beer iene eatin tank Gn) 

a quadratic equation in which all constants belonging to a 
particular gas have disappeared. | 

The corresponding cubic equation is 

yh ney Seb eM Wilts ietitiert (he (G,) 

in which ees 1 

208 2n+1’ 

but which for given values of n at once converts into the 
quadratic form. 

For every value of e we have two values of n, and ng, 
denoting the volume of the saturated vapour 7c, and of the 
liquid the moment all vapour has been liquefied. At the 

vertex of the curve for which “0, the two values of n 
coincide, and ie 

nN 1, 
i lie 

Wes, p= pe O = es 

Giving e successive values for the same gas, then 

Nye 1s the volume of the saturated vapour, 

Ngve 18 the volume of the liquid thereof, 

at the pressure ep,, the vapour-pressure. 
« Giving e the same value for various substances, then the 
volumes at the saturated-vapour pressures ¢.p- must be 
equal multiples of n,.ve and ny. vc, I have not yet verified 
the latter deduction. The former I have examined for 

pressures of 1 atmosphere. Thus for e= ae 
c 

Solving equation (G) we find 

if fo. Ley. & 
Ny — sas oe 5 e ° e . ° (24) 

1 1 en ee: 
No Sa ere a= 5 ° . 2 e e (25) 

e eee 

and must obtain such values for n that for the vapour 
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mve=1, at the temperature T, the temperature of the 
saturated vapour at the pressure p=1, and for the liquid 
at the same pressure p and temperature T, the volume 
IS M2. Ve. In this manner we find for, e. g.:— 

TasueE ITI. 

Pe: UV, = 2, . Ve. th=2, «Uc. 

eo MNase lance dens 77 mn, = 1534984] 11-0103 5016 ve 
Ye = ‘0066 1 = 5016 

Ethyl propionate...... 33°86 | i, = 66°716 996 ‘504 Ue 
ve = ‘01482 | n= B04 

Propyl acetate ......... 3480 | 2, = 69:10 1-0116 5036 ve 
ve = 01464 lng = “B04 

|e ga Ae 37°50 | 1, = 74:50 994 503 Ve 
ve «.. 01334 lp, = 508 

A few examples taken from Table I. (p. 77) will sufiice, 
as all others following the rule 

Zip ie Ug cas I. 

must necessarily comply. 
It is interesting to note that m, cannot be smaller than 5, 

which value is approached as e becomes extremely small, 
2.€. at very low temperature. 

For gases with T,< 273 we have (v. eq. 23 b) 

20e- $e = °75 (constant), 
273 | 
As i 

We may therefore expect a similar deviation from 1 for 
the values nyc and node. 
fi. g., for Hydrogen (T.=39, p-= 20, v="00264) we find 

in which ¢. = wv. 

2 
On SO 6 Op = o 39°494 . 00264 = °727, 

9 6 

bs = M2. bo = a . 506, = 7 . 000g. = 506 de 5 

for Helium (T.=5, p,=2°3, ve='00299) we have 
27 Y 

di = ee "00299 == O00, 

abe = 6. =94'°6 . "6 ue = “6. de. 2 
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We thus obtain a reduced ‘‘ Border-curve” of the same 
kind as the “ Border-curve” of any particular gas, but 
belonging to all substances that do not change their mole- 
cules during isothermal compression. The curve 2p,.ve=1 
(wide fig. 1), consisting of vertices of various Border-curves, 
i. e. of critical points, has disappeared. 

NG 

The equality of action and reaction and tbe “ Intrinsic 
Pressure” it involves would explain the seemingly incon- 
eruous course of a continuous isothermal below T, between the 
two extreme values of p. For the pressure in the interior must 
decrease as the intrinsic pressure increases, with the same 
force p;. Once ¢ has attaineda value > the value 4vc or $¢c, 

Cc e . e . e 

P,= -y 1s bound to increase more rapidly than II owing to 
v c 

the influence of @, as soon as the density= exceeds = This 
Cc 

might also explain that this part of the curve cannot be realized 
bythe experiment. For condensation would set in first where 
the pressure II obtains, 2. e. between the surface and the 
interior. 

The densities corresponding with II],=3p-, in the layers 
between surface and interior and p- in the interior should 
cause different refraction, and a falling of the heavier layers 
should be observed. 

The equality of p, and p,, can be proved also in the following 
and completely independent manner and substantiated by 
striking experimental evidence. As, according to van der 
Waals’ equation, p;,=3p,, it was the following deduction and 

its experimental support which enforced the conviction that 
at least the solution of that equation must be inexact. 

A second argument proving the Equality of pe and p,,. 

The “‘ Inward Pressure” p, naturally opposes the thermic 
pressure p towards the exterior causing expansion, and the 
physical state of a substance must largely depend on the 

’ relative values of these two forces. 
For a liquid (or solid) p, must be larger than p and the 

substance must remain a liquid (or solid) as long as py>p ; 
the minimum value of p, cannot be less than p and must be 
equal to p, in which case the substance is in an unstable 
condition. 

For a gas (or vapour) p; must be smaller than p; its 
maximum value must be equal to p. For if p,; becomes 
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larger than p expansion is impossible, and the substance 
is bound to lose this characteristic of a gas (vapour). 

Now if we heat a liquid in a closed vessel the density of 
its vapour must increase ; its own density must decrease as 
long as there is a difference between them and until they are 
equal, which point is reached at the critical state. 

Consequently at the critical state the inward pressure of 
the liquid p,, becomes equal to the inward pressure p,, of the 
gas or vapour, for both converge in opposite sense towards 
the same value, the inward pressure of the critical fluid, and 
the same applies to the thermic pressures p; and py. 

Thus the critical state appears to be the limit which either 
of the two must reach before turning into the other, and we 
may consequently write the following equations : 

Pressure” p,, is for a liquid equal to the 
i.e. The minimum value of the “ Inward) 

Poe rs 
thermic pressure py. 

f GAG 
2.e. The maximum value of the ‘“ Inward ee 

Pu Po} Pressure ”’ p;, 1s for a gas equal to the 
thermic pressure pg. vl 

At the critical state, however, 

Pi = Pig 

Pt = Pg 

and it follows inevitably that at the critical state 

or sit 
The “ critical inward pressure ”’ Pi, of a 

substance is equal to the critical thermic 
pressure pc; 1.¢., 

Pia Pe, 

Ile—pi, = petPiy 

Il, = OPe — 3Pi¢: 

p) The “critical Intrinsic Pressure” is equal to three times 
the critical pressure or three times the critical inward 
pressure. 
We thus arrive at the same results along an entirely 

different line of argument. 
The exactitude of these rules, supported as they are by 

the substantial experimental proof already recorded and by 
that to follow presently, appears to be well established. The 
critical state is the only state at which we can directly measure 
the Inward Pressure. 

Pu = Pig = Pr = Pg Semi atye!  T 
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A mathematical expression defining the value of the 
Inward Pressure p,, can be verified, if correct, at the critical 

state, inasmuch as it must give us the value of the critical 
pressure pe. 

In this manner we can test a general expression for the 
cohesive forces, deduced as tollows. 

y. 

The cohesive forces causing the “ Inward Pressure” appear to 
follow a law similar to the inverse square law of mass 
attraction. 

If ¢ is the “Inward Pressure ’ > at the volume 1, then at 
the volume v, 

c 
ee at 

and | 
Get IN ieee eh GU Ni ahs la 4 LO) 

m being the mass of a molecule, N the number of molecules 
at the volume v)>=1, hence N.m the density p. The factor # 
is considered a constant peculiar to the nature of a gas. 
(Compare e.g. J. H. Jeans, ‘ Dynamic Theory of Gases,’ 
Cambridge, 1904, pp. 118 & 114.) 

In the following I intend to show that ¢ is dependent on 
the mass or molecular weight M only and w ¢s a constant for 
all substances. | 

Without discussing how the form n=, has been arrived 

at, I will here give my own deduction. 
Suppose O (vide fig. 2) to be a molecule at the surface of 

A Eas L 

a fluid attracted by the molecules below the surface in every 

direction at angles between 2 and O. Let us consider O 
_ 
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and every molecule in the “ stationary motion ” of Clausius 
and let OL be the radius of the “sphere of attraction” 
for 1: 

Hvery molecuie on the spherical surface RFL will be just 
the last to attract O, and each radius through a molecule of 
that surface is the direction of a force attracting O. 

Suppose « to be sucha force, and some function of distance, 
of the radius 7, 

c= flr). 

The horizontal components compensate each other, but the 
vertical components of all forces « form the normal resultant 
to which O is subjected. 

If ¢ is the angle between such a force « and OF, the normal 
component of « is 

ie ee cont. oe 

All forces at the angle ¢ have this same component & and 
lie in the surface of the cone with the angle ¢ in O and go 
through the curve of intersection with the sphere which is 
the circle with the radius z. 

If m is the number of molecules per unit of distance, 

K = 34 =27.2¢.n.«.c08 db, . Saaeey 

or, as w=sin ¢, 

Ko = 27.7. . sinh. cos. « oe 

A second cone with the angle (6+d@) cuts the sphere 
a distance dh above the first. We obtain a second curve of 
intersection with the radius (a+dz) parallel to the first one. 
The surface between the two planes is for the height dh the 
surface of a cone-frustrum, and equals 

dO = 21 {a+ («+ da)}S = 2.11 . ads... es 

The number of molecules in this surface is 

Ta == OMe. 17. Sc) 6: Dae ae ea 

Through each of these molecules a force is directed, and 
the vertical component is (ds=d¢) 

al = 211 .nizsm@.cos@.dd.. » . . aigae 

It is evident that 
ey 

p= lar = on.w.\a™> 
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and the sum of all normal components between d=4II and 
o¢=0 will be 

~o= 5 

FaU.w.c\l “dsint'd =.n?.c. . . . (35) 

Hach molecule in the surface is attracted by this force F ; 
so that the total attraction per unit of surface, z.e. the 
‘‘ Inward Pressure,’”’ becomes 

ene el eet eS. 1 ( 30) 

ober 
Whatever the law of force, {/—,$ isa factor of the value 

v3 

(ate 
for py, and p, can only then adont a form mr if x follows 

a law similar to Newton’s law of attraction of mass. 
Since such an attraction between the molecules must 

certainly exist, I have in consideration of the preceding 
calculated « according to the general law of attraction 
of mass. 

If n is the number of molecules in unit distance, the 

; : at 
average distance between two molecules is r=_. 

n 

If m is the mass of a molecule, the attraction in the 
direction OL of the first molecule on the molecule in O 
would be 

m 
fi =C ee, 

of the second, a2 gm 
te Ss Ap?? 

of the nth, v4 me 

} Jn = ON? 9? 

© being a factor of proportionality similar to the astronomic 
: 1 

unit of force 15-10: 

rin cm. 
The sum of the forces fi, fo,..-jfn 18 the force «, and 

we find 

dyne, if we express m in grams, 

a. 1h ee e= X(f) =C.4(14gt5+---3)- Ree 

For large values of n the series in this equation rapidly 
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converges towards 1°7, and we obtain 

m? 
kone C.3=17. Con? 18s een 

1.€. for the same m only dependent on the square of the 
mass m. 

The error we commit by assuming « to be directed 
between O and every molecule of the surface REL influences 
the result alike for any density, but is entirely eliminated by 
making it act between O and every three molecules of that 
surface ; and we find, substituting eq. (38) in eq. (86), 

ib Le 7 md 
Pa he it. Ge Mm Tran ele Oe U9” ° (39) 

if vy=1 is the volume containing 7’ molecules. 

If we consider m of equation (39) to be the mass of a molecule 
H,, Hydrogen being the lightest of all gases, and then make 
P= (vide equation 28), then the molecular attraction or 
inward Pressure of a substance with the molecular weight M 
would be at vp>=1, 0° and 760 mm., 

2 

oy yt aa 

Cy being the constant of attraction of the substance. 
At the volume v in respect of v=1, 

M? ez ¢ 
eG igh C/o Ne > 2 (41) 

and for the critical state 

a D) 
to ay 2 ane Ce) 

But as we found the critical Inward Pressure p;, equal to 
the critical pressure pc, we must also find 

Mee 
fe aa * (43) 

h e+ Vey ence poe ae (44) 

and w is the “Inward Pressure” of Hydrogen at u=1, 
t=0, and 760 mm., expressed as a fraction of 1 atmosphere. 
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It will be seen (Table IV.) that «# is indeed constant 
for substances widely different in chemical and physical 
properties. 

The values of pe and v,- have been borrowed from ‘ Phy-: 
sikalische Tabellen,’ Landolt-Bornstein, Berlin, pp. 181-186 ; 
those marked (*) from ‘ Handbuch der Physik,’ A. Winkel- 
mann, vol. iii. Leipzig, 1906, pp. 859-868. As small changes 
of pe cause large changes of v,, care has been taken to select 
corresponding values of pe and v,, as will be noticed. 

Adopting as the mean value of z, 

e=3.10°°R,, or about d dynes, .... (45) 

we find for the critical pressure p, or the critical Inward’ 
Pressure p,,, 

I Ee 
Pe = Pi, = 4 Ve e 3 ° Lacs if Jel 3 i f (46) 

and for the critical volume, 

M? Lat te = fa. 3-10 a 

and the values thus calculated for p, and ve appear to be well 
within the margin of observational error. 

The equations deduced in Section II. afford some more 
relations that are of interest. 

Substituting 2p¢.ve=1 (v. eq. 20), we find for equa- 
tion (44) 

ren BLOT meee stance tal ie anil’. tin (AS) 

The table shows also in this case great constancy. 

We now possess two independent methods of fixing the 
value of co, the constant of molecular attraction at 0°, »=1, 
and 760 mm. 

According to equation (17) we have for gases with 
PS 273; 

C= Bre 5 

whereas equation (40) gave 

c= «3. 10-6 (a BiBu done), 
hence 

Bae ee 8 LOT Te re as (49), 
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a 

ACEC MCIG eee nee 
C,HOx 

Amy! formate 
OF 5 Ie OR 

IBERAETON Ee. tcnctcn s'est 5 
Os ine 

Ethyl! acetate 
C,H.0.: 

Ethyl butyrate 
C,H. On 

Ethyl isobutyrate ...* 
OH, 505. 

Ethyl propionate 
GAL (Os: 

Isobutyl acetate......... 

C,H, ,0),. 
Tsobutyl formate 
Gi] 6) 

Methyl acetate 
C.HO., 

Methyl! butyrate 

eecewcees 

eeeees 

eeeeeeter 

e@oores 

5 0 : 

Methyl propionate 

Oy eptoy 
Methyl] valerate ......... 

C,H, ,0,. 
Propyl] acetate 

Coe Ox. 
Propyl chloride ...... * 

C3H,Cl. 
Propyl formate 

Beets eeseras eee sereseses 

Pe. 
Expernt. 

Ve. 
Expernt. | Ha 

0066 60 | 

01710 | 116 

00981 78 

01222 «838 

01744 | 116 

01749 «116 
01482 102 

O1717 | 116 

01472 | 102 

00960 | 74 

01455 102 

01224 88 

01728 | 116 

01464 = 102 

00982 78-45 

01203 «88 

00436 44 
00587 «64 

} -004603 | 28 

} -o0s042 39 { 

M2 

2760) 210 Re 

2966 . 

3031 . 

3°058 . 

2798 . 

2740 . 

SRO e 

2-752. 

3186 . 

3°201 . 

2°638 . 

3085 . 

2796 . 

2°868 . 

3071 . 

3°048 . 

3044 . 

2655 . 

3568 . 
3°784 

2°8657 . 
29997 . 

The correspondence of the two values thus calculated in 
completely independent manner is striking, as the last two 

columns of Table IV. show. Gases with Te <273 vary ; but 
for those we had equation (22 ¢), 

pecken Te A Co = 2Vec- oa le 
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facie TY, 

4 
M? 1 

Ve Po= 4V<' 2° 

M? 

= Vena / ip, 
M* [(@=8.10- *)| (w7=3.10-°.) 

367 .10-* 61:98 

2542 . ,, 38-51 

{3295 .,, | 47-425 

Bea, |) 888d 

2502 .,, 3318 

25996. ,, 32-99 

Bete9. 4, | 8853 

2-552 . ,, 34:23 

28297 . ,, 36:01 

3506 . ,, 44-65 

2797. ,, | 3686 | 

paren. 3) 88°77, | 

25743. ,, | 38°80 

P8143. ,, 36-24 | 

eon. | 4787 | 

31069. ,, 40:133 

45041. ,, 76:38 
28862. ,, 89:20 

1.046 Balt 27°72 { 

ee | seo 1 

Hence ; 
Co 2 

‘017189 

‘00976 

‘01790 

‘014974 

009755 

011662 

0043284 

00624 

004212 
‘0040795 

0089192 
0038882 

i 
} 

| 

| 
| 

| 
| 
| 
| 

| 

‘00752 

00491 

‘00218 

002985 | -003072 

95 

ie | =e, 

We Rica an ron 

0033 0027 

00855 01 

00495 004563 

00611 005808 

00872 01 

008745 ‘01 

00741 0078 

00885 Ol 

00736 0078 

0048 00411 

00462 

006015. ‘00581 

001452 

‘0023015 ‘000588 

002621 | -000768 

M2 
Se -6 = Sa LOS: (50) 

The separate table for such gases shows this deduction to 
be approximately correct for O., No, CO, NO, but less for 
the mono-atomic gases, CH, and H,. 
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TABLE V. 

ge) Vs male duc. }.M?.3.1075= c = 4ue{ To/278}?. 

Cat ae 16 | 155 00213 768.107! "| 6:80 iaiie 
ing ie 14 127 002585 588.10-4 | GeO [ion 
cL 14 131-9 | -0025 588.10-4 | Bea tes 
NOL 15 1795 | -001735 675. 10-4), |) FeSO ee 
Ble hice 41:45 | 2105 | -00266 h15.107% | Gb ei 
GEM Gees 20 1556 | 00202 1-20.10-3 ||) \gigere aioe 
ERS eee 2 5 | -001495 120,105 |, O30) ae. 
Hye 1 39 | 00132 3:00.10-° | | 604 0iG—8 
oe ue 8 1775 | 00244 1:92.10-+ | 1039) 10—* 

If the actual molecular weight is different from the one 
adopted, then large deviations may be expected from the 
expressions (46) and (48) and in some cases (42). Thus 
water only satisfies equation (42) if at the critical state 
it consists of equal numbers of molecules | H,O]3 and [H,O},. 
(Vernon assumes for water the formula [| H,O ]4,, Chem. News, 
Ixvi. p. 54, 1891.) 

A substance following the rule 2p,.v-=const. can hardly 
during the experiment dissociate or polymerize. But if it 
deviates from this rule, it need not do so from the rule of 
equation (42), as 1/ve and M would be equally affected, and 
any change in the number of molecules would alter M in the 
opposite sense. This would of course not be so in the case 
of equation (48). 

The material is, however, too large to allow of detailed 
discussion, and | only wish to point out how the compliance, 
or non-compliance with the preceding rules can assist us in 
forming an idea with regard to association or dissociation of 
molecules during the experiment and the molecular weight. 

If the cohesive forces account partly for the deviations of — 
the gaseous laws, by opposing the thermic pressure and 
expansion, they must also cause resistance against pull 
in the case of solids or liquids. In some solids the number 
of molecules (atoms) is so great that translatory velocity 
seems hardly possible, especially in crystalline structures. 
Association of molecules would in itself not necessarily 
e e Cc 

increase the inward pressure Pie N?.m?, as N. de- 

creases as m increases. But the number of molecules, the 
number of impacts, 7. e. the thermic pressure decreases. 
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Substances like Fe and C (diamond) may belong to those 
which, but for association to complex-molecules, would 
contain the largest number of molecules per unit of volume. 
Compared with their specific weights, their atomic weights are 
relatively lowest. If for these substances all translatory 
motion ceases, II becomes 0, and 

Pay oe i 
Instead of exerting pressure, the molecules require a force 

to separate them equal to the cohesive force of iron, and p, 
would be the maximum pull iron can oppose before breaking. 

As 4.N.M represents the relative density p in respect 
of Hydrogen, 1000 c.cm. of iron weigh 7:7 kilogram, of 
Hydrogen 8:987 .10~° kilogram ; consequently, 

ro ibe 
P8980 10” 

the cohesive force », per cm.” is, roughly, 

Pi = p?-3.10°° kilogram (vide eq. 45), 

and per mm.? 

weap ca 10-° kilogram. 
Thus 

2S) ie SE V 3.1078 kilogram ES CRE SG STR Si at 
= 224:1 kilogram. 

This is considerably higher than the pull necessary to break 
iron. With decrease of diameter the experiment, however, 
affords rapidly increasing values. Thus a wire of Swedish 
iron of *72 mm. diameter will stand a pull of 64 kilograms 
before breaking. But a wire of -10 mm. diameter already 
requires a pull of 123 kilograms to break it (both, of course, 
per unit of surface)*. But p, is the maximum value if all 
translatory motion has ceased: the wire breaks where it is 
weakest, the temperature rises during the experiment, and 
there may remain a degree of translatory movement. 

It is, however, interesting to note that we arrive at a 
value for the tensile strength of iron which is of the same 
order as the experimental value, out of the deviations from 
the gaseous laws. Whatever the ultimate nature of the 
cohesive forces may be, they seem proportional to the square 
of the molecular weight, and to obey the inverse square law, 
—a law consequently similar to Newton’s law of attraction 
of mass. 

Chemical Department, 
University of Bristol. 

* Poynting and Thomson, ‘ Properties of Matter,’ London, 1915, p. 61. 

Phil. Mag. 8. 6. Vol. 37. No. 217. Jan. 1919. H 
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VII. On the Optical Character of some Brilliant Animal 

Colours. By Lord Rayuertex, 0.1, F.RS.* 

|i is singular that the explanation of some of the most 
striking and beautiful of optical phenomena should be 

still matters of controversy. I allude to the brilliant colours 
displayed by many birds (e. g. humming-birds), butterflies, 
and beetles, colours which vary greatly with the incidence of 
the light, and so cannot well be referred to the ordinary 
operation of dyes. In an early paper}, being occupied at 
the time with the remarkable coloured reflexions from certain 
crystals of chlorate of potash described by Stokes, and which 
l attributed to a periodic twinning f, I accepted, perhaps 
too hastily, the view generally current among naturalists that 
these colours were “ structure-colours,” more or less like 
those of thin plates, as in the soap-bubble. Among the sup- 
porters of this view § in more recent times may be especially 
mentioned Poulton and Hodgkinson. In Poulton’s paper || 
the main purpose was to examine the history of the very 
remarkable connexion between the metallic colours of certain 
pupe (especially Vanessa urtice) and the character of the 
light to which the larve are exposed before pupation. Ina 
passage describing the metallic colour itself he remarks :-— 

“The Nature of the Effects Produced.—The gilded appear- 
ance is one of the most metal-like appearances in any 
non-metallic substance. The optical explanation has never 
been understood. It has, however, been long known that it 
depends upon the cuticle, and needs the presence of moisture, | 
and that it can be renewed when the dry cuticle is moistened. 
Hence it can be preserved for any time in spirit. If a piece 
of dry cuticle be moistened on its upper surface the colour 
is not renewed, but almost instantly follows the application 
of spirit to the lower surface. Sections of the cuticle re- 
semble those of Papilio machaon described in a previous 
paper (Roy. Soc. Proe. vol. xxxvili. p. 279, 1585), and show 
an upper thin layer and a lower, much thicker, finely 
laminated layer which is also striated vertically to the 
surface. With Prof. Clifton’s kind assistance I have been 

* Communicated by the Author. 
+ Phil, Mag. vol. xxiv. p. 145 (1887) ; Scientific Papers, vol, iii. p. 18, 

see footnote. 
¢ Phil. Mag. vol. xxvi. p. 256 (1888); Scientific Papers, vol iii. 

. 204. 
§ Distinctly suggested by Hooke in his ‘ Micrographia’ (1665). 
|| Roy. Soc. Proc. vol. xlii. p. 94 (1887). 



s 

Optical Character of some Brilliant Animal Colours. 99 

able to show that the appearances follow from interference 
of light, due to the presence of films of liquid between the 
iemielize ‘of the lower layer. ‘The microscope shows brilliant 
red and green tints by reflected light, while in transmitted 
light the complementary colours are distinct, but without 
brilhancy. The latter colours are seen to change when 
pressure is applied to the surface of the cuticle, and when 
the process of drying is watched under the microscope, owing 
in both cases to the liquid films becoming thinner. In the 
dry cuticle the solid lamellee probably come into contact, and 
prevent the admission of air, which, if present, would cause 
even greater brilliancy than liquid, The spectroscope shows 
broad interference-bands in the transmitted light, which 

change their position on altering the angle of incidence of the 

light which passes through the cuticle. Precisely similar 
colours; metallic on Podeeion! non- ee ale and with com- 
plementary tints on fenaniation: with the same spectroscopic 

appearances and changes induced by the same means, are 
seen in the surface films which are formed on bottle-vlass 
after prolonged exposure to earth and moisture. In the 
alternating layers of the pupa the chitinous lamelle are of 
higher, the liquid films of lower refractive index; hence 
water or alcohol produces brilliant appearances, while liquids 
of higher refractive indices produce less effect.” 

I owe to Prof. Poulton the opportunity of repeating some 
of these DUG dey such as the loss of metallic appearance 
on drying and of recovery under alcohol. On substitution of 
benzol with a little bisulphide of carbon for alcohol, the sur- 
face became very dark, but regained the golden olitter on 
going back to alcohol. 

Of a specimen of another kind Prof. Poulton writes that 
the bug has been in the Oxford Museum Collection for 30 
or 40 years judged by the pin. It is brown when dry, but 
when soaked in water becomes green like a leaf with bright 

iridescent green stripes on the antler side. ° This Ghaarvation 

also I have been able to repeat. All of which, it need hardly 
be said, is strongly suggestive of interference. 

Dr. A. Hodgkinson also has described interesting obser- 
vations. In his early papers* he distinctly refers the colours 
to Newton’s scale, which in strictness would imply a limi- 
tation to a single thin plate. He emphasises the importance. 
for purposes of identification, of recording the colours of 
feathers &. as seen by penpendicular reflexion, a condition 
best secured by illumination from a small perforated mirror, 

* Manchester Memoirs, 1889; 1892, p. 149. 
H 2 
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behind which the eye is placed. When daylight is used, it 
often suffices to examine the object with one’s back to the 
window and at some distance from it. J shall have occasion 
later to refer again to Hodgkinsun’s work. 

The first, so far as I know, to challenge the “structure ” 
theory was Dr. B. Walter, whose tract* includes an elaborate 
discussion, accompanied by original observations, of the 
colours <hiek may arise in the act a reflexion, and decides un- 
equivocally that the colours now in question, with one or two 
possible exceptions, are due to surface, or quasi-metallic, re- 
flexion as described by Haidinger, Brewster, and Stokes. The 
first of these writers formulated a law, named after him, which 
identifies the surface-colour with those rays which would be 
most intensely absorbed within the substance. The theory 
of “anomalous dispersion” since developed shows, however, 
that the matter does not stop there, and Walter emphasises 
that much of the surface-colour may be ascribed to rays 
which are not themselves intensely absorbed, but being 
situated near an absorption-band are abnormally refracted, 
and hence in accordance with Fresnel’s laws are abnormally 
reflected. On the red side of the band the refractive index 
is increased and on the blue side diminished, so fhat when 
the substance is in air the surface reflexion is redder than 
according to Haidinger’s law; but this conclusion may 
need to be moditied when the substance is in contact with a 
strongly refractive solid, as when a dye spread upon a glass 
plate is examined from the glass side. In some cases it 
appears that the surface-colour is due as much, or even more, 
to these rays excessively refracted (and consequently re- 
flected) as to those which would be intensely absorbed and 
are reflected in accordance with Haidinger’s rule. 

The departure from Haidinger’s rule is specially important 
when we consider what happens at oblique incidences and 
with polarized light. The rays reflected in virtue of the 
extreme opacity of the substance to them are comparatively 
unaffected, and are indeed rendered more prominent by the 
appropriate use of a nicol. As Stokes says f: ‘‘ In the case 
of the substances at present considered, the reflected light 
does not vanish, but at a cousiderable angle of incidence the 
pencil polarized perpendicularly to the plane of incidence 
becomes usually of a richer colour, in consequence of the 
removal, in great measure, of that portion of the reflected 
light which is independent of the metallic properties of the 

* Die Oberfitichen oder Schillerfarben, Braunschweig, 1895. 
+ Phil. Mag. vol. vi. Dec. 1853, p. 393; Math. and Phys. Papers, 

vol, iv. p. 42. 
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medium; it commonly becomes, also, more strictly related 
to that light which is absorbed with such great intensity.” 
But, as Walter appears to have been the first to explain, 
there is a further important change of colour with the angle 
of incidence, when the light-vibrations are in the plane of 
incidence, in virtue of the abnormal refraction with its 
accompanying abnormal polarizing angle. In the usual 
case, where the dye is in contact with air, the polarizing 
angle for the rays lying on the red side of the absorption- 
band is unusually high, so that these rays, which at moderate 
angles of incidence contribute largely to the resultant colour, 
are extinguished at incidences of from 60° to 70°. In con- 
sequence, the colour of the reflected light moves towards the 
blue with increasing obliquity. 

_ As an example, fuclisin may be referred to, a dye specially 
studied by Walter, who thus (p. 52) describes the surface- 
colour as seen from the air side :— 

““(a) For light polarized in the plane of incidence : 
‘““At small angles of incidence the reflexion is yellow- 

green, and at increasing angles becomes ever yellower and 
brighter. 

“* (6) For light polarized perpendicularly to the plane of 
incidence (that is, vibrating an this plane) : 

‘“‘ At perpendicular incidence the reflexion is the same as 
under (a), and remains approximately so up to incidences of 
50°. At about 60° it becomes rapidly blue-green and at 70° 
an almost pure blue, attaining its greatest purity at about 
72°. At still greater angles the colour passes rapidly into a 
bright violet, and at 85° into white. 

“ When ordinary unpolarized light is employed, the colour 
f the reflexion is intermediate between (a) and (0), but 

always nearer to (a) than to (6) on account of the greater 
intensity of reflexion under (a).” 

It isthis movement of surface-reflexions towards the blue 
with increasing obliquity which is regarded by Walter and 
Michelson * as annulling the presumption in tavour of the 
structure theory of the animal colours, which also move in 
this direction; and it must, of course, be admitted that the 
criterion is somewhat blurred thereby. Walter, indeed, 
maintains that thin plate colours change too much with angle 
to meet the requirements of the case. ‘To this point I will 
return presently ; but what I wish to remark at the moment 
is that with ordinary unpolarized light the surface-colours 

* Phil. Mag. vol. xxi. p. 554 (1911). “ On Metallic Colouring in Birds 
and Insects.” 
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appear to change tuo little. Neither in the case of fuchsin 
nor of diamond green G—the second dye specially discussed 
by Walter,—or with any other dye hitherto examined*, have 
I seen an adequate change of colour without the use of the 
nicol to eliminate vibrations in the plane perpendicular to 
that of incidence. In the absence of a nicol there is little 
sign of the blue seen with it [rom fuchsin at 70° incidence. 
Much greater changes with more saturated colour are 
exhibited by the wing-cases of beetles when so examined. 

As to the adequacy of the surface-colours Michelson him- 
self remarks :—“ indeed, it may perhaps be objected that the 
(animal) colours are far more vivid than any of the reflexion 
hues of the aniline dyes, or of any other case of ‘surface- 
colour’ hitherto observed.” But perhaps this objection ce 
not be very much insisted on in our ignorance of nature’ 
Se aa and with regard to the known existence of ae te 
ful dyes, e. g. in feathers. Is is rather the rapid loss of 
purity with obliquity in surface-colour which appears 
significant. 

If a dye capable of surface-reflexion is present, there are 
still alternatives open. ‘The pure or nearly pure dye may be 
on the outside so as to be in contact with air, or it may 
be overlaid by a colourless skin of horny material (chitin) 
in optical contact with it. The former case would be the 
more favourable for vivid and variable colour, but then one 
would expect to be able to remove the dye by solvents. So 
far as I am aware this has not been done, and my own 
trials with various solvents upon the wing-cases of beetles 
have not succeeded. ‘The most satisfactory demonstration of 
the surface-colour theory would indeed be the extraction 
of the dye and its exhibition as a thin layer spread upon 
olass. 

If, on the other hand, the dye is imprisoned within a layer 
of colourless chitin, the range of obliquities available in 
ordinary observation would be restricted and the difficulty 
of accounting for the variety of nearly saturated hues 
actually seen would be increased, more especially when we 
remember the dilution with white light reflected at the 
external surface. 

* Through the kindness of Sir J. Dewar I have had the opportunity 
of experimenting with a good many dyes from the Badische Anilin- 
Fabrik. Following Walter, I have used warm alcoholic solutions 
spread upon previously warmed glass plates. Latterly I have examined 
some more dyes, for which I am indebted to Prof. Green. In no case 
have I seen any considerable change of well-developed colour unless the 
light was polarized. 
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There is still another view, which indeed is that actually 
maintained by Walter, whose argument and conclusion” it 
may be well to quote :— 

“ A further striking and at the same time more instructive 
proof of the equivalence of the lustre of butterfly-scales and 
the surface-colours of strongly absorbing dyes is to be found 
in the changes which the colours of these organs exhibit 
when immersed in fluids of varied refrangibility. These ex- 
periments are instructive because they disclose the manner 
in which the dye is contained in animal substances. 

“The experiments show that, except when it is deep blue 
or violet, the lustre moves one or two colour-intervals in the 
direction from the blue towards the red end of the spec- 
trum with increasing refrangibility of the surrounding 
medium, but at the same time becomes weaker. For example, 
the scales of Morpho menelaus, L., which glitter green-blue in 
air, become in ether (n=1°36) a pure green, shining less 
strongly, again in chloroform (n=1°45) a yellowish green 
and now decidedly weaker than inether. In benzol (n=1°52) 
and in bisulphide of carbon (n=1'64) the weak yellow-green 
lustre is perceptible only with direct sunshine in a dark 
room. In a similar manner the scales of Urania ripheus 
shining green in air, in ether, alcohol or water become 
golden yellow, the yellow red and the red blue, while in 
benzol and bisulphide ef carbon scarcely a trace of glitter 
remains. 

‘““ Where we know that the cause of the lustre isa dye, the 
latter tacts admit of but one interpretation—that in the case 
of butterfly-scales we have to do with solutions of the dyes in 
chitin, solutions whose refractivity for most of the spectrum 
colours is nearly equal to those of benzol and bisulphide of 
carbon, so that these colours, unless they are very strongly 
absorbed by the solution, are practically not reflected in 
their passage from the colourless liquids. Accordingly, the 
dyes which give rise to lustre in the chitin-skin of insecis, 
and, as we shall see presently, in the horny skin in birds, 
are dissolved in the same fashion as cobalt oxide in blue 
glass or organic dyes in a layer of solid gelatine, a conception 
suggested in the simple observation of the scales by trans- 
mitted light and confirmed by the facts above adduced.” 

If Walter’s argument and conclusion are accepted, the 
difficulty, already considerable, of explaining the richness of 
the animal colours is enhanced by the supposed dilution 
of the dyes, and one can hardly fail to observe that a simpler 

* Loc. cit. p. 96. 
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explanation is to reject the dye theory and refer the colours 
to interference. ‘he facts recorded agree pretty closely 
with what happens in the case of films of old decomposed 
glass. 
i Indeed, Walter, in a later passage, very candidly admits a 
difficulty. He says (p. 98):— 

‘“‘ Finally, it must not be passed over in silence that there 
ig a circumstance which makes a difficulty for the view here 
propounded of the lustre colours of butterflies. This is the 
fact that the lustre practically disappears in benzol and 
bisulphide of carbon, whereas in treating the theory of sur- 
face-colours we have several times insisted that a ray 
strongly absorbed must under ail circumstances be vigorously 
reflected.” 

Before leaving the question of the colours it may be well 
to consider an objection strongly urged by Walter against 
the interference theory, viz., that the colours of thin plates 
change too much with obliquity. As regards a single thin 
plate, which alone Walter seems to have contemplated, it is 
true, I think, that the more pronounced colours of the 2nd 
and 3rd order in Newton’s scale change more rapidly with the 
retardation™ than could well be harmonized with what is ob- 
servedof theanimalcolours. Butthe dithiculty disappears when 
we admit a structure several times repeated with approximate 
periodicity. The changesin chlorate of potash crystals with 
obliquity seem to agree well enough with what is required, 
and this form of the interference theory has the advantage 
of greater elasticity, e.g. meeting Walter’s objection that 
the colours of a single thin plate constitute a simple series 
with but one independent variable. Indeed, the purity of 
the reds often to be observed from beetles’ wing-cases seems 
to exciude an interference theory limited to a single thin 
plate, inasmuch as the reds from such a plate are distinctly 
inferior, especially when diluted with white light reflected 
from an outer surface not forming part of the boundary of 
the thin plate f. 

Michelson, who with his great authority supports the 
surface-colour theory, mentions several tests under four 
headings (p. 561). ‘To my mind these tests are as well, if 
not better, borne by an interference theory. But reliance 
seems to be chiefly placed upon “ the more rigorous optical 
test of the measurement of the phase-difference and 

* See a diagram of the Colours of Thin Plates, Ed. Trans. vol. xxxiii. 
p. 157 (1886); Scientific Papers, vol .ii. p. 498. 

+ Kd. Trans. loc. cit. 
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amplitude-ratios”” when polarized light is reflected. I 
agree that this is a cogent argument, and unless it can be 
met the balance of evidence derived from simple observation 
would perhaps incline to the surface-colour theory. It is, 
I think, the tact that many beetles exhibit a less well-marked 
polarizing-angle than could be reconciled with the usual 
theory of thin plates constituted of non-absorbent material. 
An escape from the difficulty might perhaps be found in 
imagining a stratification composed of more than two mate- 
rials, so that, for instance, the polarizing-angle for the first 
and second might ditfer considerably from that correspond- 
ing to the second and third. But such a structure seems 
rather improbable, and any combination of thin plates com- 
posed of two transparent materials only should give a 
definite polarizing-angle, abstraction being made from the 
minor deviations observed by Airy and Jamin. 

At this point it may be recalled that a well-marked 
polarizing-angle and a sudden change of relative phase 
through two right angles are more closely connected than is 
sometimes realized. ‘The latter without the former would 
involve a physical discontinuity. Michelson considers that 
in practice the phase-change affords the more delicate cri- 
terion *, and that in most cases it is decisive in favour of 
surface-colour. 

A circumstance which may perhaps be regarded as telling 
upon the other side is afforded by the variety of colouring at 
different parts, but at the same angle (e.g. at perpendicular 
incidence) seen in certain beetles—Dr. Hodgkinson men- — 
tions Chrysochroa fulminans. The “colours vary in an 
indescribable manner when attentively examined at different 
angles of incident light with the eye alone; with the mirror 
(viz., at perpendicular incidence) the wing-cases are seen to 
be coloured successively from base to tip iridescent green, 
yellow, orange, and red, and these tints remain unaltered 
by change of position of the object.” I have confirmed 
generally this observation, and other beetles show something 
similar. The explanation makes large demands upon the 
surface-colour theory; but a moderate change of structure is 
all that would be required by interference. | 

A caution is perhaps required against regarding the two 
theories as mutually exclusive. Both Walter and Michelson 

* Some of Michelson’s diagrams are rather confusing in that they 
sugvest a phase-difference of 180° between the two polarized components 
reflected perpendicularly, when evidently the distinction between the 
two components disappears. 
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admit exceptions, and certainly there is no improbability in 
surface reflexion playing a part. It may be that both causes 
are operative in a single specimen and even at the same part 
of it. 

The next contribution to the discussion is an important 
one by Mallock *, who brings to bear the instinct and expe- 
rience of a Hat ralick as al as of a physicist. His 
observations were mainly on the feathers of birds and the 
scales of insects,and they lead him to regard interference 
rather than selective reflexion as the origin of the iridescent 
colours. ‘* The transparency or, at any rate, the vanishing 
of the characteristic transmitted colour in the case of all 
animal tissues when immersed and permeated by a fluid of 
the same refractive index is strongly in favour of inter- 
ference being the source of the colour, but even stronger 
evidence is given by the behaviour of the structure under 
mechanical pressure. 

“Tf the grain or peculiarities which favour the reflexion 
or transmission of particular colours is of molecular size, 
there is no reason to suppose that pressure insufficient to 
cause molecular disruption would alter the action of the 
material on light. On the other hand, if the colours are 
due to interference, that is, to cavities or strata of different 
optical properties, compression would alter the spacing of 
these, and thus give rise either to different colours or, with 
more than a very slight compression, to the fransnee and 
reflexion of white light.” 

“Tn every experiment of this kind that I have made either 
on feathers or insect scales the effect of pressure has been 
to destroy the colour altogether.... With many feathers 
the colour returns when the pressure is taken off, but with 
insect scales the structure seems to be permanently injured 
by compression, and though when allowed to expand again 
the material is not colourless, the brilliancy which belonged 
to the uninjured scale is gone,and the colour in general 
changed.” 

“The facts above mentioned seem to offer stronger reasons 
in favour of interference than the polarization phenomena 
referred to by Michelson and Walter do against it.” 

I have already commented on the importance of the 
evidence afforded by observations with polarized light ; and 
if we have to choose between selective reflexion and thin 
plates of the type usually considered in theoretical writings, 
we may find ourselves in a position of much difficulty. The 

* Proc. Roy. Soc. vol. Ixxxv. a, p. 598 (1911). 
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question then arises, Is there any loophole for escape ? 
1) think there may ‘be. The polarizing angle, as given 
by Brewster’s law, depends much upon what we may call 
the smoothness of the reflecting surface. A moderate 
curvature is of no significance in this connexion, but when 
the radius of curvature becomes comparable with the wave- 
length of the light it is another matter. Thus in the case of 
smooth glass the polarizing angle is about 57°—that is, 
light incident at this angle with the normal and vibrating in 
the plane of incidence is not reflected. In this observation the 
reflected light (if there were any) would be deviated from 
its original direction through an angle of 2 (90° — 57°) =66°, 
and this is the direction in which light initially unpolarized 
would appear completely polarized. Now replace the flat 
glass by a sphere of the same material, whose diameter is 
small in comparison with the wave-length. Jight is now 
scattered in various directions, but the direction in which 
light originally unpolarized becomes completely polarized is 
at 90° with the original direction, instead of 66°. As the 
sphere grows, the polarization ceases to be complete, and 
the direction of best polarization moves oppositely to what 
would be expected—that is, still further away from 66°. 

When the circumference of the sphere is equal to twice the 
wave-length, the polarization, still pretty good, occurs at an 
angle of 135° with the original direction of the light*. In 
‘order to carry out the suggestion, we must’ abandon the 
supposition of uniform plane strata, inapplicable anyhow in 
its Integrity to the case where one of the alternate plates 
is of air, and substitute a structure in which one of the 
alternatives takes a form such as the spherical. A layer 
of equal spheres, with centres disposed upon a plane, would 
give a specular reflexion and a polarizing angle dependent 
upon the diameter of the spheres and upon the intervals 
between them. In certain cases, e. g. when the circum- 
ference of the sphere (of glass) is equal to 1:75 x wave- 
length, the polarization is very imperfect. To explain a 
brilliant and highly-coloured reflexion there would need 
to be several layers of spheres, and it might be supposed 
that the diameter varied in different layers. In this way 
it would seem possible to combine a specular and highly- 
coloured reflexion with a very imperfectly developed 
polarization, and thus to evade the difficulty which meets 
us when we confine ourselves to “thin plates.” Spheres 
have been spoken of for simplicity and because some of 

* Phil. Mag. vol. xii. p. 81 (1881) ; Proc. Roy. Soc. A. vol. lxxxiv. 
p- 25 (1910); Scientific Papers, vol. i. p. 518, vol. v. p. 564. 
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the effects have been calculated in this case, but it is evident 
that similar phenomena would be produced by obstacles of 
other and perhaps more probable forms. The obstacles 
must have a different index from that of the medium in 
which they are embedded, and there is no need for absorption. 

It may perhaps be objected that though a layer of 
spheres may give a specular reflexion there would be an 
accompaniment of light dispersed at other angles, forming 
in the case of a regular pattern “diffraction spectra.’ 
Jt is uncertain whether or not this occurs. If it does not, 
the explanation may be that the pattern is too fine. 

The above remarks are intended merely to attenuate 
the difficulty arising from the absence of a well-marked 
polarizing angle, and the details need not be insisted on. 
No surprise is felt at- the deficiency of polarization in the 
light reflected from unpressed and unglazed paper, of 
which the fibres are quite large enough to be the seat 
of interference effects. In illustration the transverse 
reflexion from glass rods and fibres may be mentioned. 
When we examine with a nicol the reflexion from a rod 
+ inch (6 mm.) in diameter, we can verify the extinction 
at a suitable angle of the light reflected from the first 
surface, although abundance of other light still reaches 
the eye. When we replace the rod by a fine fibre, this dis- 
crimination is lost, and the rotation of the nicol may make 
no difference, or even a difference in the wrong direction. 

The greater part of the preceding discussion was written 
about a year and a half ago. Iam now able to supplement 
i with further observations of my own and of others who 
have been kind enough to help me. Most of my experi- 
ments have been made on wing-cases of beetles found in my 
garden (June and July 1917). Usually attention is first 
attracted by, the tiple of a vivid green coloration, but on 
indoor examination the variation with angle is found to be 
about the same as is observed with brilliant specimens from 
abroad. At perpendicular incidence the colour is an orange 
with approach to red, passing with increasing obliquity 
through yellow and green to a blue-green. Ordinary 
solvents such as water even at the boiling-point, ether, alcohol, 
benzol, bisulphide of carbon, acetic acid, &., seem to ie 
without effect, even when the precaution is taken to separate 
a wing-case into two parts so as to allow access to the 
interior of the cuticle. A treatment with hot caustic potash 
has more effect, in one experiment shifting the colour at 
perpendicular incidence from orange to a brilliant scarlet. 
By the action of hot somewhat diluted nitric acid the black 
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underlying pigment may be removed without much affecting 
the dye, or the structure, which is the seat of the coloration. 

Several experiments were made to test whether air-cavities 
existed. For this purpose the wing-case was exposed for 
some time to the action of a vacuum, into which aifterwards 
water or benzol was admitted. But no distinct evidence of 
the penetration of liquid could be recorded. I understand 
that Prof. Poulton bas had a similar experience. 

Again, it has been noticed by Mr. H. Onslow and myself 
that considerable pressure fails to alter the colour of beetles 
and of the wings of some iridescent dragon-flies, though 
(Poulton, Mallock) effective in some other cases. It 
would seem that the hypothesis of air-cavities must be: 
abandoned. 

In the absence of air-cavities the alternating structure 
demanded by the interference theory would require two 
kinds of matter capable of resisting pressure and of sensibly 
different refractive indices. Probably both would be solids; 
and since the range of relativeindex is then much restricted, 
the brightness of the reflected light could hardly be explained 
without supposing more than the two or three alternations 
which might suffice were airin question. Mr. Onslow thinks 
that there may then be a difficulty in finding room for the 
alternating structure and the protective covering. 

An important question is whether the change of colour 
with angle is such as can plausibly be attributed toa periodic 
structure. As Walter points out, a good deal depends upon 
whether, or not, there isa limitation upon the obliquity of the 
rays within the thin plate, or plates. Inthe ordinary arrange- 
ment for Newton’s rings there is no limitation, the direction 
‘in the air-film being parallel to that of the rays before 
incidence upon the first plate. The optical retardation may 
then vary from its maximum at perpendicular incidence to 
zero at 90° obliquity.. According to this, it should always 
be possible to puxh the colour out of the spectrum at the blue 
end by sufficiently increasing the obliquity, but it must be 
remembered that unless special provision is made the colour 
effects would be overlaid by the white light reflected at these 
angles from the first glass surface encountered. 

From what we have seen in the case of the beetle colours 
where we must suppose that the refractive index does not 
differ greatly from that (1°6) of the chitin, there is a limit to 
the obliquity within the thin films even when externally the 
incidence is grazing. If @ be the angle in the thin film and 
p the refractive index, the retardation is proportional to 
cos @, and in the limiting case 

cos 0 = Vf (w?—1)/u. 
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If we take w=1°5, the minimum retardation is represented 
by -746, the maximum retardation at perpendicularity being 
taken as unity. It may be remarked that the minimum 
retardation may practically be secured without pushing very 
far the obliquity outside. If we suppose the maximum 
retardation to give a coloration corresponding to the Fraun- 
hofer line C (A=6563), the minimum will correspond to 
=4896, pretty close to the line F. According to the 
interference theory, then, the range of coloration should be 
from the full red of C to the blue-green of I, and this is 
just about what is observed. The agreement must be 
admitted to be a strong argament in favour of the theory. 
So far as I have seen, so great a range cannot be found in 
the surface colour of any dye, even with the aid of polarized 
light. 

I have already mentioned that the opaque backing behind 
the seat of coloration can be attacked, and for the most part 
removed, with nitric acid, so as to allow the transmission 
colour to be observed. Buta much superior effect has been 
obtained by Dr. Eltringham, using eau de javelle (hypo- 
chlorite) *. After removal of the backing, the wing-case was 
mounted with balsam in a slide, which Dr. Eltringham has 
kindly left in my possession. Close observation of this 
specimen has yielded results which I think interesting and 
telling. Seen by transmitted light with the aid of a 
Coddington lens, the slide shows a pale green over the 
larger part of the area, which by perpendicular reflexion 
isafull red. The green is fairly uniform except where it 
appears perforated with small circular spots, which look 
reddish, but perhaps only by contrast. Especially to be 
noted is the fact that there is no colour seen by transmission 
at all comparable in saturation with those exhibited by 
reflexion. For observation of the reflected light it is 
advantageous, though not necessary, to renew the opaque 
backing, which was done by coating the under surface of the 
glass with gelatine darkened with ink. A good deal depends 
upon the source of light. In the first detailed examination, 
the source (a gas-mantle) happened to be highly localized, 
and I was puzzled to reconcile the highly spotty character 
of the reflexion, varving from red to green or green-blue 
according to the incidence, with the uniformity of the 
transmission tint. Similar appearances could of course be 
observed in direct sunlight. But when the slide was held 

* Dr. Eltringham’s label runs :-— 
Mimela leet. Elytron after prolonged eau-de-javelle. Only surface- 

film left. T'ransmits complementary colours to those it reflects, and 
reflects same colours from both sides (1917). 
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very close to a large window facing a nearly uniform sky, 
the intervals between the spots filled up with colour, for the 
most part of approximately the same hue, and the reflexion 
was nearly uniform except for the small round holes already 
mentioned. Evidently the reflexion of the gas-mantle had 
failed to reach the eye, except from a relatively small area 
presenting the proper angle, thus explaining the spotty 
appearance observed with this illumination. 

The colours reflected at moderate angles seem highly 
saturated. At perpendicular incidence the prism shows 
next to nothing beyond the uninterrupted red and red- 
orange, and on inclination the green region appears well 
isolated. The impression left upon my mind is that the 
phenomena cannot plausibly be explained as due to surface- 
colour, which in wy experience is always less saturated 
than the transmission colour, and that, on the other hand, 
the interference theory presents no particular difficulty, 
unless it be that of finding sufficient room within the 
thickness of the cuticle. But the alternations cannot be 
those of plane strata, extending without interruption over 
the whole area of the colour. 

As regards the difficulty of finding room sufficient for an 
optical structure of the kind contemplated, Mr. Onslow 
estimates the available thickness at from 0°75 uw * to 2 w in 
the case of many butterfly scales, and this is little enough. 
Hyven the larger estimate would amount to only about 9 or 
10 half wave-lengths, even when allowance is made for the 
wave-length being less than in air, and the lower limit 
would dpparently not suffice. But these measurements are 
not easy, and may perhaps be disturbed by refraction effects. 
Mr. Onslow has shown me many drawings of sections in 
planes perpendicular to the surface from many butterfly 
scales and from two or three beetle wing-cases. Most of 
these exhibit structures approximately periodic along the 
surface, but in no case a structure periodic in going inwards 
along the normal. Butastructure of the latter kind adequate 
to the purpose may probably lie close upon the microscopic 
limit, unless, indeed, it could be made evident in a section 
cut very obliquely. 

It must be confessed that much still remains to be effected 
towards a complete demonstration of the origin of these 
colours. Hven if we admit an interference character, 
questions arise as to the particular manner, and there are 
perhaps possibilities not hitherto contemplated. 

November 20, 1918. 

* #=y909 mM. 



VIII. On the Radiation of Light from the Boundaries o 
Difracting Apertures. By SUDHANSUKUMAR BANERJI, 
M.Sc., Assistant Professor of Applied Mathematics, Cal- 
cutta University *. 

[Plates ILL. & IV.] 

Il. Introduction. 

T his famous memoir on the mathematical theory of 
diffraction, Sommerfeld f has given a rigorous treat- 

ment of the effect of a semi-infinite perfectly reflecting 
screen on the propagation of plane waves of light through 
the medium. One of the most important results indicated 
by his investigation is that the diffraction effect due to the 
screen may be regarded as due to cylindrical waves emitted 
by its edge, the intensity of which is different in different 
directions, these waves alone being operative in the region 
of shadow, but in the other regions appearing superposed 
upon and interfering with the reflected and transmitted 
waves. Among the more recent writers who have observed 
and studied the phenomena of the luminosity of a diffracting 
edge experimentally may be mentioned Gouy ft, Wien § 
H. Maey ||, and Kalaschnikow 4]. 

The present paper deals experimentally and theoretically 
with the problem of the emission of light by the boundary 
of a diffracting aperture of limited area and of specified 
form. I consider the actual form of the luminous fringes 
seen at the boundary of a diffracting aperture when it is 
viewed solely by the diffracted light. To give the problem 
definiteness we have to assume that the aperture is viewed 
through a telescope focussed on its plane, the object-glass of 
the telescope being itself covered by a screen containing one 
or more apertures through which the diffracted light enters 
the field of view. In these circumstances the luminosity 
appears practically confined to certain more or less well- 
defined regions lying near the boundary of the aperture. 
When the wave entering the first aperture is convergent 
and the object-glass of the observing telescope is placed 
in the focal plane, the mathematical treatment becomes 
analogous to that given in a recent paper on the theory 

* Communicated by Prof. C. V. Raman. 
+ Math. Ann. Bd. xlvi. (1896). 

t Gouy, Ann. d. Phys. et de Chim. (6), (8), p. 145 (1886). 
§ Wien, Inaug. Diss., Berlin, 1886. 
| HE. Maey, Wiedemann’s Annalen, xlix. (1898). 
{ Kalaschnikow, Jowrn. Russ. Phys. Ges. xliv. (1912). 
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of Foucault’s test by Lord Rayleigh*. The present investi- 
gation was, in fact, suggested by a perusal of Lord Rayleigh’s 
paper, and the photographs reproduced in Plate IV. were 
taken with an arrangement analogous to that used in 
Foucault’s test, though I have also made visual obser- 
vations in the cases in which the incident waves do not 
converge to a focus in the plane of the second screen. 

The most remarkable result found in the course of the 
experimental work (and which, so far as I know, has not 
been noticed by any previous writer) is that in all cases in 
which the apertures in the focal plane through which the 
diffracted rays pass (whatever be their actual form) are 
symmetrically disposed about the centre of the field, the 
latter itself being excluded, the image of the boundary 
of the dittracting surface appears as a perfectly black line 
surrounded on either side by luminous bands. This is 
irrespective of the actual form of the boundary itself, that 
is, whether it is circular or of any other shape whatsoever. 
A similar result is also found when the screen with the 
apertures is placed symmetrically in any plane either in. 
advance of or behind the focus. When the apertures on 
the screen are wide enough to admit a large portion of the 
diffraction pattern formed at the screen into the field of view 
of the observing telescope, this black line is characterized by 
extreme fineness and is surrounded on either side by broad 
luminous bands. Narrowing the apertures is, however, 
attended by an increase in the width of this black line 
and the appearance of a large number of well-defined fringes 
on either side. This remarkable feature is explained in a 
general way if we regard each element of the edge of a 
diffracting aperture as sending out two streams of light 
in directions more or less normal to itself (one on each side 
ot the wave-normal), and that these streams are in opposite 
phases. This is distinctly suggested by Sommerfeld’s well- 
known investigation on the diffraction of plane waves of 
light by a semi-infinite screen. ‘The expression given by 
him for the radiation emitted by the edge is 

SAE alka V4 8 ge 2 
pect o® 127 (5 ae ! : I etd) ia | 

COE TON T COS 9 

where (r,@) are the coordinates of a point in the medium 

_* Lord Rayleigh, “On Methods for detecting small Optical Retarda- 
tions, and on the Theory of Foucault’s Test,” Phil. Mag. Feb. 1917. 

Phil. Mag. 8. 6. Vo}. 37. No. 217. Jan. 1919. i 
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and ¢' is the angle which the incident beam makes with the 
screen. This is valid everywhere except in two extremely 
limited regions lying in the neighbourhood of the two 
directions ¢=a7—q' and ¢=7+¢’, which indicate the 
planes of transition between the regions of shadow and 
of transmission and between the regions of transmission 
and reflexion respectively. It will be noticed that in the 
neighbourhood of these two planes of transition, one of 
the two terms within the square bracket is very small in 
comparison with the other, and may therefore be neglected. 
The term which is retained changes sign when we pass from 
one side of the plane of transition to the other. It is thus 
seen that the phase of the radiation emitted by the edge 
changes by wm when we move from the region of shadow 
into the region of light. If similarly we assume that each 
element of the boundary of a diffracting aperture emits 
radiations, the phase of which differs by 7 on the two sides 
of the wave-normal passing through it, then the phenomena 
described by me would be qualitatively explained. The 
detailed mathematical treatment will, however, be given 
in the course of the paper for the case of the circular and 
rectangular boundaries. 

2. Case of the Circular Boundary. 

The optical surfaces examined by the well-known “ knife- 
edge” test due to Foucault are most frequently limited by a 
circular aperture *, the illumination being that due to a point 
source. Fig. 9 (Pl. III.) reproduces a photograph of the 
luminosity observed at the boundary when the knife-edge is 
put in horizontally into the focal plane from below so as to 
cut off most of the light. It will be noticed that the 
luminosity is a maximum on the upper and the lower 
boundaries, and diminishes to zero at the ends of a hori- 
zontal diameter. In order to give definiteness to a 
discussion of this effect, it is necessary to postulate some 
specified forms for the boundaries of the apertures in the 
focal plane which admit the diffracted rays into the field 
of view of the observing telescope. [or instance, we may 
assume that a horizontal slit is placed in the focal plane 
below the centre of the field. Fig. 12, Plate III., repro- 
duces the beautiful lunette-shaped diffraction-fringes that 

* See the memoirs by Draper and Ritchey “ On the Construction of a 
Silvered Glass Telescope,” Smithsonian Contributions to Knowledge, 
vol. xxxiv. (1904). | 
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appear on either side of the boundary of the circular 
aperture with this arrangement. The luminosity, as in 
the case of the simple knife-edge test, tends to zero at the 
ends of a horizontal diameter. The explanation of this 
fact and of the peculiar form of the fringes will appear 
later. 

More striking still are the interference phenomena 
obtained when the boundary is observed through a pair 
of apertures of the same form placed in the focal plane. 
With two horizontal slits placed on the same side of the 
centre of the field, lunette-shaped interference fringes are 
observed, the central fringe which coincides with the 
boundary being white (Pl. ILI. fig. 15). But when two 
horizontal slits are placed on opposite sides of the centre 
of the field, the central fringe is black—in other words, the 
boundary of the aperture is itself non-luminous but appears 
surrounded on either side by luminous bands (PI. III. fig. 6). 
As has been remarked in the introduction, this remarkable 
fact is one of great generality. Fig.16in Pl. III. represents 
the appearance of the circular boundary when a horizontal 
wire is placed across the centre of the focal plane. A fine 
black line may be seen running through the luminous ares 
and dividing them into two. A case that admits cf detailed 
mathematical treatment is that in which the arrangement is 
completely symmetrical about the axis. Figs. 7&10in Pl. III. 
show the results obtained when the central part of the 
field at the focal plane is blocked out by a circular disk and 
only the diffracted rays passing through an annulus of 
greater or less width surrounding it enter the observing 
telescope. It will be seen that in both photographs the 
boundary appears as a perfectly black circle, with luminous 
rings on either side of it. 

Let R be the radius of the circular aperture of the lens, 
and assume that in the focal plane there is a screen con- 
taining an annular aperture, R,, R, being the radii of the 
circles defining the annulus. Let ¢@ be the angle of 
diffraction of parallel rays which meet at any point Q 
in the focal plane. Since the path-difference between 
the rays leaving a point (7, 0) and the centre of the 
diffracting aperture is evidently 7 cos @ sin @, the diffracted 
disturbance at a point in the focal plane due to an area 
rd@dr can be written in the form 

r sin 2a Cees dé dr. | 

EZ 
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The total disturbance at Q in the focal plane is therefore 

20 ; \ ) ( rsin 2m (4 t Pee) agar. 1a alle 

0 w0 

The rays from the various elements 7'd6'dr’ of the second 
aperture may be regarded as meeting in the field of the 
observing telescope proceeding at an angle ¢’ with the axis 
and producing the observed effect. The total disturbance 
in this direction due to the second aperture is therefore; 

‘ _7cos@ sin d 
i sin 2 7 ( 5 us 

i) { 

s 4! si t 
As ye )drdedr'ae’ (2) 

Since ¢ and ¢’ are small quantities, the above expression 
can be written as 

fe ae ( 
sin 2a ( H Os +” cos 

¢ 
J0 

nr 

i P be “i Jar dé dr' dé’, (3): 

This eas can be reduced to the form 

iy Ae ie sin 2a (a- ere La 

<f (> cos a. neon ar rdé |, (4) 

the other integral being zero on account of symmetry of the 
diffracting aperture. 

But the integral 

‘ "{ reos ( (2m. = $7005) tag ==. = ; oe =T RO). 

Therefore the expression (4) becomes 

a ae cao. 7 cos yl = 
/ bee eae rE, F 

( { +a0 dr’ sin on (a x ).gh x Ré), (5) 

neglecting a constant factor. 

If f is the focal length of the lens, then p=— The 
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expression (5) can be written in the form 

k a ead See g'. r’ cos O’\ f I7R ) 
T : 2a ——__] 5 —.r sin 2 4) \" da?’ dr cos ( x )Z Ti( F ? 

Det ee ; oh’. r' cos 8'\ f 27R ae 2 Lp Pee Fg mains Merman Bea aa .) + cos wif \° d@' dr’ sin (20 , )Z J,( ¥: vl 

Since the second aperture is also symmetrical about the 
axis, the second integral is zero, for the elements of it 
arising from two points situated at equal distances on 
opposite sides of a diameter are equal and of opposite signs. 
Therefore the intensity as viewed in the direction ¢! is 

on (Rs me Dae Q/ IR , 2 
[= i} {2 dr' cos oe an ) ax Mf 7’) | : 

Integrating with respect to ¢', we get 

ee [ { "(ae ) a =. r')
 aw] 

(neglecting a constant factor). 
If the angular semi-diameter of the lens be denoted by +, 

then R=/f. The expansion for the intensity can therefore 
be written in the form — : 

= cress .r') 5,(“¥.7') an! 

1 
Since x isa very large quantity, it is convenient to use 

semi-convergent expansions for J, and J,. We have 

ae So m\f, 12.3? 12. 22.5?.7? Jolay=a/ 2. ee tf 

é a\f 1 12.3.5? 12.3°.52. 72.9? 
+sin(e—T) | - 3! (Saye t 5! (82) eee 
Se BH A Ie) =4/ | sin (« i) (its =) 

eS 
8.16.24.32 \z +...) 

Te Obey obs) 2° D ad ealasesf BY 
+eos(e—F J} 5.2 8.16.24 (3) 

ris 
_ 
ee ey i] 
8.16.24.32.40 es A wale 
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Thus, when 2 is large, 
: air 

a fe [ Ae FN Ak Va 

Ne Ta cos(e—7 )+5 a y 
7 J faaleren ed 

J (¢)= [sin (7—-T)+ 8 oe 

Therefore 

ee i: ed ) 7,(-2¥ mi dp de | 

2r sn, 8in2™(p—g)e 4. pmreos=™ +4") 
bs x “a Ne 

dx on AY E 
‘ e 2m” JR, 

oh ale hee = (r= p)) a be 

Ry 

Ag y a 
peal Victies atta ~ (p+ d')x 

320° (gaz eo £ an 
2 

+ terms involving higher powers of | ‘ 

3X 50Xr 
Taking BT Bee and we obtain (neglecting a 

constant factor), 

= y,[{Si60(1-$)-s i3(1-T) } 
ae Oy - is(14+)} 

Calculating the values of this expression for different 

values of £, we construct the following table (Table I.). 

Plotting the values, we obtain a curve (fig. 1) representing 
the distribution of intensity along any given diameter. The 
fringes that appear on either side of the boundary are clearly 
shown, the most remarkable feature being the extreme 
rapidity with which the intensity falls practically to zero on 
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TABLE [. 

’ Tr I ' == 

oly. “7 (Xconst. factor). bly. Jt (xX Sd 

0-00 — ‘162 262 1:02 — 889 7905 

0°20 — ‘219 478 1-04 —1:527 23307 

0-40 — ‘119 142 1-06 —1-‘701 28911 

0:60 + °255 650 1-08 —1°549 23909 

0°80 + ‘819 6711 1-10 — 1-269 16096 

0:90 +1:139 12902 1:20 —1-047 10964 

0:92 +1:417 20076 1:40 — 3859 1294 

0°94 +1:662 276138 1°60 + :058 34 

0:96 +1:405 19754 1-80 + 254 645 

0°98 + 815 6649 2°00 + 358 1281 

0°99 + °396 1571 2°40 + -101 102 

1:00 + -073 53 2°60 — 054 29 

1:01 — °§24 2746 

the boundary itself (BB in the figure) from a large value 
on either side of it. This feature depends on the inner 
radius R, of the annulus being small and the outer radius R, 
being very large, and is entirely confirmed by observations 
under these conditions. 

B 

If the radii R, and R, of the annulus in the focal 
plane do not differ much, or if they are both large, the 
brightness falls off to zero on the boundary, but not very 
suddenly. A large number of well-defined fringes also 
appear on either side of the boundary in the former case 
(see, for instance, Pl. III. fig. 13). This will be shown 
from the following calculations based on the data obtained 
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from an actual experiment. The data were : 

B="94. mm. 7 =2i2imm.,. Ry = 2 eee 

Re = 2°60) mm. - A = "00045 mm: 

We thus obtain for this case 

i= <= |S Si 122-67 (1-$)-si so-8a(1—) 

— {ci 122-67 (144) —cisoss (149) } 

+2 ( ae ) + &e. |. 

The values of this expression for different values of ¢’ 
are shown in Table II., in which the calculated and the 
observed values of the ratio $// at which the illumination 
is a Maximum or a minimum are given for comparison. It 
will be seen from the table that ,/I changes sign at the 
minima, and these are therefore absolute zeros. The values 
for I shown in Table II. have been plotted in fig.2. It will 
be seen from Tables I. and II. that ,/I changes sign as 
it passes through its values at the boundary ¢//=1, 
showing that the radiations from the edge on the two sides 
of the boundary differ in phase by a. 

The investigation given above may be modified to suit the 
case in which we have one or more slits (instead of an 
annulus) in the focal plane by suitably altering the limits of 
integration in the expression (5) given above. The writer 
hopes to give the detailed numerical calculations in a later 
paper. It is possible, however, to understand in a general 
way the reason for the peculiar configuration of the fringes 
shown, in Pl. TIL. figs. 6, 12, & 15. Ji mmsteadieiee 
slit we have in the focal plane a small aperture at (7, 0’) 
through which the boundary is viewed, the luminosity of 
the latter appears confined to certain regions lying in the 
neighbourhood of the two points r= R, 0=6’, and 0=7 +6’, 
and which are more or less well-defined according to the 
size and the position of the aperture. The further the 
aperture is from the centre of the focal plane, the feebler is 
the luminosity observed through it. Accordingly, if we 
regard the horizontal slit placed in the focal plane as 
consisting of a number of elements along its length, the 
vanishing of the luminosity of the boundary at the ends of a 
horizontal diameter is seen to follow as a consequence. At 
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TABLE II. 

Calculated values Gheeraed values 

9’ /p. J 1. ex eT: factor). for pee for acini 
or minimum, or minimum. 

0-880 — ‘0536 2,873 0-885 min. 

0-890 —°1257 15,801 0-892 max. 0°894 

0:900 — ‘0804 6,464 0-904 min. 0°901 

0910 +0908 8,245 

0°920 +°2179 47,481 0°922 max. 0:930 

0°930 +°1543 23,808 

0-940 — ‘0779 6,068 0°9385 min. 0:940 

0-950 --°3149 99,168 0-953 max. 0°957 

0:960 — ‘2761 76,231 

0-970 +0599 3,588 0-971 min. 0:971 

0-975 +2423 58,709 

0-980 +°3779 142,809 

0°985 +°4268 182,158 0-983 max. 0-985 

0990 + °3548 125,883 

0°925 +°2244 50,355 

1:000 +°0053 28 1‘000 min. 1-000 

1-005 —-°2134 45,539 

1:010 —°3448 118,889 

1015 —°4158 172,889 1017 max. 1:015 

1:020 —°3673 134,908 

1:025 — *2209 48,797 

1:030 — ‘0491 2,411 1:028 min. 1-030 

1:040 +2866 82,139 

1:050 +°3251 105,690 1047 max. 1:046 

1:060 +°0875 7,656 1:063 min. 1:061 

1-070 —'1478 21,844 

1:080 —°2141 45,839 1:077 max. 1:078 

1:090 -- 0859 7,379 

1:100 +0854 7,293 1:095 min. 1096 

Tho +:1854 18,333 1107 max. 1/109 

1-120 +0596 3,552 1-125 min. 1:132 

Fig. 2. 
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and near these points also the radial width of the luminosity 
should obviously be the least, as the latter is, roughly 
speaking, in inverse proportion to the corresponding radial 
width of the aperture in the focal plane. This gives us 
a qualitative explanation of the lunette-shaped form of the 
fringes in these cases. Figs. 5, 8, 11, & 14 in Pl. III. 
illustrate the remarks made above regarding the localization 
of the luminosity of the boundary observed in certain cases. 
Fig. 5 represents the effect observed when there were two 
small circular apertures in the focal plane not lying on the 
same radius vector. Accordingly we have on the boundary 
four separate regions of luminosity. Fig. 8 represents a 
photograph obtained when a ring of six circular holes was 
placed symmetrically in the focal plane. Hach of the six 
spots seen along the boundary is crossed by very fine 
fringes, due to the interference of the effects produced 
by the pair ot apertures at the end of each diameter. 
Fig. 14 was obtained when the ring of holes was slightly 
displaced in the focal plane. Twelve spots appear on the 
boundary. Fig. 11 represents the effect observed when 
the screen in the focal plane was so placed that two out 
of the three pairs of apertures fell on lines passing through 
the centre ot the field. Accordingly only eight spots are 
seen, the four larger ones being crossed by fine interference 
fringes. 

3. Case of the Rectangular Boundary. 

It has been shown by Lord Rayleigh* that when an 
optical surface bounded by parallel straight edges and 
illuminated by a linear source of light is examined b 
the ‘‘ knife-edge”’ test, the intensity of the field as viewed 
in the direction @ is given by 

pe [sit +9) }—8i = (6+ 6)E: 

+Si{=7 (0—9)é, | _si f=" ge, } |’ 

+[ Ci 72 6-9) E, \ (es - (0—4)é, } 

ci {20+ 9)Gb sci ermal], 
where @ is the angular semi-aperture of the lens, &, denotes 

* Loe. cit. 
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the extent to which the knife-edge has been advanced in the 
focal plane beyond the centre of the field, and & defines an 
upper limit for the aperture in the focal plane. If &=0: 
and & is very large, this expression has the value 

9 2 
I= i+ (log ae é,) 

at the boundaries ¢/@=-+1, and becomes logarithmically 
infinite with &. If & and &, are both finite, the intensity 
at the boundaries is given by 

OPN es GAN a! NC Meg 72 
Te lege ein Ser Oly a 

A er oe + [sittte,-sittte 
which is also very large compared with the intensity of the 
other parts of the field. 

Fig. 23 (Pl. IV.) represents the luminosity observed at 
the edges of a rectangular diffracting aperture in Foucault’s 
test. In taking this photograph, &, was small and & large. 
The luminosity accordingly appears highly condensed at the 
edges. Fig. 20 reproduces a photograph obtained when 
&,, &, did not differ very considerably. Diffraction fringes. 
are clearly seen on either side of the boundary in this case. 
Fig. 17 reproduces a photograph of the aperture obtained 
with two parallel slits in the focal plane on the same side. 
It will be noticed that the central fringe which coincides 
with each boundary is white. Figs. 21 and 24 represent 
photographs obtained when the central band and a few 
fringes on either side of the diffraction-pattern at the focal 
plane were cut off by a wire parallel to the edges of the 
aperture. It will be observed that the positions of the 
boundaries in these two photographs appear as jine black 
lines with luminous bands on either side. The same 
feature, but with the dark lines at the boundaries much 
broader, is shown in figs. 18 & 25, which were secured 
by placing two parallel slits symmetrically in the focal 
plane—that is, one on either side of the centre of the 
field. 
We proceed to consider the explanation of the black lines 

marking the positions of the boundaries in the four photo- 
graphs mentioned in the preceding paragraph. In the 
focal plane we have two apertures extending from &, to & 
and from —£, to —&, respectively. On account of the 
symmetry, the Ci-functions disappear from the expression 
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for the intensity of the field as viewed in the direction ¢, 
which may be written in the form 

r= as (226(148)e.} si f2R9(149)g} 
. { 290 . { 278 ? 

+8i{ (1—§) & }-8'{ 2 0-$)ef 
where @ is the angular semi-aperture of the lens. When 
@/@ = +1—that is, at the boundaries—this expression 
becomes very small, but the suddenness with which the 
illumination falls to zero at these points depends very 
much on the magnitudes of &, and &. To illustrate this 
statement, I have calculated the distribution of intensity 

for a hypothetical case in which ae and fon” The 
6 

values are shown in Table III. (in which the factor 4 in the 

TABLE ITT. 

9/9. I 9/0. i 
1000 00045 1:000 0:0045 

1:002 1°7956 0:998 22201 

1:005 1:5129 0-995 18496 

1010 29584 0°990 3°4225 

1:020 1°5376 0:980 2°1609 

1-030 20164 0-970 24025 

1100 0°8281 0:900 1:0050 

1°300 0:0020 0-700 0:0000 

1-500 0:0605 0°500 0:0357 

1-800 0:0U00 0-200 0:0057 
2°000 0:0182 0:000 0:0853 

Fig. 3. 

- ; B 

expression for the intensity has been neglected), and these 
have been plotted in fig. 3. 
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Another case, in which the disparity between &, and &, 
was much smaller, was chosen for experimental verification 
of the position of the diffraction maxima and minima given 
by theory. It is found that the illumination falls off to 

TABLE LV. 

—£='654mm., &=:963 mm., f=13-4 cm, 
A="00045 mm., 

width of the aperture =0°955 mm. 

Calculated values Observed values. 
s 1 

9/9. VA I. (Xx hide factor). ee for ae 
or minimum. or Minimum. 

760. — 0002 0 ‘760 min. ‘756 
780 +:°1468 204 

800 +°2123 449 “800 max. "802 
820 +:'1463 201 

“840 — ‘0018 0 °840 min. "843 

“860 — ‘1601 256 

880 —°3084 957 *888 max. "882 

900 — °2369 559 

920 — ‘0065 0 923 min, 927 

930 +:°1337 179 

940 +2386 567 

950 + +3416 1167 

960 + 6707 4498 ‘960 max. "961 
-970 +:3431 E77 

-980 + -2398 575 

-990 +1350 182 
995 + 0620 38 

1-000 —°0145 2 1:000 min. 1-000: 
1:005 —‘0918 84 

1:010 — ‘1528 233 

- 1:020 — ‘2587 669 

1-030 — ‘3701 Ve he 
1-040 —--6898 4758 1:04 max, 1:038 

1:050 —°3648 1331 

1:060 — ‘2517 634 

1:070 —'15138 229 
1:080 — ‘0059 0 1:080 min. 1:076. 

1-100 +:2431 589 

1:120 +3196 1021 1:114 max, 1115. 
1:140 +1713 293 
1:160 — ‘0024 0 1:16 min. 1:157 

1:180 — +1642 270 
1-200 —°2128 453 1°198 max. 1:205 

1220 .—'1478 218 
1:240 — ‘0002 0 1:24 min. 1:238 
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practically zero-value on the boundaries, but much less 
suddenly than in the case previously discussed. The experi- 
mental data, the calculated intensities of the illumination, 
and the theoretical and the experimentally observed positions 
of maxima and minima are shown in Table IV. The agree- 
ment is fairly satisfactory. For comparison with the 
preceding case, the illumination curve has been plotted 
in fig. 4. As in the case of the circular boundary, the 

f\ ee 
it | i 

minima of illumination are absolute zeros. It will be 
noticed also that ,/i changes sign as it passes through 
its value at the boundary (¢/@=+1), showing that the 
radiations emitted by the edge on the two sides of the 
boundary differ in phase by zr. 

4, Other Forms of Boundary. 

The cases in which the surface is bounded by forms of 
apertures other than those considered previously are of 
interest from the point of view of the general theory 
of diffraction. Figs. 19 and 22 (Pl. IV.) represent photo- 
graphs of the effect observed when the surface is bounded 
by quadrilateral and triangular apertures respectively. 
These photographs were obtained using a point source of 
light and an annular aperture placed symmetrically in 
the focal plane. It will be noticed that the boundaries 
appear as black lines with luminous fringes on either 
side, thus showing a complete analogy with the case of the 
circular and rectangular boundaries previously considered. 

In order more fully to study the luminosity at the 
boundaries of the triangular, quadrilateral, and other forms 
of aperture, an arrangement was devised in which a screen 
containing a small circular hole could be placed excentrically 
in the focal plane and rotated in this plane. This hole 
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comes successively over different parts of the diffraction- 
pattern formed at the focus, and the luminosity at the 
boundaries observed through it undergoes a series of 
changes. For instance, with a triangular aperture, it 
is known that the diffraction-pattern at the focus consists 
of a six-rayed “star,” the “rays’’ being perpendicular to 
the three sides of the triangle respectively. When the hole 
comes over any one of the rays the corresponding boundary 
appears luminous, but in other cases it becomes practically 
invisible. Similarly, with a quadrilateral aperture, the 
diffraction-pattern is a “star” with eight rays perpendi- 
cular to its four sides, and each of these appears luminous 
when the excentrically-placed hole in the focal plane comes 
over the corresponding ray of the pattern. 

Whether any particular part of the boundary appears 
luminous or not seems in general to depend on the normal 
to the boundary at that point being parallel to the radius 
vector from the centre of the focal plane to the aperture 
in the screen through which it is viewed. This is stated 
here as an experimental fact, the detailed mathematical 
explanation of which is deferred till a future occasion. An 
interesting illustration of its generality is furnished by the 
observation that minute irregularities on the boundary often 
appear luminous when the adjoining parts which are straight 
are invisible from any given point in the focal plane. A 
discussion of the cases in which the boundary is a com- 
plicated figure such as a grating or a series of parallel 
apertures is also reserved for a future occasion. 

5. On the Flow of Energy in a Diffraction Field. 

The phenomena described in the preceding sections 
suggest two important. problems for study. In the ordinary 
Fresnel-Kirchhoff treatment of diffraction problems, the 
disturbance at any point of the field is expressed as an 
integral taken over a surface bounded by the diffracting 
aperture. It is a subject for investigation whether, in 
any circumstances, the surface integral can be resolved 
either wholly or partially to a line integral taken over 
the boundary, and whether the disturbance in the region 
of shadow could be expressed practically in terms of the 
line-integral alone. Another interesting problem which 
also suggests itself for investigation is the determination 
of the forms of the lines of flow of energy in the optical 
field due to rectangular or circular boundaries in convergent 
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light. The shapes of these lines of flow of energy would be 
specially interesting in the neighbourhood of the focus. As 
a first step towards a detailed study of these problems, a few 
experimental observations have been made by placing a. 
narrow screen (such as a needle or a plate of very small 
dimensions) or else a wide screen containing a narrow 
aperture in some selected part of the field and tracing 
the phenomena observed in its rear. Some very striking 
results have been obtained, especially with a circular 
aperture illuminated by a point source of light. If a 
small screen is placed in the focal plane so as to cut off 
the entire geometrical cone of rays, a bright image of the 
source may be traced along the axis behind the screen and 
for a considerable distance beyond. ‘This effect is entirely 
due to the light diffracted by the boundary of the circular 
aperture *. With a narrow screen placed in the diffraction 
field due to a rectangular aperture illuminated by a linear 
source of light, two independent shadows each bordered by 
diffraction fringes and differing in intensity have been 
observed behind the screen, these being formed respec- 
tively by the two luminous edges of the aperture. If the 
narrow screen be placed in the region of shadow close 
to the geometrical pencil of rays, the two shadows differ 
considerably in their intensity, and the difference becomes 
less and less as the screen is moved more and more into the 
region of shadow. The writer hopes to take up the fuller 
study of these problems at an early opportunity. 

The investigation described in this paper was carried out 
in the Laboratory of the Indian Association for the Culti- 
vation of Science. The writer has much pleasure in 
gratefully acknowledging the helpful interest taken by 
Prof. C. V. Raman during the progress of the work. 

Calcutta, 
February 8th, 1918. 

* Porter and Hufford have about the same time observed that the rays 
diffracted by a circular disk can form an optical image of the source along 
the axis of symmetry (see Phil. Mag. and Phys. Rev. April 1913). The 
phenomenon observed by me is somewhat analogous, but differs from 
that observed by these writers, as the image in this case is formed by the 
rays diffracted by the boundary of a circular aperture. 
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IX. Note on the Effects of Grid Currents in Three-Llectrode 
Tonic Tubes. By i. V. Appuevon, M.A., B.Sc, St. John’s 
College, Cambridge”. 

ie the interpretation of the functioning of three-electrode 
ionic tubes, which are now used so extensively in the 

reception of wireless signals, we have to consider simultaneous 
effects in two electrical circuits, which may be defined as 
follows :— 

(a) The grid or input circuit, which is completed inside 
the tube by the space between the incandescent 
filament and the perforated grid, and 

(b) the plate or output circuit, which is completed inside 
the tube by the space between the filament and the 
metal plate. 

The variables to be considered are thus as follows :— 
Plate current, plate voltage, grid current, grid voltage, and 
filament temperature, the values of which may be represented 
by the letters I, V, 7, v, and @ respectively. The complete 
working of the tube can only be interpreted when the static 
characteristic surfaces representing the relations between 
any three of the above quantities are known. In the case of 
a tube acting as a relay or amplifier, the main surface to be 
considered is that represented by the equation /(1, V, v)=0. 
Vallaurif has shown how this may be expressed approxi- 
mately as l=av+6V +c, where a, b, and ¢ are constants, and 
has applied it to the elucidation of many wireless circuits. 
Hazeltine { has recently made substantial additions to that 
part of Vallauri’s work dealing with oscillating audion 
circuits. In both cases the effects of the currents flowing in 
the grid circuit were neglected. 

The magnitude of the grid currents involved is known if 
we know tke contour of the (2, v, V) surface. In general, 

_ this surface cannot be represented by a simple expression, 
but for small changes of the quantities concerned we may 
write 

Bp ep e k le Sav, C1) 

where «x; is the slope of the (v,7)y_y, curve and x, is the 
slope of the (V, 1),_, curve. 

The quantity «, may be either positive or zero in a tube of 

* Communicated by the Author. 
T G. Vallauri, L’Elettrotecnica, iv. 3, p. 48 (1917). 
{ L. A. Hazeltine, Proc. Inst. Rad. Eng., April 1918. 

Phil. Mag. 8S. 6. Vol. 37. No. 217. Jan. 1919. K 
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extreme exhaustion, but may be positive or negative ina 
tube possessing an appreciable amount of gas. The quantity 
x, 18 usually negative and small numerically compared 
with <. As an approximation we may therefore regard the 
grid circuit inside the tube as possessing a conductance Kj, 
which may be either positive or negative. 

In. the use of the tube as an amplifier or rectifier of high 
frequency oscillations, the closed oscillatory circuit of the 
receiver is connected between the grid and the filament (see 
‘fig. 1), and the conductance «, thus acts as a leak to the 
condenser. 

Fig. 1. 

p, plate; g, grid; f, filament ; L.T., filament heating battery. 

If y represents the current through the inductance and EB 
the potential difference between the points A and B, we 
have 

ne ey 
mm Bde 

___ dk 
Oi ae dt D) 

=) 1), 

Hliminating y and 7 we get 

EM) Rang 
ae tT +e)a t Lod +Rel=0, 

the solution of which is oscillatory when 

R, is 4. 

Lege 00.ey 
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and is given by 

oo a I Bese ay? 
B= Ae 2 C cos( Toye ‘), - @) 

which represents a damped oscillation of frequency x 
given by 

chs Pf Ba 
2a VLC (oi, 0) 

and where the damping factor « is given by 

a=3(7 +4). - ATCO Aa 25) 

(3) 

C 

These equations show that the damping factor of a free 
oscillation is altered by the presence of the conductance, 
being increased or decreased according as the conductance 
is positive or negative. 

Let us consider the case where the conductance is positive. 
For any given frequency there is a particular division of 
inductance and capacity which produces a minimum damping 
factor. ‘This can obviously be obtained by finding when ~ in 

(4) isa minimum. Now, let w= where w= 27rn and is 
4 

therefore approximately constant. After substituting for L, 
the value of capacity which gives minimum damping is 

found to be ye 

Thus for a wave-length of X em. the particular value of 
eapacity producing minimum damping, and_ therefore 
maximum electrostatic effect on the grid, is given by 

Ca ea/Bx10-“farad, . . . . ©) 

This result is best illustrated by the consideration of a 
typical case where the conductance is positive for the 
particular operating point considered. 

Suppose R=4 ohms, 

L=10~* henry, 

C= 9x 107°? farad; 

2s hx LOS omho, 

* See Bown, Phys. Rev. 10, pp. 253-265. 

K 2 
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For various arrangements of inductance and capacity 
consistent with the relation LC=const., the values of 
frequency as calculated from (3) are practically identical. 
Thus we may tabulate values of L, C, and @ as follows :— 

L microhenries, | © microfarads. | a ohms per henry. 

| 800 00025 12°5 x 10° 
600 00033 10°83 x 10° 

400 ‘00050 10x 10° 

300 ‘000666 10°415 x 108 

200 ‘QOLOO 12:5 x 10° 

100 ‘00200 21-25 x 108 

| 50 00400 40°625 x 10° 

25 00800 80°31 x 10° 

From these figures it is obvious that there is a minimum 
value of damping in the neighbourhood of :0005 mfd. 
Substituting in the formula (5) gives this value exactly as 
‘0005 mfd. 

Thus in a case with no conductance damping (e. g. with a 
hard tube and applied negative grid potentials) minimum 
damping is obtained when C is as small as possible, but 
where grid currents are appreciable maximum control effects 
are obtained by using capacity values given by equation (5). 
When tne conductance is negative (e.g. in a soft tube 

with applied negative grid potentials) the natural damping 
of the oscillatory circuit is in general reduced, and for 
capacity values below a certain amount is negative, bringing 
about the possibility of free electrical oscillations. For zero 

e R e 

damping we must have «, negative and a numerically equal 
; Ld 

to “1. For a definite wave-length » this is obtained when 
: 5 » Ki . 1, : 

© is numerically equal to ean RX 107 7° Paradise 

illustrate this we may again consider the numerical example, 
taking x, as -- 002 x 107° mho. * In this case for capacities 
below 3°:16x 1074 mfd. persistent oscillations are obtained 
in the control oscillatory circuit, the usual retroactive action 
from the plate circuit being unnecessary. 

The magnitude of the ettects of the grid conductance can 
* E. g. Bown, loc. cit. 
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be further illustrated by considering the amplitude reached 
by an impressed oscillation. Assume a sinusoidal E.M.F. 
impressed on the inductance L. We then haye 

ie + Ry—v=— Ep sin at, 

CAD) 
Ytt=— C re? 

ie 

These equations yield a solution 

Naam (GE ED) Pee hy bo)! a,'-4(B) 

where Ko 
V= 7 In CE (7) 

oe V/ (B+ (i) is (« oo) 
From this it is clear that a positive grid conductance tends 

to lower the effective electrostatic action of the grid at 
resonance frequencies, but that with a negative conductance 
amplification may occur. In the case of positive conductance 
the maximum control action is again obtained when 

le Ky — AN 

In the case of an extremely hard valve the conductance is 
positive for positive grid potentials and zero for all negative 
values. Thus for an impressed oscillation the amplitude 
reached for positive half oscillations is less than that reached 
during negative halves. The difference can be got definitely 
from (7), and gives a measure of the rectification obtained. 

Fig. 2. 

aaa 
In ionic tube circuits for the generation of continuous 

oscillations the oscillatory circuit is often connected between 
the grid and the filament. A typical case is depicted in fig. 2. 
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It can be shown that, neglecting grid conductance, 
persistent oscillations are produced when M, the mutual 
inductance, is given by the equation 

» M? | 

4 

If we take into account the grid conductance we must 

substitute for R the effective resistance value aL (see (4)). 
Thus (8) becomes 

) 2 : j 

aM + a tlOR + be j\(1+6R)=00 

Summary. 

The effects of grid currents in a three-electrode vacuum 
tube are discussed, treating the conductance of the grid 
circuit inside the tube as a high-resistance leak across the 
condenser of the oscillatory circuit connected to the grid and 
filament. The effect of this leak in amplifying and oscillation 
circuits is investigated quantitatively. 

X. On the Lags of Thermometers with Spherical and 
Cylindrical Bulbs in a Medium whose Temperature ts 
changing at a Constant Rate. By A. R. McLuop, AA., 
1851 Hehibition Science Research Scholar of the University 
of Toronto, and Wollaston Scholar of Gonville and Caius 
College, Cambridge™*. 

Summary. 

lig lag of a thermometer, situated in a medium whose 
temperature is changing, is of practical interest in 

the case of ascending aeroplanes and balloons. The medium 
in this case is the atmosphere ; but application might also 
be made to the case where the variable temperature of any 
other medium, say a liquid, is to be determined by the 
thermometer as a function of the time. In the following 
paper we suppose the temperature of the medium to change 
uniformly. Hxpressions are given for the steady values of 
the lags for spherical and cylindrical bulbs, when the 
surface conductivity is finite; and for the lags at any’ 
instant when the surface conductivity is infinite. 

The lag of the mean temperature of the bulb behind that 

* Communicated by Dr. G. F. C. Searle, F.R.S. 
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of the medium is, when steady, of the form MGpo/K, where 
G is the constant rate of change of temperature of the 
medium, p is the density, o the specific heat, and K 
the thermal conductivity of the substance in the thermo- 
meter bulb. M is a numerical constant whose value 
depends on the shape and dimensions of the bulb. 

It should be noted that for a given dilatation of the 
liquid filling the bulb, the lag in a uniform gradient varies 
almost inversely as the conductivity, since the product po 

- is approximately constant for most substances used in 
thermometers. 

Infinite surface conductivity implies, in the case of a 
cooling bulb, that the medium can carry away heat from the 
surface as fast as or faster than it can arrive there. If the 
fluid medium in which the bulb is situated has a low con- 
ductivity, as is the case with air, this can only be attained 
by a sufficiently rapid movement of the medium past the 
bulb. For air, this implies a much greater velocity relative 
to the surface of the bulb than for liquids (of the order of 
3000 times for considerable temperature gradients in the 
bulb). When the surface conductivity is finite, there is a 
definite, discontinuous change in the temperature at the 
surface of the bulb. The expression for this temperature 
difference is of the form NGpo/h, where h is the surface 
conductivity, and N is a constant of the same nature as M. 

Radiation, and convection in the liquid in the bulb of the 
thermometer, are neglected ; and no attempt has been made 
to correct for the exposed stem or for the glass wall of the 
bulb. | 

Numerical results are given for mercury and alcohol, in 
spherical and cylindrical bulbs, on a descending aeroplane. 
The cylindrical bulbs may, in practice, be wound in the 
form of a flat spiral.. These calculated results show that 
for spherical bulbs of mercury and alcohol giving the same 
volume expansion, the lags are about the same. 

With the same thermometric substance, the lag is less for 
cylinders 10 cm. long than for spheres giving the same 
volume expansion, and it is less for a cylinder of alcohol 
than for a cylinder of mercury. 

1. Lag for a Sphere with Variable Surface Temperature 
and Infinite Surface Conductivity. 

Let u be the temperature at a distance r from the centre 
of the sphere, and let ¢ be the time. The equation to be 
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satisfied is: 

on = a (S54; 8) So a 

the temperature being supposed to depend only on 7. 
The value of a? is K/po, where K is the thermal conduc- 
tivity, p the density, and o the specific heat of the substance 
in the sphere. 

Writing v=ru, we get: 

ay 20 oo 

Since wu 40 when r=O0, we must have v=O for r=0. 
To get the temper: ture as a function of 7 and t, we require 

a solution of (2) which s:tisfies the conditions 

Pah More"): 

Hea 1) for, x=. 0, 

v = p(t) for r=c = radius of sphere. 

Such a solution is (Weber, Partielle Differential-Gleich- 
ungen, vol. 11. § 48) : 

wee 
— Enis Baie 1)’ sin mr manage) (00)) 0! 

n=) 

where 

Ate ak as 

Ch cog, 

Suppose $(t)=Gcet, where G is a constant. Then, on 
integration, 

= 2Gre S (Gea Die sin eS (e —n2rt Ee 

Tr n nr 
n=1 

The mean temperature is given by 

ds 3 Ge ate he . 
Uu= 5 | rhea =a =) Pec mat _—_ J ) }. 

Since } 1/n?=7?/6 and = 1/n*=7*/90, this becomes 

2 Wiss 
7 Gi OSS eter, a 
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The lag of a thermometer, whose spherical bulb is subject 
to the conditions just considered, is therefore 

Oe ORM Ps 
15K Uae > nr 46 mAt 5 ‘ ° ° (4) 

= 

This approaches a steady value, L, as the time ¢ increases, 
which is 

ow Gnmee |. Ge&ad (5) 

a te DMR 
L 

The steady lag is thus determinate, fora given gradient G, 
when A is known. We can measure A experimentally by 
observing the rate of cooling of the spherical bulb. For 
suppose the temperature of the medium is zero, and the 
Initial distribution of temperature in the sphere is given 
by v=(r). We neglect the effect of the glass wall, if we 
are dealing with a liquid-in-glass thermometer, and suppose 
the surface conductivity to be infinite as before. ‘Then, 
to get the temperature in the cooling bulb at any instant, 
we require a solution of (2) which satisfies the conditions 

Cay rant) —— 

7 O° for r= 0, 

v=0 forr=c = radius of sphere. 

Such a solution is (Weber, vol. ii. § 46) : 

ae _ nar (° . 
ie >» e-™t sin —— ] (a) sin (n7a/c) da. 

ie (= OTe: 0 

If the initial temperature is constant and equal to wp, 
we have d(7)=rup. On substituting, and taking the mean 
temperature, we get, since v=ru, 

6 ie 2) 

= 1 

1 

n=) 

If ¢, is the time required for the mean temperature 
to drop from wp to fu, where f is some positive fraction, 
we have 

ite: fOr enn Len ee es (6) 

And X may be found, by successive approximations, from 
this equation, one or two terms on the right sufficing for 
most cases. 
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2. Lag for a Cylinder whose Surface Temperature is Variable, 
the Surface Conductivity being Infinite. 

Taking cylindrical coordinates, and neglecting the effects 
of the ends of the cylinder, whose length is supposed great 
in comparison with its diameter, the temperature wu is a 
function only of 7, the distance from the axis. of the 
cylinder. The equation for wu is then 

Lingua aivon ou 
ae ee 56 (7) 

Writing u=Re-“na’, the equation reduces to 

aR. 1 dk Pi OT ee Dia ae ia 
deh Be Pe lig hat 

Thus R need be a function of 7 only, and we have the 
following particular solution of (7) in terms of the Bessel 
Function of order zero: 

Een gl 7). 

The general solution of this type is thus 

Ui > Ae en To(a,1)- Me 
n=1 

We must determine the constants A so that (8) shall 
satisfy the conditions 

iia OCG 6 =O, 

“= Ot) for r= C. 

We know that 

2S (Hn 
l= Se |, EJ o(4,€)08, 

r= 

where a, is the nth root of Jo(4) =0. 
Hence, since the value of the integral is a~'J,(a,), 

oe m, rar w We 

and so 

s: Zola, He) | - 
at J 1 (a, ae 

n=1 

vanishes for =O, and satisfies the differential equation (7). 
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Following a method of Riemann’s, let us consider the 
function y(r, ¢) defined by 

v(r,t) = 0, r= 0, 

Roeisry 

mes | (2 re ye. ca; 
. Sa ON ea a 

x(",t) = 1- > : 
i 9 Ji(@,) 

This function satisfies the differential equation (7) and 
vanishes for t=0. further, 

Meal ds 

V(C, EMaeOy eb Ors 

pA RAN ed Aa a Le 

Take a series of small intervals & =¢,,,--¢,, defined by 
the fixed values of ¢, 

Otn: Batt wate ab 

Now consider 
n--1 

Oy nee p(t) [x(7,t— t,) —x(7, t—t,.,)] ; 
p=0 

aye see ae Ww Tee p= 0 

m= $(t,) ae ES Spee 

Hence in the limit, as €->0, we get, since uw, satisfies (7), 
and vanishes tor =, aud in addition is equal to @(¢) at 
time ¢, when r=c, 

Uy =U = {8m ) Oxi At z) at. 

Performing the differentiation, we have the following 
solution for our problein : 

2. 2d ieee 

: =(9os ae 710) Hon Shen dt 
oil a) C 

_ 2a cea (2) oat) de 
o ow Ji (,,) 

‘Take o(t)=Gt, where G is constant. Then we find, on 
integrating, 

5 oa 
a ears 1 Fy it ea(e ‘1)t. . (9) 

(a4 
n=1 An Ji( in) n / 
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The mean value of uw is 

eS Dia 2 ane 

u = — rudr = 4G > Get to 5 G c =) 
Cc? 0 ve aa 

n=1 

AG? S 4Gc? — Bis 
ed N ah Ti ey - HS 8 So 

n=1 n=1 

The lag is thus 

sal Yat actee'], al 
esl joi 

and its steady value is: 

Computing the series, we find for the sum of the first 
10 terms the value 031246 which is practically 1/32. 
Hence 

Ge Gepa 
—— 8a? — eK e e e e ° e (12) 

We shall see in §5, on writing h=-x in (20), that this — 
value is rigorously correct ; and so 

Seb 1 
Dias — 39. 
i | 

The temperature of a cylinder with infinite surface con-. 
ductivity, cooling from a uniform initial temperature wp, 
the temperature of the surrounding medium being zero, 
is given by 

(oe) 

Tt, Jo(a, 7/0) 
u = 2u Che) 

pee a,,J1(«,) 

and the mean temperature is 

a2a2 
n 

oO 
Le 4 dene eis 
a Uo Ces (nT 

n=1 

This equation could be used for calculating the value 
of a? from the curve for the cooling of the cylinder. 
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From this last formula, putting t=0, we find 

> axe = 1/4, 

j= | 

3. Numerical Conclusions for Mercury and Alcohol. 

Ree Mercury). :... i cae. # — 0497. €.g.8.' units. 

For Alcohol (C,H,OH 100°/,).. a’=-0009026 
39 LP) 

Taking the same expansion (same thermometric scale) in 
each example, and reckoning the coefficient of expansion 
of alcohol as six times that of mercury, we have for the 
dimensions of equivalent bulbs : 

hMereury Spherey 5) oe.) s se). | = Lem, 

PEICOBOM OP RET Ohi '8 2. VAs eles ¢= ‘500 cm. 

Mercury Cylinder, 10 cm. long .. c= ‘36 cm. 

Alcohol Cylinder, 10 cm. long .. c= ‘145 cm. 

Taking G=-032° C. per second, which corresponds to a 
gradient of 1°-9 ©. per thousand feet of height in the air, 
and a rate of descent of one thousand feet per minute, 
we have, taking the first exponential terms only, the 
following Jags for the above bulbs :— 

Lag of Mercury Sphere .... = *049—-045 e734, 

Lag of Aleohol Sphere .... =°713—-657 ge 0285¢ 

Lag of Mercury Cylinder .. =-012—-012¢e71**, 

Lag of Alcohol Cylinder .. =-095—-089 e~74*. 

Here ¢ is the time in seconds. ‘These lags are not all 
zero when t=(, because first exponential terms alone 
have been taken. ‘The other exponential terms, however, 
become very rapidly less and less in portant as t becomes 
appreciable. The above lags reach 95 per cent. of their 
steady values in the following times :— 

Merenry Sphere): sete... <5 se 7 seconds. 

Melennel SPNELE Goa satis < <0 «6 oe 103... 

Mercury Cy lider 52. 2./)34. 5.4: 15 
3? 

meoneh Cylinder: oie. g 3 33 12 
2? 
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4. Steady Lag for a Sphere in a Medium whose Temperature 
changes at a Uniform Late, the Surface Conductivity 
being Finite. 

We require a solution of (1) which satisfies the con- 
ditions 

es Loringie= (0) 

x Ow . ae = A(Gt—w); \for 7 =. 2 

The temperature of the medium is Gt, and h is the 
(constant) surface conductivity. Let the lag at any point 
in the sphere distant » from the centre be @, and write 
u=Gt—Oin (1). Then we get 

0 _ eee yo 
Or ror 

and for the steady lag 00/d0¢=0. 
Hence the equation for the lag, when it has reached its 

steady value, is 

Gag de Aa | 
gat. a On i ee 

The solution of (14) is 

BG 
o= Fe ig (1:5) 

Since @ is finite for r=0, we must have B=0. 
The mean lag for the sphere is 

me be Gaye Ge? 
6 =3\ (A- Ga) te = A— 75,3" 8, pints (16) 

Oe 

If there is a temperature lag, @., at the surface, it is 
given by 

Ou _ 

or 

This becomes 

h(Gt—u), where 7 = ¢. 

-K(#) = 0. 2 re 
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Hence by (15), since B=0, we get 

KGe 
See — hOc, 

or 6 hit KGe te Wy Ge? ; 

tte) //\) ae 6a? ’ 

and so Geyk i 1\> 

aes a? (5a; a 

Thus from (16) we get the mean lag as follows : 

A Ge? LG eirmod £4 es a 
0 TGP Qe (G5) . ° ° (18) 

5. Steady Lag for a Cylinder in a Medium whose Temperature 
changes at a Uniform Rate, the Surface Conductivity 
being Finite. 

Substituting u=Gt—@ in (7), we get the following 

equation for the steady lag. ag vanishing : 

ad lod? eo ut 
de pdr a 

which has the solution 

0, 

Gr 
0=A+Blogr——, Ne obacaaule camcane LHe) 

and, as before, B=0. The mean lag for the cylinder is 
found to be 

Ge? 
= A— Bae" 

From (17) and (19) the surface lag is obtained : 

K Ge Ce 

Pa ma aes 

Hence r ey Ke 
Riaz N ihe) 

= von nee Geri K 
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6. Numerical Results for Thermometers moving through 
the Air at Aeroplune Speeds. 

The following approximate expression for the surface 
conductivity, h, has been derived from experimental data, 
referring to the case of air moving with a uniform velocity 
of V miles per hour past the thermometer : 

h = :°0000515 V. 

This expression holds only for ordinary aeroplane speeds of, 
sav, 60-100 miles per hour. Taking G=-082°C. per sec. 
and V=60 m.h p., we have the following steady lags for the 
bulbs already considered (which have each the same volume 
expansion). 

TaBLE I,—Lags. 

Mereury 4.00 i= "D107, a — 04am 

Shape aad Internal la Surface la Total la 
| Dimension. Spar 8: ae 

Spluere, :¢— locmin.ee. Ge* _.95° Oi OG 1°61 
aa c 

| Cylinder, c= ‘36 cm. 2 
a a=) Le j= ies 2804 

| Length =10 cm. 

Aleohol.. : 7 R= 200043, a=°0009026. 

Sphere, ¢=55 GEM 0 9,= -91° 1°-62 Sphere, ¢=‘oo cm. ... (5aam AWA Cimon 

Cylinder, e="145 em. Ce 

| ea 6.= 36° “45° 
Length == fO-cm, 

The thanks of the author are due to Dr. G. F. C. Searle 
for his kind assistance in revising this paper for publication, 
and in checking the formule. 
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XI. Experimental Demonstration of the Constancy of Velocity 
of the Light emitted by a Moving Source. By Q. Masorana, 
Professor of Physics at the Polytechnic School of Turin”. 

N a preceding paperf on the second postulate of the 
theory of relativity I described an experimental arrange- 

ment of mine by means of which I was able to demonstrate 
that light propagates itself with constant velocity, inde- 
pendently of the conditions of movement or rest of the 
mirror by which the light is reflected. At the end of the 
above-mentioned paper I hinted at my intention of studying 
experimentally the eventual influence of the movement of 
the source on the velocity of the propagation of the light ; 
the object of the present note is to communicate the result of 
these researches. 

As is known, the only studies made with luminous sources 
in motion are astronomical ones, and those with the canal 

rays. Particularly with the former it has been possible to 
deduce the measure of the Doppler effect (and therefore the 
value of the velocity of displacement) for different sources, 
such as the fixed stars or planets and the limb of the sun. 
Tam not aware of any attempt to prove the Doppler effect 
with the artificial movement of a common luminous source; 
the difficulty of this research consists principally in the 
necessity for giving a specially high rate of velocity of 
displacement to the source. 

But even if an arrangement of this kind could be realized, 
its interest does not le in the verification of the Doppler 
effect (change of freqnency), upon which no doubt any 
longer exists, so much as in the control of the value of the 
velocity of the propagation of the light, alxo in the case of a 
moving source. ‘Ihis is the reason why the examination of 
the latter must not be made either with prisms, as in the 
arrangement of Belopolski, or with diffraction-gratings, as I 
have before explained. In making my preparations to set 
up an apparatus with moving source, I resolved, from the 
first, to examine the latter with the interference method 
already described by me, which is founded on the use of the 

* Communicated by the Author. 
+ Phil. Mag. Feb. 1918, p. 163; on the same argument see also the 

_ papers of Michelson, Astrophysical Journal, xlii. p. 19 (1913), and of 
Fabry and Buisson, C. &. clviii. p. 1488 (1914). These works, of which 
i heard only lately, arrive in different ways at the same conclusions. 

Pie Megeno. Volk ataiwo. 217. Jan: LOL. L 



146 Prof. Q. Majorana: Experimental Demonstration of 

Michelson interferometer, with a great difference in path. 
Admitting the second postulate of the theory of relativity, or 
if, in any way, the velocity of propagation of light by earthly 
sources seems to us unchangeable, supposing such an appa- 
ratus were realized, a certain number / of fringes would be 
seen to cross the wire of the eyepiece, when the source 
passes from rest to velocity v, 

where / is the difference of path of the interfering rays, A the 
length of the wave, and c the velocity of light. This is 
analogous to my affirmation previously made with regard 
to moving mirrors. Now, the values which it is hoped may 
be attained ina laboratory for v are rather modest, even with 
regard to those of astronomical luminous sources; it 1s 
therefore necessary to give to / the highest possible value, 
which is only to be obtained by using a source of light with 
a very long visibility curve. 

This can only be the green line of mercury, which, however, 
being more complex in its structure than the lines of cadmium, 
allows the observation of the fringes up to the value of 
/=32cm.™, using excitation of vapours by means of a voltaic 
are in vacuum. Besides, this sourceis particularly suited for 
the present researches because of its exceptional intensity. 
I believe, therefore, that they would hardly be repeated, using 
a different source. 

T established a new plan of experiments, intending to endow 
with swift rotatory movement some mercurial ares held by 
airless glass tubes, and to examine by means of the Michelson 
interferometer the light emitted by them tangentially to the 
trajectory line. Now in the attaining of a peripheral velocity 
of nearly 100 m. per second, this being the necessary velocity 
for a sure appreciation of a displacement in the fringes, two 
principal mechanical difficulties are found: the enormous: 
centrifugal force, and the very great resistance of air. To 
diminish the first, it is convenient to enlarge as much as 
possible the diameter of the trajectory and lessen the number 

* It must be noted that Michelson observed fringes up to 7=40 cm. 
But that scientist used Geissler tubes with mercury vapour; it seems 
that the excitation with the voltaic are in vacuum, used by me, changes. 
the visibility curve. 
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per second of the revolutions. It is known that the centri- 
fugal velocity increases as the square of that number, and 
the velocity of displacement grows as the first power. After 
different attempts I fixed the diameter at 2 m.: because 
since the small tubes with the mercury weigh 35 gr., the 
centrifugal force that excites them at a velocity of only 
14 revolutions per second (corresponding to nearly 90 m. 
of peripheral velocity) amounts to 30 kg. 

That is nearly the highest point of capacity of charge to 
which the glass material can be brought. In my experiments 
the glass tubes still broke very often, although allowing a 
sufficient interval of time for the observation and measures. 

In respect to the resistanee of air, it has been reduced to 
the minimum by using fine steel wires of high mechanical 
resistance as connexions between the tubes and the rotating 
axle. Notwithstanding the aforesaid conditions of velocity, 
the apparatus being provided with only two tubes in diametral 
position, a power of about 5 kw. was necessary. I give now 
a short description of it. The figure illustrates schematically 

the details, not presenting them on a uniform scale. O is the 
rotating axle connected with a pulley and strap to a motor 
with velocity of rotation capable of regulation and inversion, 
and of tte maximum powerl0 H.P. ‘Two airless tubes of a 

L2 
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particular form (maximum diameter 4 cm.) bear each three 
electrodes A, B, H, and are joined by means of strong steel 

wires with the axle Q. The latter is encircled by two 
collector-rings Ky, K, communicating with the electrodes 
A, B. Two brushes P;, P, bring a continuous current at 
70 v. A certain quantity of mercury is contained in each 
tube (28 ar.) and is distributed on A and B when the 
apparatus is rotating. The electrodes EB are provided with 
light segments of aluminium L, which, when the tubes 
revolve, pass near a metallic are M, which has the centrum O. 
An induction-coil I with its terminals connected as in the 
figure, placed in action for few seconds, gives discharges, 
which excite the tubes passing near M. In these the current 
can be regulated, by interposing the necessary resistance, to 
between 2 or 3 amperes. I must observe that it is often 
useless to employ the coil I after having started the rotation. 
Although in tact the quantity of mercury contained in each 
tube is absolutely insutficient to establish a continued metallic 
connexion between A and B, the excitement frequently 
happens spontaneously by reason of ionization of the re- 
maining gas, caused by the mechanical shaking during 
rotation. Besides K, and K,, the axle O is surrounded b 
a series of small metallic blocks (not visible in the figure) 
across which wipesa third brush. This apparatus, like an 
electric siren, allows a sound to be heard by means of the 
necessary connexion with a battery and a telephone, by 
which it is possible to deduce the value of the velocity of the 
rotation. The light emitted by the tubes is the highest, for 
constructive reasons, in the tangential direction of the 
movement. The Michelson interferometer is disposed as in 
the figure, and on it the light arrives parallel on the mirror 
S, by means of a lens not shown. With the telescope C it is 
possible to receive a luminous sensation, sufficiently intense 
in spite of its discontinuity. (20-30 spots per second.) 

Thanks to a sufficient intensity of light, I can use (instead 
of the above-mentioned experiments with mirrors) a value of 
1=232 mm., by which I have observed a maximum of 
visibility of fringes. In these conditions, and giving to the 
apparatus a velocity of from 10 to 14 rotations a second, 
one perceives a displacement of the fringes when the velocity 
passes from one part to the other. This displacement observed 
with an eyepiece with micrometer has really the direction 
that is demanded by the principle of constancy of velocity of 
propagation of light. Let us foresee its value on this basis. 
During a long series of observations there is an average : 
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v=79°77 m./sec.; 1=232 mm., \=0°546 pw; so that a displace- 
ment is foreseen of 

) 
a 40-2 =(0°113, and 2/=0°2 

Hxperimentally, | have been able to augment considerably 
the exactitude of observation of the fringes; and this because 
of the higher luminosity of the phenomena. The circular 
fringes follow each other as is known, with increasing 
diameter according to the law: 

l oe. 

= — ee agi 

n=5(1 me 
in which / and X have the usual meaning, n is the increasing 
ordinal number of the fringes, beginning at the centre, and 
ais their radius measured in al angle from the eye of 
the observer. So that when a displacement of a fringe is 
observed, for obtaining a higher precision it is necessary to 
keep in mind that parabolical law referring to the value 
of the length of the wave. This is what of Wave done, 
studying previously the distribution of the above-mentioned 
fringes in the field of the telescope. Want of space does not 
allow me to explain this more at length. I may only say 
that in the series of observations quoted, I obtained an average 
of displacement 

As we see, this value is somewhat superior to that expected, 
about 5 per cent. Until now, although I took the greatest 
care to keep in mind the precision of the different measures 
which are necessary to arrive at this result, I do not know 
if any systematic error is the reason for this small difference. 
Certainly it appears superior to the probable error of the 
result ; and that is why I have mentioned it. But in con- 
sideration of the delicacy of the measures I do not register 
the value of the displacement of the fringes before admitting 
the above-mentioned discordancy (however slight). For now 
we may conclude that, under the conditions of the experiment, 
and within the limits a exactitude of the observations made, 
the velocity of light does not change by the movement of the source 
along the direction of propagation. 

From the researches made by Michelson, Fabry and 
Buisson, and by myself, it results that the velocity of light 
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is not influenced by reflexion on mirrors, or reflecting 
surfaces; froin those now described by me, it results that ie 
said velocity does not change by the movement of the source. 
These facts are surely in harmony with the theory of 
relativity; but really, in spite of their evident interest, they 
canuot logically be cited as sure experimental proof of this 
theory. In fact, two experimental circumstances must not 
be forgotten: first, the presence of materials which are 
traversed by the inter fering rays (air, glass, metals) ; and 
second, the gravitation field of our earth. While it is 
possible to imagine experiments entirely apart from the 
former, it cannot be foreseen if later experimental results 
will bring into evidence the eventual influence of the 
second. 

= 

XII. An Attempt to eaplan the Michelson Interference- 
Experiment. By RicHARD BIRKELAND, Dr. phil., Pro- 
fessor of Mathematics at the Wechpacal Figh Sthool, 
Trondhjem * 

ile HE problem to determine the influence, if any, 
exercised by the earth’s motion on optic phenomena 

on the earth’s surface, is one of great theoretical interest 
and importance, and a vast amount of speculation and 
research has been devoted to the subject. 

The earth’s mean velocity in its orbit is v=30 km./sec. 
Even compared to the velocity of light ¢=300,000 km./sec., 
v is not a negligible quantity in all circumstances. All 

attempts to register effects of the — =10~4 order of magni- 

tude have been in vain. In 1881 Professor A. A. Michelson 
devised his now famous experiment fT, by which it would be 

2 
e e U e 

possible to discover effects of the =, =10-® order of magni- 
(6- 

tude. ‘The expected effect was not registered. Th? experi- 
ment has afterwards been repeated with still greater accuracy, 
and at present most physicists feel sure that the effect, 
which was to be expected, does really not occur. 

It had been possible to explain all previous experiments 

* Communicated by the Author. 
+ American Journal of Science, (3) xxui. p. 128 (1881). 
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by the assumption of a stationary ether, a property which 
has been attributed as a necessary one to the ether by the 
majority of physicists. But to explain the experiment of 
Michelson it was necessary to introduce new hypotheses, 
and one of these we will here take into consideration. We 
shail first show the general arrangements of the apparatus 
in Michelson’s experiment. 

From the source L (fig. 1) hght-rays are emitted to the 
glass S slightly silvered on one side, so as to reflect a por- 
tion of the light to the mirror 8, and to allow the rest to go 
through to the mirror 8, From §, as well as from 8, the 
light is once more reflected and the rays meet at last in the 
telescope K, and produce by their interference a system of 
bright and dark fringes. The fundamental idea of the 
experiment is that, if the ether remains at rest, a translation 
given to the apparatus must of necessity produce a change 
in the differences of phase. The whole arrangement was 
mounted upon a slab of stone floating on mercury. The 
initial situation was: SS, coinciding with the direction 
of the earth’s translation, SA and SS, perpendicular to it 
and to a vertical axis. In addition was S8,=SS,=1. 

2 v 
Neglecting terms of higher order than —, one can show that 

C 
the light would take the time 

bieh vw T=2,(1+ 5) 

to go to and fro between S and 8), and the time 

be, ter 

i=2-(14 55) 
to and fro between § and §,. The motion produces a dif- 
ference of phase between the two beams to the extent of 

Cel S 
e 

The apparatus was turned 90° about the vertical axis. A 

measurable displacement of the interferenve-bands should 

then have been observed. No such displacement was, how- 

ever, discovered however the apparatus was orientated with 

respect to the direction of the earth’s translation. 

2. The attempt at an explanation of Michelson’s experi- 
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ment here offered will appear to some to lie somewhat out- 
side the domain where pliysicists would at present prefer to 
seek it. I have for some years delayed the publishing of it, 
but I now find, by the advice of some physicists, that I 
ought no longer to hold it back, as every new idea in this 
field of keen discussion should be produced that it may be 
carefully examined. 

Imagine a point 8 on the earth’s surface emitting light- 
rays in all directions. The earth, and the light;source w with 

—— ses eee cee eee eee 

ns: 

it, move in the direction SA (fig. 1) with a constant recti- 

linear velocity =p We assume that the ether all 
Ss ° 

around the earth has become anisotropic * (for instance, as a 

* This anisotropy must be assumed to diminish with increasing 
distance from the earth. Otherwise the result of the Michelson experi- 
ment should be dependent upon the motion of every globe in the 
universe. 
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consequence of the motion of the earth) in the following 
way:— | 

1°. The velocity of propagation of light being ¢km./sec. 
in the direction of translation SA ; along SA’ (fig. 1) form- 
ing anangle ¢@ with SA, it is then 

/ Ae 
bay Bae — sin? ¢) : Ce + (vy sin @)? =e’. 

2°. The light has the same frequency in all directions 
from S. 
We note that vsin gd is the component of the velocity of 

translation perpendicular to the direction SA’. The velocity 
of light is according to this hypothesis not very different 

2 mea aia | a he 
in different directions, the deviation being of the = =1075 : ve 

order of magnitude. It is therefore not in the least strange 
that this difference of the light’s velocity of propagation las 
not been detected by direct measuring, the accuracy here 

. ° U = 
obtained being no greater than that of —=107* order of 

C 
magnitude. The ether becomes symmetrical about anaxisSA 
parallel to the direction of translation. The velocity of light 

: ey v 
is least perpendicular to this axis and equal to é=¢(1-35)). 

Us Cc 

It can easily be shown that the expected effect of the 
Michelson experiment must fail to appear according to this 
hypothesis. 

Imagine the arrangement of the experiment swung so 
as to make the line SS; (fig. 1) form the angle ¢ with the 
direction of translation SA. During the time ¢,, which the 
light consumes in going from § to the mirror 8), the latter 
will have moved tu 8,’ and the mirror 8 to 8’ and 

SS’=8, 8, =e). 

The light covers the distance SS,'= 1;, where 

lP =P? + v*t?? + 2vt,l cos d. 

According to our bypothesis the light’s velocity along 

SS, is 56 1-3 sin’ ) and consequently * =o t1- 

* It will be shown later that taking the velocity along SS, instead 
of that along SS,’ is without influence 1f we want an accuracy of 

the second order with respect to = 
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Jntroducing this value of G4, we obtain the following equa- 
tion, determining ¢, :— 

t°(Cg"” —v’) —2vl cos dt, —P=0. 

Hence 

vlcos 6+ Vv7l? cos* b+ [?7(cg? — v”) 
— € © 

¢ 2 —v? 

The other solution is negative and must be rejected. On. 
the way back to S a time iz is consumed and the light has 
to cover the distance 8,’ S’’"=J,, the mirror S being at 8” 
after the elapse of the time t;+¢,. We find, the assumption 
-as to the light’s velocity being the same, 

Cy ta" — ee = [te + ares — 2vtol COS dp; 

hence 

—vl cosp+ Vv7l? cos? b + Mo, 

¢ 2— Vv 
? 

—— 

The total time, consumed in going from S to §, and 
back, is 

9] Tae ae 
T=t4,4+4,= Ai a 

Vine —v? C6 —v 

Introducing the value of ¢ y we obtain 

2 

Et a [le = (1+ sin? $) | , 

rane v 
With an accuracy of the second order with respect to - we 
obtain i 

Lads = =[1+3! “(1+ sin’ ¢)| 
VA Cy —v 

hin aes 4/142 cos! b= 144% cos; 

? 

hence 

of ane Tai t=—(1+4).. ae 
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Lhe angle @ does not enter into this formula. The light 
consumes the same time to go from § to §,; and back to 8, 
however the apparatus of Michelson is set relative to the 
direction of the earth’s translation. Especially the same 
time T is consumed from § to §, and back to S as from §S to 
S, and back to S. As we have further assumed the fre- 
-quency to be the same for all light-rays emitted from §, 
the number of wave-lengths will be the same to and fro 
between S and 8, as between 8 and §,, however the arrange- 
ment is set. No displacement of the interference-bands 
can therefore appear by the Michelson experiment, however 
the apparatus is swung with respect to the direction of 
‘translation. 

It is still to be proved that no error has been committed 
by substituting the velocity Cs along SS, for the velocity of 

light c,, along SS’, forming an angle @¢' with the 

direction of translation. We find 

Cy —V=¢ j1- d+ sin? ¢') | 

2 ‘a 
= [1— “(1 4-(sin @ cos Ag — cos ¢ sin Ag)*) | 

Ad being =¢—¢'= 8, S88,’ (fig. 1). Projecting 8, on 
SS,’ to the point P (fig. 1), we obtain 

bP =tt, cos (= —4') = vt, sin ¢d’=lsin Ad. 

Hence 
: ty SI 

sin A gd= ae 

el 
tyr is to, be: sure, <2 “2 and consequently | sin Ad}< a. 

‘The difference between the two angles ¢ and ¢’ is therefore 

of the order — = 1074, ¢y and ¢y will consequently differ 

only in terms of the third order with respect to =. The time 

.t, will, with the same accuracy, be the same replacing the 
velocity along 8,’ 8" by eg. 

3. Adopting this hypothesis, we meet with no contra- 
-diction if we determine the time by means of light-signals 
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emitted in different directions from a point on the earth’s. 
surface. 

Suppose that an observer B at the time ¢=0 emits a flash 
of light from 8 (fig. 1) to a point P on the earth at a 
distance of /km. from 8. The time T consumed by the 
light in going from 8 to P and back to P is accord- 
ing to (1), 

B’s watch can consequently be adjusted by means of 

light-signals without contradiction. 
Trondhjem, Norway, 

June, 1918. 

XIII. On Fermat’s Law. 

India Meteorological Department, 
Simla, 16th April, 1918. 

Lo the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

| ay a paper on Fermat’s law by Professor D. N. Mallik, in 
your issue of July 1913, he deduces (p. 152) that 

“optical energy is entirely kinetic,’ and hence that the 
phenomena of elasticity and electrostatics are also kinetic. 
These results, if valid, are of very great generality and 
importance, and they have been restated on pp. 12 and 13 of 
Professor Mallik’s recent volume on ‘ Optical Theories’ *. 
The idea that all potential energy is capable of interpreta- 
tion as kinetic was worked out by Helmholtz, and J. J. 
Thomson has examined many of its consequences ; but the 
conclusion that optical energy must be kinetic is, I believe, 
entirely new, and as I do not follow the argument employed, 
I desire to append the following criticism in the hope that. 
a decision may be reached in a matter so far-reaching in its. 
consequences. 

2. Professor Mallik says on page 149 :— 
“the configuration of equilibrium and motion of a dy- 

namical system is defined by 6\(T—V)di=0, where 

T=kinetic energy, 

V=potential energy. 

* Cambridge University Press, 1917. 
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If this is to be consistent with Fermat’s law we must 

have, for light propagation, 

Pr =e EONStATL sei et CL)? 

Later on, in §17, he says :— 
“« Again, from the principle of energy 

av (eon stan a ey ee i (8) 

Therefore from (1) and (3) we get 

2T= C0! +0, 

2V=C'—C. 

But this is meaningless, since the mean potential energy 

and the mean kinetic energy are alone constant, as these 
quantities are understood to mean in the above equations. 
Accordingly, the only conclusion that seems to be consistent 
with all the equations is that the optical energy is entirely 

kinetic.” | 
“ Again, if the potential energy of deformation of the 

sethereal medium involved in light propagation is to be 
regarded as essentially kinetic, we are led to conclude that 
all energy is kinetic.” 

3. For a statement of the principle of Hamilton to which 
appeal is first made we may refer to Lamb’s article on 
Dynamics in the ‘ Encyclopedia Britannica’ *. It is 

t! 

6 ( (T—V)dt=0, 
SE 

the time of transit being the same for the hypothetical as 
for the actual motion, andthe initial and final configurations 
prescribed. But in Fermat’s law we have 

a) 

8 (a=0, pe |S 0, 

where the co-ordinates are no longer those of particles of 
matter as in Hamilton’s principle, but successive points on 
the ray as the light-wave travels along, and the velocity of 
the ray is entirely different from the velocity of the indi- 
vidual material particles whose motion constitutes the light. 
Also, while the initial and final points are prescribed in 
Fermat’s equation the time of transit is not. 

* Eleventh Edition, p. 762. 
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Thus the expressions to be integrated in the equations. 
expressing Hamilton’s principle and Fermat’s law are quite 
distinct, and cannot be treated as identical. Dr. Mallik’s. 
conclusion appears to me therefore not proved. 

4, That this must be the case may be seen in the following 
manner. In the various elastic solid theories it has been 
shown that certain assumptions as to the elastie constants 
will lead to results consistent with the laws of refraction, 
and so of propagation through an isotropic medium in which 
the refractive index varies from point to point. This is 
sufficient to ensure that Fermat’s law shall be completely 
obeyed ; and the analytical condition that Fermat’s law 
shall be obeyed will therefore give no additional result 
regarding the potential energy. 

In the corresponding case of sound also the velocity 
of the particles of air and of the velocity of sound are 
obviously quite distinct. So that though Fermat’s law of 
least time also holds as a consequence of the ordinary sound 
equations * there is no fresh information to be deduced from 
Fermat’s law. } 

5. All this argument applies merely to dynamical theories 
of light, to which alone is there a satisfactory justification 
for applying Hamilton’s principle. It cannot therefore be 
convincing to those who regard the electromagnetic theory, 
with certain modifications, as holding the field. It is quite 
true, as Professor Mallik says in section 14 of his paper, 
that we can “interpret the intimate nature of the electric 
field” as possessing the same qualities as MacCullagh’s 
medium ; but this is different from being ‘‘led to conclude 
that all energy is kinetic.” 

GitpeRrt T. WALKER. 

XIV. On Fermat’s Law. 

Presidency College, Calcutta, 
27th April, 1918. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

T¥*HROUGH the courtesy of Dr. Gilbert Walker, I have 
been permitted to see in advance the letter which he 

has written to the Philosophical Magazine criticising a 

* See Rayleigh’s ‘ Sound, ’vol. ii. §289 in the Second Edition. 



Fermat’s Law. 159 

certain interpretation of Fermat’s law which I have given. 
He has very kindly suggested to me that I might offer 
a reply, if I wished, in the same number of the Magazine. 
I trust, therefore, that you will kindly permit me to offer 
not a reply, but some explanations on the subject. 

1. It will be useful in the first place to state my exact 
point of view. 

We have the dynamical equation 8\(I—V) dt=0 which 
gives a complete account of the motion of a dynamical 
system—in this case, the disturbed optical medium. 

We have also the equation 6\dt=0 (the dynamical sig- 
nificance of which requires investigation). 

Are these independent of each other? If so, the second 
equation can only be the equation of constraint. No such 
constraint can, so far as we can see at present, be well 

associated with the medium considered. 
If no such constraint can be postulated, we can only 

regard the second equation as identical with the first, in 
this particular case. 

2. Now in order that we should be justified in doing so,. 
it is necessary to admit that ¢ has the same meaning in both 
Hamilton’s vrinciple and in Fermat’s law. 

3. Dr. Walker maintains that this is not permissible as “ in 

Fermat’s law we have 6 las =0 or 6 AG, where the. 

co-ordinates are no longer those of particles of matter as in 
Hamilton’s principle, but successive points on the ray as the: 
light-wave travels along, and the velocity of the ray is 
entirely different from the velocity of the individual material 
particles whose motion constitutes the light.” In other 
words, Dr. Walker bases his argument on (2), which is 
derived from (1) by a mere analytical transformation which 
apparently imposes limitations (from the point of view of 
the present line of argument) on equation (1), not necessarily 
involved in it. In fact, the second equation may well be 

taken as 6 a where ¢'= Bs and may, as such, be held 

to give information regarding ¢ and ¢', whatever these may 
be (not merely s and v), so long as these quantities are 
related in any manner to the phenomenon of light propaga- 
tion. But the particular co-ordinates involved in ¢ and ¢' 
or their nature cannot well be regarded as alone implied in 
(1). I conceive, therefore, that the present line of argument 
is not crucial against my theory. 
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4. Moreover, it stands to reason that Hamilton’s principle, 
although it directly deals with a certain volume distribu- 
tion of energy, will naturally lead to equations giving pro- 
pagation of energy or disturbance, if T and V are appro- 
priate to such a propagation. ‘The latter equations may, 
in this event, involve a set of co-ordinates distinct from 
that involved in Hamilton’s principle und yet we may 
not argue that these equations are independent of that 
principle. 

5. It is now necessary to consider another difficulty, which 
Dr. Walker raises and which has always appeared to me 
of great importance. We know that Hamilton’s pee 
postulates that the initial and tinal configuration of ¢ 
dynamical system are prescribed and the time of transit of 
the system from the initial to the final configuration must 
remain unchanged. Now the first condition applies also to 
Fermat’s law and the second condition may be impesed on 
it, if we take the time of transit to be that from one wave-front 
to the next. This, however, may deprive my conclusions of 
a part of their generality, but only in a manner which it is 
ae ro to decipher at present. 

As to the contention that “in Hamilton’s principle the 
ee are those of particles of matter,” I am doubtful 
whether this limitation will be universally acceptable. I 
rather think, given the forms of T and V,in a medium which 
is the seat of energy, Hamilton’s principle will be applicable, 
though we may be unable to determine the intimate nature 
of the constitution of the medium which determines T 
and ¥. In order to arrive at these forms, various hypotheses 
have to be framed, and we thus get various forms of Tand V 
and corresponding optical theories. From this point of 
view, the electro- magnetic theory with or without modifica- 
tions may well be regarded as «a dynamical theory. This 
may meet the difficulty to which Dr. Walker refers in 
para. 5. 

7. I must admit, however, that even if the identity 
between Fermat’s law and Hamilton’s principle can be 
established, I have not been able as yet to prove that 
T—V= constant is the only solution. ‘lherefore, although 
I cannot think of any other solution (T— V=/(é) being 
inadmissible, on the principle of energy), I have modified 
my ¢ conclusion and now content myself with saving (in my 
hook) that we “may take T—V =constant.” 

8. This seems to be all the more desirable in view of 
«what I have stated in paras. 1 and 5. I do not therefore 
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claim to have proved that all energy is kinetic. I only 
suggest that Fermat’s law is capable of an interpretation 
‘sae will yield this conclusion. I trust the proof will be 
forthcoming in due course. At present, however, I have no 
illusion on ibd point. 

Yours truly, 
D. N. Matuix. 

AV. The Principle of Molecular Scattering of Radiation. 
By Sir Joserga Larmor, F.R.S.* 

FUNDAMENTAL element in the theory of radiation is 
the principle first elucidated by Lord Rayleigh 7, that 

when light is scattered by the particles of a fog or haze, or 
even by the molecules of the air, they act independently, 
without sensible mutual interference as regards the distri- 
bution of the energy. 

The condition necessary for this independence is that ae 
disturbances (such as strain, velocity) must arrive from the 
scattering particles in phases which are entirely uncor- 
related : so that on an average taken over a short interval 
of time, the square of the sum of the disturbances is equal 
to the sum of their squares, and thus the total energy would 
come from addition of energies of independent scattered 
disturbances. 

This condition will be secured if the scattering particles 
are distributed at random, provided the intervals between 
adjacent ones are substantial fractions of the wave-length 
of the radiation that is being scattered: for then the phases 
of the scattered disturbances coming from adjacent particles 
will be uncorrelated. It holds good usually for particles of 
dust in the atmosphere. But in the case of a gas there are, 
10° molecules in a cubic wave-length, and in the case of a 
liquid or solid 10°, giving differences of adjacent phases of 
the order of only 10~? of the period in the former case and 
107? in the latter. 

Even for a gaseous medium the question thus arises, 
whether it is wrong to consider the distribution of the 
scattering molecules as based upon uniform spacing, but 
subject to uncorrelated deviations from this regularity which 

* Communicated by the Author. 
+ Proc. London Math. Soc. 1870; Phil. Mag. x. 1880 ; and later 

papers, including the one under special reference i in Phil. Mag., Dec. 1918. 

Phil. Mag. 8. 6. Vol. 37. No. 217. Jan. 1919. M 
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obey the law of statistics of gas-theory and amount at most 
to a few hundredths of the wave-length. ‘This representation 
would seem to be permissible, at any rate for each group of 
say about 10° molecules occupying the cubic waveslength ; 
and such groups will be practically independent. 
Now if the molecules were spaced with exact uniformity 

at distances of smalier order than the wave-length, as they 
are in a crystal, the disturbances scattered from an incident 
beam, instead of being additive as regards their energy, 
would interfere completely ; so that there ought to be no 
radiation scattered in traversing a crystalline medium. This 
has in fact been remarked by Lord Rayleigh in his recent 
paper*, and I think previously by Prof. Lorentz. A beautiful 
experiment by Prof. R. J. Strutt, which I had the advantage 
of seeing some time ago, showed that the actual scattering 
in a column of quartz crystal was small compared with what 
occurs in optical glass or even in a liquid such as ether. 
Quantitative comparison would be of interest on various 
grounds. 

This principle that a crystal should scatter no radiation 
seems to be unimpeachable, provided the molecules are fixed 
and do not partake of tiermal agitation. And it seems 
difficult to see why it should not also apply to the molecules 
of a gas, if they could be regarded as fixed while the 
radiation is passing, subject to correction for the statistical 
deviations aforesaid from their mean positions. 

If this were so the individual molecules of a gas, and 
a fortiori of a liquid or a solid on account of their closer 
packing, ought in conjunction to scatter radiation far less 
than they would do separately, the reason being the vast 
number contained in a cubic wave-length and the statistical 
regularity of their distribution. And accordingly Lord 
Rayleigh’s announcement f that the blue sky could be due 
to scattering by the molecules of the air itself came as a 
surprise, which subsequent quantitative verifications did not 
wholly resolve. 

The suggestion now to be advanced for consideration is 
that the principle is to be maintained, even to some extent 
for crystals, but its logical basis is to be shifted. 

The molecules of the atmosphere are in thermal motion, 
with velocities in uncorrelated directions which are at 
ordinary temperatures of the order of 107° of that of 
radiation. The wave-length of the radiation scattered from 

* Phil. Mag., Dec. 1918, p. 445, footnote. — 
+ Phil. Mag. 1899; Scientific Papers, iv. p. 397. 
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them will thus vary within a range of 10~° of itself. If the 
phases of the scattered radiations are correlated at first, after 
traversing 10° wave-lengths or 50 cm. they will have become 
fortuitous, and the energy-effects thus additive. 

This consideration, if justified, would find the source of 
Lord Rayleigh’s principle in the uncoordinated thermal 
motions of the molecules. And as in a crystal thermal 
vibrations are contemplated about the mean positions of the 
molecules in the space-lattice, there ought to be some degree 
of scattering in traversing a crystal. 

This way of envisaging the matter contemplates a scattered 
beam of radiation of wave-length slightly indefinite, on 
Doppler principles, in which therefore the phases of the 
constituent elements become fortuitous after travelling a 
substantial though not very great distance. Other influences 
of radiation on the gas which are also adjusted over a 
considerable range in distance would be implied: the mole- 
cular effects connected with pressure of radiation would be 
expected to belong to this class. 

Some confirmation from another point of view seems 
desirable. The scattered radiation, forming a spectral band 
of some slight breadth, may be considered as resolved into 
more homogeneous constituents. The radiation in one of 
them has been scattered at each instant by molecules whose 
thermal velocities agree within close limits as regards both 
direction and magnitude: these molecules constitute a sparsely 
distributed group whose distances apart can be of the order 
of the wave-length, so that the condition necessary for 
fortuitous phases 1n the scattered disturbances is satisfied. 

The interesting remark is made by Lord Rayleigh (p. 445) 
that the radiation scattered nearly in the direction of the 
primary rays is specially favoured, in that ali its components 
nearly agree in phase. The question arises whether this 
would not make a clear sky very much brighter within a 
few degrees of the sun than at some distance away from it. 
Here also the slight variety of wave-lengths arising from 
the thermal motions of the scattering molecules would seem 
to reduce or perhaps nearly remove such disparity. 

Cambridge, Dec. 16, 1918. 
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XVI. The Eneryy in the Electromagnetic Field. 

To the Editors of the Philosophical Magazine. 
The University, 

; Sheffield. Drak Sirs,— Nov. 6th, 1918. 
y N. your issue of August, 1917", Mr. A. H. Biedermann 
5 raises certain objections aiainst my criticism of his note 
on the “ Hnergy of the Blectrom: agnetic Field,” on the score 
that this criticism does not in fact dispose of the fundamental 
difficulty which necessitated his ‘modification of the ule 
expression for the magnetic energ eyes 

The main point at issue seems to be whether the extra 
term in the magnetic energy, viz. 

Mah Cae 
3 (dis A’)? , 

A being the vector potential, is zero or not in the eases with 
which Mr. Biedermann deals. I asserted in fact that it was 
zero, without offering a proof of the statement, but. he still 
eotihends that this eeneiicn cannot be justified. However, © 
he agrees that if it is possible to prove that a certain np ei 
line integral vanishes, then his contention falls to the ground 
and therei is then nothing in his modification. This integral i 1s. 

{yes E—COS a, COS Hs ae sy 
ny fp 

taken round any two closed curves in space, a, &, € being 
the angles the elements ds,, dsg make respectively with the 
radius 7 joining them and with one another. 

Now it is easy to provet that 
d?r 

COS €—COS & COS 4p = Y———" 
t en ds, ds, 

and thus the integral is 

ad’ 
Le ds, ds, dss 

and obviously vanishes. 
Tam, 

Yours very truly, 
G. H. Livens. 

* Circumstances over which I have no control have prevented my 
answering this letter before. 

+ The details of the calculation are given in Poincaré, Electricité et 
Optique (2nd Ed. Paris 1901), p. 2383. 
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Illustrating the Interferences in the Field surrounding a reflecting 

cylinder and the decrease in the visibility of the fringes with 
increasing distance from the cylinder. 
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Mllustrating the Emission of Light by the Boundary of a 

Circular Diffracting Aperture. 
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Illustrating the Emission of Light by the Edges of Apertures 

with Rectilinear Boundaries. 





THE 

LONDON, EDINBURGH, ann DUBLIN 

PHILOSOPHICAL MAGAZINE 
AND 

JOURNAL OF SCIENCE. 

[SIXTH SERIES.] 

— Bal! fed U 9 
FEBRUARY 1019. FEp of 

: ‘ 0 2 ox 

XVII. The Absorption of X-Rays. ** ae 
By Tycuo E:son Aurién, Dr. phil.* ~~ 

I. Method of Investigation. 

ee Moseley has ascertained that there is a simple 
relation between the frequency of X-ray spectra 

and atomic number, we may readily assume that there 
will be a_ similar relation when examining X-ray 
absorption in different elements. By way of ascertaining 
this kind of relation, I have made determinations of 
absorption in a number of elements. In so doing I have 
introduced a method of investigation which I have more 
particularly described in a preliminary paper{. This 
method has in view, by means of a procedure of com- 
pensation and by using a non-homogeneous radiation, 
the endeavour to determine the relation between the 
absorption coefficient of a certain element and the same 
coefficient of water. As materials for investigation I have 
preferably made use of chemical solutions, because a great 
number of elements are not obtainable in solid form, 
whereas they are easily obtainable in soluble compounds. 
As the method is adapted for determination of relative 
absorption coefficients, and these, only excepting the 
lightest elements, at least within a not too wide range, 

* Communicated by the Author. 
Phil; Mags xxxin. p. 471 (1917)- 

Phil. Mag. 8. 6. Vol. 37. No. 218. Feb. 1919. N 
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are independent of the wave-length, we have reason to 
believe that the fact that the radiation has not been quite 
homogeneous must be of less importance. Corrections can 
also easily be made for the absorption produced by 
scattering in the lighter elements, as will be shown below. 
In determining the ‘absolute absor ption coefficients by means 
of the method generally adopted, the irregularities in the 
action of the generator and the variations of the gas 
pressure in the bulb create appreciable difficulties by 
altering the composition of the radiation. Using homo- 
geneous radiation obtained by reflexion on a crystal and 
using the ordinary method, Bragg and Peirce * have made 
a series of experiments, but the authors represented them 
as being merely preliminary and announce that they intend 
to renew the experiments by the aid of a compensation 
method. These experiments recently have, however, been 
repeated by Owen f. In the following pages I shall revert 
to an experiment performed by Hull and Rice} with the 
aid of very hard homogeneous rays, which research, how- 
ever, only includes the elements Al, Cu, Pb. I shall also 
review a research recently published by Barkla and 
White §, which has also been worked out by using a 
homogeneous radiation and which likewise includes a few 
elements only. 
My preliminary experiments, published in my paper 

above mentioned, have been continued, and I am now going 
to give the results obtained. In_ these experiments I 
have particularly endeavoured to make determinations with 
more accuracy and to perform them so as to make them 
comparable as far as possible. In order to increase the 
sensibility of the method I have in the later experiments 
used a more sensitive electromete string-electrometer 
from A. B. Vetenskapliga Instrument, Lund, Sweden, which 
gave an indication of about 12 divisions on the scale for 
1 volt, and the current in the bulb had amounted to 2 milli- 
amperes and in this way the intensity of radiation appreciably 
increased. By way of obtaining fully comparable results 
I have tried, in all my experiments, to keep the composition 
of the radiation as constant as possible. The generator used, 
a high-tension transformer of 4 kilowatts, has been working 
very evenly. The generator was charged so as to keep a 
constant potential difference between the electrodes in 

* Bragg and Peirce, Phil. Mag. xxviii. p. 626 (1914). 
tT Owen, Proc. Roy. Soc. xciv, no. A 664, p. 510 (1918). 
t+ Hull and Rice, Phys. Rev. ix. p. 326 (1916). 
§ Barkla and White, Phil. Mag. xxxiv. p. 270 (1917). 
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the bulb. The same bulb, a Siemens’ tungsten bulb of 
Grundelach type, with fin radiator for cooling the anti- 
cathode, has been employed in all experiments. But as 
the composition of radiation, in the case of an intermittent 
current, depends not only on the potential difference at the 
bulb but also on the gas-pressure in it, the greatest pre- 
caution has been taken to keep the gas-pressure as constant 
as possible. For this purpose the current in the bulb has 
been steadily controlled by means of a milliamperemeier, 
and by a careful and continual regeneration ot the bulb 
it has been possible to keep the current very nearly constant. 
That the composition of the radiation has not undergone 
any alterations such as to have appreciably influenced the 
results is evidenced by the fact that different experiments 
repeated on different occasions with one and the same element 
have given very nearly the same results. 

Both absorption vessels (H and F in fig. 1) having a 

Fig. 1, 

| Cc 
—220 volt a 

Electrometer 

+220 volt 

diameter of 3 cm. are placed at a distance of 12 cm. from 
their respective ionization chambers, whose front is made of 
lead plates, in which there are round openings of a radius 
of 2°5 em. covered with mica. The position of the bulb 
has been adjusted so that with the same thickness of the 
layer and the same liquid in the two absorption vessels 
the intensity of both the ray-pencils penetrating into the 
ionization chambers should he as nearly alike as possible. 
The distance from the focus to the ionization chambers is 
42 em. Between the absorption vessels and the bulb there 

N 2 
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is a leaden screen (N) at a distance of 20 cm. from the focus. 
In the screen there are also made two round openings of a 
radius of 2 cm., through which are admitted the ray-pencils 
that are to pass through the absorption vessels. In front of 
the openings are placed aluminium plates (P), which in the 
experiments have been used as filters for the rays. These 
filters were of four thicknesses—z. e. 1°25, 2:5, 3°0, and 
10°0 mm.—and are marked, in the following, by I., IL., 
Iil., 1V. The mean wave-length of the four different com- 
positions of radiation when using these filters is indieated 
in Table I. 

Concerning the y-rays Keetman * has shown that, in order 
to obtain reliable values of the absorption coefficients, two 
conditions must be fulfilled. First, the absorbing layer 
should be exposed as little as possible to oblique radiation ; 
secondly, the rays coming out of the absorbing layer in 
such a direction should, as much as possible, be excluded 
from the ionization chamber. There can be no doubt but that 
experiments for the purpose of determining the absorption 
coefficient in the case of hard X-rays give more or less 
inaccurate results if the said conditions are not approximately 
fulfilled. As in the experimental arrangements above 
mentioned the ray-pencil entering the ionization chamber 
seen from the focus and the absorbing layer has not had 
greater opening angles than 5°5 and 12° respectively, and 
as the diameter of the absorbing layer has not been more than 
3 cm., the conditions mentioned may safely be considered as 
very nearly fulfilled. To be sure that no error might arise 
from the possible admission of scattered rays from the 
absorbing layer into the ionization chamber, special expe- 
riments were undertaken, in which the absorption vessel 
(EK, and E,) when being irradiated was displaced so that the 
distance to the ionization chamber was diminished from 12 
to 1:5 em. without the direction of the incident rays being 
changed in relation to the vessel. The experiments have 
shown that when the distance is greater than 3 or 4 cm. the 
position of the absorption vessel has scarcely any measurable 
influence on the results. In regard to this fact, O. Klein T 
has undertaken a mathematical explanation, to which I here 
beg to refer. The same problem has also recently been 
discussed by Glocher f{, and his results agree very well with 
those found by Klein. 

The relation between the intensity of both the ray-pencils 
‘* Keetmann, Ann. der Ph. lii. p. 720 (1917). 
+ O. Klein, enfra, p. 207. 
ft Glocher, Phys. Z. xix. p. 251 (1918). 
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sometimes happened to undergo small changes, which have 
had a disturbing effect on the measurements. These 
changes seem likely to depend on the position of the focus 
being changed. Yo be independent, in the highest degree 
possible, of this source of errors I have used two cuvettes 
beside each other (EH, and E,), which have been so arranged 
as to be pushed alternately into the path of the rays. 
One of the cuvettes has always been filled with water, while 
the other has been filled with the liquid whose absorption 
was to be determined. When solid elements were examined 
the latter cuvette was emptied and in front of it a plate of 
the element in question was placed. 

The procedure of measuring has been as follows :—When 
the cuvette filled with water had at first been placed in the 
path of the rays and the thickness of the water layer in 
comparator (cuvette I’, fig 1) had been adjusted so that the 
electrometer gave no indication, the other cuvette, con- 
taining the liquid whose absorption was to be determined, 
was imniediately pushed into the same position ; whereupon 
a new adjustment was effected. The difference between the 
two adjustments then indicates the difference of absorption 
in the two cuvettes. As a rule several such adjustments 
have been made, which, however, have seldom differed by 
more than in maximo 5 per cent. The absorption coefficients 
given in the following pages are calculated from the mean - 
values of the experimental observations. The thickness of 
the liquid layers contained in both the cuvettes was about 
lcm. By special observations the thicknesses of the layers 
have been accurately determined. From these determina- 
tions I could measure the thickness of a water layer that 
absorbed just as much as a layer of the thickness of 1 cm. 
of a liquid or a layer of known thickness of the solid 
substance in question. 

If the thickness of the water layer whose absorption is 
equal to a layer of the thickness of 1 cm. of a certain sub- 
stance be supposed to be d cm., and the respective absorption 
coefficients of the water and of the liquid in question to be 
Hy and ps, then by means of the absorption law [=I,e-r4, 
where I stands for the intensity of transmitted radiation and 
I, for the intensity of incident radiation, we obtain the 
equation :— 

I,e te = he's 

from which follows that 

Bs 

My 
a 
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Lia A/H,O designates the molecular absorption coefficient 

of a certain substance (A) in relation to the molecular 
coefficient of water, then when the said substance is 
supposed to contain m and water 55:5 mols per litre, 
we obtain the following formula for the calculation of this 
coefiicient : 

Dood 
“ 4/H,O — baa °° ° . * . e e (1) 

As shown by researches by Winaver and Sachs*, Glocker ft, 
Barkla and White f, etc., the absorption coetticient of water 
increases with increasing wave-length much more slowly 
than is the case with absorption coefficients of substances 
containing elements of higher atomic weight. In section IV. 
I shall givea detailed account of the matter and its cause. For 
that reason it is less suitable, in values obtained when the 
composition of radiation has been varied, to use the molecular 
absorption coefficient of water as a unit. The coefficients 
calculated after formula (1) have therefore been recalculated 
so as to give values corresponding to the atomic absorption 
coefficient of copper. If €Cu/H,0 designates the atomic 

absorption coefficient of copper in relation to the molecular 
absorption coefficient of water, we thus obtain 

 4/H,O (2) 
K = A/C 

CE ie es eo) 

Benoist was the first to advance the hypothesis that in 
chemical compounds, as well as what has been ascertained 
in regard to mixtures, the total absorption can be calculated 
from the absorption of the respective components by simple 
addition. This assumption has later on been regarded as 
satisfactory, a fact which is also in accordance with my 
former experiments. If in a molecule of a certain substance 
(A) there are n, atoms of the element a, n. atoms of the 
element a2, &e., we consequently suppose that 

£aiou = MaKe tout 22% a,)0ut "3% a,/Cut wes at aaa 

When chemical compounds are used it is evidently 
most profitable for attaining a greater accuracy to choose 

* Winaver and Sachs, Phys. Z. xvi. p. 258 (1915). 
+ Glocker, Phys. Z%. xvili. p. 932 (1917). 
ft Barkla andWhite, Phil. Mag. xxxiv. p. 270 (1917). 
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compounds in which absorption is dependent as much as 
possible on the element examined. When we calculate 
absorption of substances in solutions we have to correct the - 
observed values in respect to the influence of the solvent. 
All the values below are corrected in this manner. 

In calculating Ex 10n I have made use of the mean values 

of € On /H,O obtained when examining Cu in metal form and 

in water solutions of CuCl,, CuSO, CuNO, (Table VII.). 
By the aid of the values exhibited in Barkla and White’s 
paper on the mass absorption coefficient of copper and water 
in case of different wave-lengths xq, /H,o 629 be calculated, 

and by interpolation one can readily find the wave-lengths 
corresponding to the values found by the writer for «q, 7 6; 

. 2 
In the Table below I have given the values obtained for 
the mean wave-lengths (A,,) in the four cases with different 
compositions of radiation. Likewise I have indicated the 

_ values ot the mass-absorption coefficients of Cu ‘a 

corresponding to these wave-lengths, which values have 
been obtained by interpolation between the values given 
by Barkla and White. 

Tape I, 

Filter, Mu 

Notation. ON * © Cu/H0° Nn p Ce 

TR: 1°12 GS9 0-38 710 

Leas 2°50 67°8 0°36 5°92, 

11 Wh haere 500° 576 0°34 4:89 

Be: Aen 10°60 48°4 0°30 3°73 

In the table, as well as in the following demonstration, 
the wave-lengths are denoted by the Angstrém units 
PAH. =10-* ¢m.). 
By filtering, most of the waves of greater wave-lengths in 

proportion are done away with, by which means radiation 
for an increasing thickness of filter is more and more apt to 
be homogeneous. Of course the range in which the wave- 
lengths fall has had an appreciable extension on both sides 
of the above-mentioned mean wave-lengths. Among the 
substances examined, certainly the characteristic wave- 
lengths of K-radiation for Sn, I, and Ba have fallen 
within the range mentioned. This is evident from the 
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strong increase of K «/H,0 (see Table VII.) for these 

elements ; while there is decrease in intensity of rays of 
a greater wave-length on increasing the thickness of the 
filter. Values for elements that fall within what is called 
selective absorption range are not comparable with the 
other values. No doubt this range has also extended to 
substances whose atomic numbers lie next below the 
numbers of these elements, but probably the intensity of 
radiation within this section of the wave-length range 
must have been much less. In order, as much as possible, — 
to do away with errors that would arise from this cause, 
it does not seem to be advisable to include the values 
obtained when using filter I. for the substances St (Neg, = 

0:767), Mo (Acg =0°633), Rh (Acg =0°537), and for the 
substances Pd (Acg =0°521) and Ag (Ace, =0°491) when 
filtering with I. and II. 

Il. Haperimental Results. 

By comparing the absorption coefficients in compounds 
whose molecules only differ from one another by one or 
more atoms of oxygen the relative atomic absorption 
coefficient of this element can be determined. In my 
first experiments water-solutions of NaClO; and NaCl were 
employed for this purpose; but in the experiments de- 
scribed below I have preferred to use certain pure organic 
compounds which, at ordinary temperature, are obtained 
in the form of liquids. This is done on the ground of 
absorption for these substances being determined to an 
appreciably greater extent by the absorption of oxygen 
than is the case with NaClO, and similar combinations, 
which, in addition to oxygen, contain heavier and at the 
same time more strongly absorbing substances. The sub- 
stances used have been free from water and, moreover, 
in chemical purity the best obtainable. In the following 
table are noted down the substances used as well as the 
values found for « A/H,O in the compositions of radiation 

which have been got by means of the above-mentioned 
four different aluminium filters (I., IL., III., IV.), and 
also the differences of these values for two compounds 
which in regard to molecular composition differ from each 
cther only by one atom of oxygen. These differences 
(*o/H,0) thus indicate the atomic absorption coefficient of 

oxygen in relation to the molecular absorption coefficient 
ot water. 
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The values found for Kongo» #8 shown from the table,. 

agree very fairly. On the ground of the additive law 
and by the aid of the mean values above, we find corre- 
sponding values for hydrogen, HHO" if the molecular 

absorption coefficient of water be denoted =1: 

iE: A. iif. IV. 

Ho = 0-052 0:061 0:078 0:094 

In the same manner, by means of the values found for 
HELO and Ko/H,0° the corresponding coefficients for C 

may be computed. In the following table we again find 

the values obtained from the observations for Ky HO. 

indicated in Table II., and also those obtained from 
observations relatively to methyl alcohol and_ benzene: 
(Table IV.). 

TABLE IIT. 

Atomic absorption coefficients for carbon in relation to the 
molecular absorption coefficient of water. 

iE: iT: ie av 
Substance. 

“c/H,0° “c/H,0* “C/H,0*  “o/EeOm 

Methyl formate, C,H,O, ...-.....2..00- 0°450 0:475 0°490 0°525 

Paraldehydes Cp His, Oy x05 et coniewsn Uaar 0°463 0469 0:497 0°526 
Propionic acid, C5H,O)) 2) ....3s2 fopem. 0°457 0487 0488 0°524 

Ally¥ alcohol (Cy Oy, ioc ieie seloeene 0°460 0°502 0°522 0°544 

Acotone, CHG Qs oa igacs ep leadenss .coueaes 0°460 0°489 0-489 0°5038. 

Carbonic acid dimethylester, C,H,0, 0°450 0-487 0°530 0°536. 

Ethyl formate; (CEO), 7:...0:-2snee een 0°452 0-479 0505 0°540 

Methiylal, CoO. 7 5.Gae nc. cesseees 0°4535 0479 0512 0°547 

ksopropyl alcohol, C,H 0) v....s.ccck. 0°445 0°495 0°534 0°531 
Ethyl acetate, CjTi,O8 2.02. oi cccueee tae 0:485 0°509 0:529 0°566. 

Methyl ethyl ketone, CsH,O ......... 0-469 0°504 0°518 0:572 

Benzyl alcohol, C,H;CH,0............ 0°467 0485 0:507 0°547 
Poluol; CAC Hw heads esau aceeweares 0-468 0478 0°492 0°505. 

Octyl aleoliol CHE O22 oie ener 0:463 6-493 0°504 0:516 
Octane, \G, Hg Macc sole tie aaa 0:470 0-490 0:502 0°515 

Methyl alcohol; CHjO...2..c20ceeeee 0°485 0°58 (494 0521 
Benzene, CMe ich... gp anecaaeemand 0-488 0°506 0°514 0°543 

Medan “s.)a:.aceeads 0°462 0°490 0:508 0°533 

There is a very fair agreement between the values found 
from different compounds, as appears from the table. 
There dves not appear to be any difference between carbon 
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from alifatic and aromatic compounds. If the mean 
values are computed from the alitatic substances (14 in 
number) in the first case and from the aromatic com- 
pounds (3 in number) in the second, in which latter case an 
atom of carbon in toluol and benzyl alcohol is supposed 
to have the same absorption as in alifatic compounds, 
then we get: 

iu LE IL. TV. 

Alifatic compounds ... 0°46 049 0°50 0°53 
mromatic 5, at pee. OMAN.’ Oso 

Thus we get almost identical values from the two kinds of 
compounds. A difference which I formerly have found in 
this respect is entirely elucidated by the fact that, as I pointed 
out at the time, the values for hydrogen and oxygen were 
not determined with sufficient accuracy. 

It has seemed to me to be of particular interest to 
examine how far the absorption of carbon in a solid form 
has the same magnitude as that of carbon in chemical 
compounds in liquid state. Therefore I have made several 
experiments on graphite plates. Here, however, we have 
the difficulty that completely pure graphite is hardly 
obtainable. Interspersed extraneous matters, most fre- 
quently consisting of heavier and hence more strongly 
absorbing elements, may, even in minute quantities, play 
an appreciable part in absorption. Professor C. Benedicks 
has kindly placed Acheson graphite plates at my disposal, 
which on chemical analysis have proved to contain solely 
0-2 per cent. of ash substances, chiefly consisting of Fe. 
On examining this sort of graphite, the following values 
have been established :— 

F HE If. IV. 
KO) HO (Acheson graphite)... 0°59 0-61 0°62 0°62 

The values thus obtained are markedly higher than those 
found by examining organic compounds. Owing to the 
included metal particles “these values are certainly a little 
too high, but the stated proportion of ashes does not seem 
to be so great that the difference can be fully explained by 
it. It may therefore be possible that carbon in the form 
of graphite is more strongly absorbing than in the form of 
organic compounds. Possibly the erystallic structure may 
hae some influence. As, on the other hand, the influence 
of the included particles cannot with certainty be established, 
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the importance of the here observed difference can hardly 
be discussed more in detail. Yet I should wish to add 
that on examining other kinds of graphite I have found 
about the same difference. Since the chemical compounds 
examined must be regarded as particularly pure, and in 
any case not to contain heavier elements, we may surely 
assume that the values found for Konno are thoroughly 
reliable. ; 

In the following table are given, by means of the 
values found for kK, /H,0° “o/H,o” and Ko /H,0° the calculated 

values of KAO for the organic compounds mentioned 

above, compared with corresponding observed values. 

TABLE LV. 

Comparison between calculated and observed values 
for € 4 77,9 1 organic compounds. 

ip LE. Ik IVs 

Babstances, Obs. Cale. Obs. Cale. Obs. Cale. Obs. Cale. 
Methyl alcohol, CH,O ............ 159° 1:57 «-1°62::1°61 «165 Toe ia 
Methyl formate, O,H,O, ......... 9-90 2:92 295 2:98 2:98 3:02 305 3:07 
Allyl aleohol, @HOi.e2!s.2. sees 2°59 2:60 275 2:71 2:88 284 “sOL 20s 
Acetone; OMe iirc cae saleenees 2°59 260 2°71 2:71 2°78 2:84 saeseee 
Propionie acid JOSE IO) sescen oo Joc 3°47 349 3°58 3:59 362 368 3°76 379 
Ethyl formate, C3H,O, ............ 346 349 356 359 366 368 381 3°79 
Carbonic acid dimetylester,C,H,0,4°35 439 446 447 459 452 461 460 
Isopropyl alcohol, C,H,O......... 2:65 2°70 2°85 2:84 3:07 2:99 316 3:17 
Methylal) CjHsO jes. ia. 24.04 ares. 3°57 360 368 371 3:85 384 402 3:98 
Methy] ethyl ketone, C,H,O...... 3:19 316 338 333 361 3:50 3:90 370 
Ethyl acetate, O,H,O, .,....-.-0.: 415 406 428 420 443 434 463 451 
Benzene, Fieve dvcosecetiegee ws 325 3:09 3840 331 3:55 352 383 377 
Molwol, 0, HBC Eigse: noses dense 366 365 385 392 408 418 442 449 
Benzyl alcohol, O,H,CH,O ...... 458 455 477 480 502 5:02 5:28 5:30 
Paraldehyde, Cen cOs sees ees 6:09 6:09 6:24 631 646 652 671 6°77 
Obetane: (Cos Gn a sebueeuaneee eee 470 464 5:02 502 542 5:47 582 5:96 
Octyl alcohol, C,H, 0} 1.25.0 .225- 554 554 592 590 6:28 631 664 678 

deter- For nitrogen I have calculated NEO from the 

minations of « 

where besides N only H, O, and C are component parts. 
In determining KELO for other elements than those now 

w/o for the compounds given in Table V., 

dealt with, chemical solutions of different kinds have been 
used. By determining « A/H,O for H,SO,, Na.S,03, HCl, 

NaCl, and NaOH (Table VII.), and also by the aid of 
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values found oe of Ko 1,0 and iy /H,0> I have calculated 

“A 1,0 for the radicles given in the table below. 

Tasie VI. ' 

Absorption coefficients of some frequently-used radicles in 
relation to the molecular absorption coefficient of water. 

Radicle. I, II. iW WIA TVs 

COS Be mere 0°95 0°94 0°92 0-91 

INGE los aie 0:80 0-91 1:07 118 

INO): | ie ee S27 3°30 3°29 3:24 

SO) kame LaF 10°57 9°46 8-26 

Krom the observed values for Ky O in the compounds 

examined have been deduced the above values, when 
with the respective elements the mentioned radicles have 
been allied, or when other radicles have been allied, A 

the values in the following table :— 

TABLE ‘VL 

Atomic absorption coefficients in relation to the 
molecular absorption coefficient of water. 

aaa Element. eco I. IG III. IV. 

1 A, ne yee. 0:052 0061 0078 0-094 
3 Ti) UO, oc ees 027 029 030 080 

TNO, em 016 O24 030 037 

Mean ...... 0-21 0:26 0°30 0 33 

4 Bos BeeN Oa, aan, ix. 031 O82 042 086 

5 Be eae + 050 049) 05 aan 

6 o ) Venable me). 046 049 O51 053 
7 N (Qables... 059 O67 O76 080 
8 O ) (eae mon 090 O88 084 O81 
9 e Omega. 1-43 485 199° ee 

16): Na NaOH ae 216 301 187 166 
12 9 Mie, Mp SOU tiie. 273 298 226 147 

Me(NO eu. 248 286 186 158 

Mean ...... 2:60 2:31 2°06 1°67 
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Atomic 
ee Element. ee 1b, IT. JUEE: IV. 

Bia ae ARG ee S82 756 . 654, Mine 
FASOg 882. 796° 687 | Gas 

ene 882 76 670 54q 0 
55 | a ia Enea es. 1256 1137 984. 804d 
34 Se; So@umeene van 143-0 1240 1095 929 
65.5 Abe einer ae. 1525 1877 1199 1000 
Sir ey gabe Le ke 2043 1821 1580 198-4 
38 Si av( SHOE amen os 2072 1838 1646 140-4 

SeNGnn a 2078° 1880 1688 1426 

Mean.,.... 2075 1859 1664) NMMiselml 
42 Mo Mo,G.(NH,. |! 967, (980 7" /o16 Seems 
Be) (Geet, rena) anal 310.'' 298. 266 ae 
RAUB sia) Bane ac (Ce ani 933. «gal! 988) aa, 
Be ot Shinai Yk Ry Mg) ee 3927 322 3818 247 
50 Sa iWeb wes. eee S81. 364. . B72h ae 
53 Tig? Neat conael ts Jee 326 352 356 366 
BGi i Wino Bacar iies aia 340. SB Bez) | aes 
22), uhBb VA EBINIO)) ee) 675 608. (4A 

Generally the values of one and the same element which 
have been obtained from different solutions agree very 
closely. Only when using the hardest radiation (IV. 10 mm. 
Al-filter) the difference seems to be somewhat greater on 
certain occasions. The agreement in this case being less 
good may in some part be due to decreased intensity of 
radiation, and, theretore, the adjustment of the comparator 
is more difficult. The principal cause is surely that a 
small variation of the wave-length, in the almost homo- 
geneous radiation, must have a proportionally greater 
influence than when radiation has been less homogeneous. 
The agreement of the values found in solutions of chemical 
compounds with those found in the scrutiny of metals in 
solid form (Fe, Ni, Cu) is particularly good. So there does 
not appear to be any occasion for doubting the correctness 
of the idea that absorption is purely an atomic quality, and 
consequently that it is independent as well of the aggregation 
form—except perhaps for C, as was said above—in which 
the substance is taken as of the manner in which it enters 
into compounds. More especially the strong rule of the 
additative law is corroborated by the experiments shown 
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in Table IV., for which the absorption coefficients of the 
constituent parts are more elaborately determined than in 
respect to other elements and for which the agreement of 
observed and calculated coefficients is also the best possible. 
The deviations from the said law that certain authors think 
they have found may probably be due either to the error 
of neglecting the absorption of the lightest elements or else 
to experimental errors. 

For reasons previously mentioned (p. 170) the vaiues 
of x a/H1,0 found for the different elements have been re- 

calculated for the purpose of obtaining corresponding 
coefficients in relation to the atomic absorption coefficient 
of copper; Xp, 18 arbitrarily put equal to 100. For the 

elements Li-V, besides the values found directly from the 
observations, the corrected values are also stated, which have 
been obtained in a way that is stated more in full below 
(p. 187). The values given in parentheses are not included. 
in the calculated mean values. 

TABLE VIII. 

Atomic absorption coefficients for the elements below in 
relation to the atomic absorption coefficient of copper. 

Z. Element. iis if. was EW. Mean. 

1 13 Rt ee aaa obs. 0-067 0:090 0136 0-195 
corr. 0-00 0:00 0-00 0:00 0:00 

a FR Nea obs. 0:27 0:38 0°52 0°68 
corr. 0:07 O-ll O11 0°10 0°10 

4 ee sk obs. 0°39 0:47 0:73 1:16 
corr. 0°12 O11 0:19 0°38 0:20 

ay Beas, a obs. 0°63 0°72 0-97 1:24 
corr. 0°30 O27 0-19 0-26 0°25. 

Ee 0 aa ole ie obs. _ 0°58 O72 0:89 1:10 
corr. 0°31 0°36 0-34 0°32 0°33. 

"i Tg Moe eet obs. 075 0-99 32 1:66 
corr. 0:28 0:36 O37 0°29 0:32 

8 Oe ts obs: be 1:30 1°46 167 
corr. 0°86 0:94 0:92 O'sy 0-91 

9 RA obs. 1°81 1:99 2°24 2°36 
corr. 1:48 1:54 L356 137 1:50: 

11 Wace: ce. obs. 2°74 2°96 3°25 3°43 
corr. 2°27 233 2 2°06 2°24 

12 Ne ees obs. 3°30 3°41 3°58 3°45 
corr. 3°03 3°05 3°04 2-67 2°95 

13 5) Peer a obs. oli 5°40 5°61 5°76 
corr. 4°84 4:95 _ 4:93 4°78 4°87 

Phil. Mag. 8. 6. Vol. 37. No. 218. Feb. 1919. O 
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Z. Element. TL. II. ITI. IV. Mean. 
1 ee alco ule aaneae obs. 7°45 745 7°62 7°65 

corr. 7°18 7:09 7:08 677 7:03 

Mpipee UBS Lok soes obs. 781 8:07 8:37 8°64 
corr. 7:34 744 7°42 7°27 7:37 

16 bacon obs. 10°13 10°40 10°55 10°36 
corr. 9 86 10:04 10°01 9:58 9°87 

17 Cliictes obs. 12°84 13°19 13°17 13°96 
corr, 12°51 12°74 12°49 12:98 12°68 

19 pc CNRS ey obs. 18°9 19:0 20:0 19:4 
corr. 18:4 18°4 19:0 18:0 18°5 

DO het MOE ences obs. 26:0 aa 26°9 248 
corr.) 257 26°7 26°4 24:0 25°7 

OR UN Ricca dors obs. 44°1 45°1 47°2 46°5 
corr. 436 . 44-5 46°2 45°1 44-9 

My Ciena ney: eee 50°4 53°6 53°5 52°1 52°4 

Dops 2 WIN fe, ohithadeae 60°1 61°1 62°5 59°7 60:9 

26 Bae Ri MS tvars 69°2 69°4 70°5 68:2 69°3 

BAR NOG secu a sonaa 83°4 82°9 85°9 80°2 83-1 

23 i AS (A Os Riel 88°6 93°95 95:0 93-0 92'5 

Ak OER sini) siecle 100 100 100 100 100 

Ph Mg AA eS 9 ee AY 112 114 116 113 114 

Sle shee ee 159 168 171 166 166 

Be) ISO Sniercad cneeee i 181 183 190 191 186 

OM) ESE seen weaker 193 203 208 206 203 

OTe bn aunt 259 269 266 265 265 
TO) St eeeaeciouceeeae (263) 274 289 292 285 

AY SMOG be ous (388) 353 380 382 371 

BES ee TEU Cbean aucncee ek (393) 432 462 440 445 

46 12s Ape ae enn (422) (473) 500 486 493 

by Aang eae ae el See (414) (475) 544 510 527 

OD. Sra See Maced oA are 420 536 646 717 — 

1s aie pa ce a Ca 413 519 618 756 — 

OG: yaa we oneatetees 431 527 672 878 — 

2) eDin nel oon rest 855 898 945 950 — 

It appears from the table that Ka/Cu for the lightest 

elements increases with a decreasing wave-length, but 
starting from Mg this progress lessens more and more when 
the atomic number increases. As for the elements Sn, 
I, and Ba, selective absorption plays a considerable part: 
that is why the values found for these elements are not 
comparable with the other values. At Pb, «ppg, increases 
markedly as the wave-length is diminishing. By means 



“a 

Sole 

the Absorption of X-Rays. 183 

of very hard rays (A = 0°360-0°145) Hull and Rice 

recently have determined F’ for Pb and Cu, in which 

case the following formule have been found to hold :— 

ra = 0:12+4+430A3, 

58 = 0°12+1500%. 

df “Pb/On is calculated from these formulee for the mean 

wave-lengths used by the author (Table I.), we obtain 

pp /ou o— Ve ey Mean, 
according to Hull and Rice. 925. 925 922 918 922 

- oi Sable Villy 800. 898 94d. FOO): 9k 

The mean values found according to the said formule 
and the mean values from my experiments agree very 
closely ; but by comparing the original values, it is seen 
that whereas in my experiments Kpp/ou Mmcreases with a 

decreasing wave-length, these values according to the 
Hull and Rice formule are fairly constant. After Barkla’s 
opinion, however, the absorption coefficient cannot be 

exactly expressed by the formula “= C+4,%, because 

neither C nor 6 is perfectly constant within a large wave- 
length range. In my experiments, it is true, the wave- 
length range has extended markedly on both sides of 
the mean wave-lengths stated above; but this can hardly 
account for the difference between the values found 
according to the Hull and Rice formule and those in 
my experiments. On the other hand, the deviations can 
possibly be explained by the circumstance that C has not, 
as these physicists have suggested, the same value in all 
elements, but is greater for Pb than for Cu. In section IV. 
I shall return to this question. 

If by the Hull and Rice formula for aluminium, 

‘ ay = 0°12 414-923, 

€ sVu is calculated, we obtain the values stated in the 

table below. In Barkla and White’s paper values are 

given of F fora very wide wave-length range in regard to 

Al and Cu. By interpolation the necessary values may be 
Rae 
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obtained for calculating « AV/Ou in the mean wave-lengths 

used by the author. The calculated values are given below: 

Mia 2 iv Ue AD) 

according to Hulland Rice . . 4:77 4:88 4:99 5:34 
As »  Barkla and White. 4°89 5°52) 6 0a 7 oreo 

gp) Mable VITI. 2. SLT) OO Os Geen 

There is, as appears from the table, a fairly good agree- 
ment between my. values and those of Barkla and White, 
whereas those of Hull and Rice are more deviating. The 
reason why, especially for the lighter elements, there are so 
great differences between the values of the absorption co- 
efficients recorded by different observers may probably first 
of all be ascribed to the experimental method. As for Al, 
the observers may have disregarded that a source of errors 
lies in the fact that the metal plates existing on the market 
are seldom perfectly pure. The impurities are always Fe 
and Si, often Cu and also other elements. From a chemical- 
technical point of view, common aluminium metal, according 
to Haber, is regarded as satisfactorily pure if it does not 
contain more than 1 per cent. Fe and Cu and no imore 
than 0°8 per cent. Si. Supposing that in the metal there 
is 1 per cent. Fe, this would enhance absorption by 6 or 
7 per cent., and if we also admit that there are other 
impurities the error seems not unlikely to amount to as 
much as 10 per cent. or more. When analysing the 
metal used by me, it has been found to contain 0:21 per 
cent. Fe, 0°29 per cent. Si, and only traces of Cu. Hence 
the metal is comparatively pure. The error caused by the 
impurities cannot exceed 2 or 3 per cent., and as this is 
within the limits of experimental errors no correction has 
been made in this respect. The circumstance pointed out 
here as to the quality of the common aluminium metal 
will suffice to show that it is not quite appropriate to be 
a standard metal for absorption measures. Besides, Barkla 
has pointed out that Al in regard to absorption with a 
diminishing wave-length shows a slight, certainly, but very 
uninistikable increase at X=0°37, which Barkla thinks must 
depend on the metal sending out a characteristic so-called 
J-radiation of that wave-length. Barkla, therefore, prefers 
copper as a standard metal, and I have made use of it also 
and found it to be quite appropriate for this purpose. The 
difference observed by different authors in regard to Al 
absorption may at least partly be explained by difference 
in quality of the experimental material. In a still higher 
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degree may the impurities disadvantageously influence the 
X-ray absorption of the lightest elements, a vase which was 
already pointed out in respect to carbon. 

Ill. Distribution of Electrons between the inner and 
outer region. 

In accordance with what has been shown in previous 
experiments, the atomic absorption coefficient, at least within 
a not too wide wave-length range, may be expressed by the 
formula 

Kg = ass vs tg ° . + e ° 4 (4) 

where C, is a constant depending on the absorption due to 
the ditfusedly reflected radiation, ‘‘ scattering,’ ka is a 
constant exclusively depending on the chemical nature of 
the substance, and / has very nearly the value 3. 

If we proceed from the theory that absurption is exclu- 
sively determined by the number of electrons in the atom 
and by the manner in which these are attached to the 
nucleus, it seems highly probable that the electrons arranged 
in the periphery of the atom, which in the following are 
designated as outer electrons (p), must play quite another part 
than the inner, more closely-attached electrons. When, in 
the lines below, the expression inner electrons (c) is used it 
does not designate those hypothetic electrons being a part of 
the very nucleus, but only those arranged nearer to the 
nucleus and the number of which corresponds to the atomic 
number on deducting the number of the outer electrons. 
These outer electrons *, on which the optical and chemical 
qualities of the atom are generally supposed to depend, and 
which, therefore, are usually designated as “ dispersions ” or 
respectively i. valence-electrons,” must be considered much 
more elastically attached to the nucleus than the others. 
Working with X-ray crystal analysis of different sub- 
stances, also, Hull+ makes the conclusion that certain 
electrons constituting the atom are more closely attached to 
the nucleus than others which show a certain degree of 
freedom. 

The theory brought forward by J. J. Thomson on the 
scattering phenomenon is founded on the assumption that 
the electrons are quite independent of each other when sub- 
jected to the primary radiation. This assumption may be 
thought to be fulfilled in respect to the electrons of the 
surface part of the atom, but not in respect to the electrons 

* Comp. Sommerfeld, Ann. d, Phys. B. 583, p. 513 (1917). 
+ Hull, Phys. Rev. x. ser. 2, p. 663 (1917). 
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arranged in the proximity of the nucleus, more especially if 
they are arranged in some sort of planetary orbits. If the 
scattering phenomenon is produced solely by the outer 
electrons, the absorption due to this process according to 
the said theory must be proportional to the number of such 
electrons. Of the two terms of the formula for «,, the term 

(, seems to be determined by the number of outer electrons. 
In the elements, except in the lightest, absorption is chiefly 

due to the inner electrons and the manner in which they 
are grouped in relation to the nucleus. On increasing the 
atomic number, presumably rearrangements of electrons must 
take place in certain elements, whether according to Bohr 
one assumes that new electron rings are formed or simply 
assumes a discontinuous change of concentration by sudden 
leaps. When such arearrangement takes place it must make ~ 
itself perceivable by a sudden increase in absorption. In 
previous experiments I found that a perceivably sndden 

increase in absorption takes place in the elements O, 8S, Mn, 
and Cu, which in accordance with the same view might be 
assumed to be due to rearrangements of the inner electrons 
of these elements. In the experiments I have given an 
account of above, a similar sudden increase in absorption has 
been found again in the same elements except Mn. Owing 
to an error in the analysis of the first-examined solution of 
CrCl,, somewhat too low a value was obtained for Cr. The 
point where rearrangements seem to be occurs at this element. 
In addition, similar points seem to be at the elements Mg 
and Ca. 

At the elements following from Cu there seems not to be 
any rearrangement of the inner electrons to Pd; but as the 
experimental errors may possibly be a little greater here than 
in the preceding elements, this point may not be quite certain. 

To obtain comparable values of the absorption coefficients 
for the lighter elements, it is necessary to correct the values 
found in relation to the absorption due to scattering. Tor 
Cu, with the mean wave-lengths used by me, the term ©, in 
the formula (4) compared with k,A? is certainly very insig- 
nificant and may, in maxima, be estimated to 1 per cent. of 
the whole. If this term is neglected for Cu, we obtain the 
following formula for calculating «g/gq :— 

Oe ee 
Ka/Cu = On + — wie ua iit iia ° ° : (5) 

er Koy?’ how 
or (: h 

KaiCa = Ou 4b = F . ke 
Cu 
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The designation %,/cy below stands for the relative values 
of the atomic’ absorption coefficients, which have been cor- 
rected for scattering *. The correction, however, is of no 
significance in heavier elements, and in elements of higher 
atomic number than 23 xqgy is therefore assumed to be 
equal to Ky/cu: 

As pointed out above, according to the theory on 
scattering of J. J. Thomson, every one of the outer electrons 
must have an equal influence. If we approve of the common 
view that the hydrogen atom consists of a nucleus combined 
only with one electron, we can readily find the value of the 
scattering effect (q) excited by onesingleelectron. Without 
any noteworthy error we may assume that in the formula (5) 

kou 

of the hydrogen atom would entirely be determined by the 
scattering effect produced by the electron combined with 
the nucleus. In the case of the four different compositions 
of radiation used in my experiments, the absorption co- 
efficient depending on an outer electron in relation to the 
atomic coefficient of copper will thenee give the following 
values :— 

may be put equal to zero for H. Thus the absorption 

if. lus LT: ds 
pe — 0-067) 0-090" 207136) - C195 

Supposing the number of the outer electrons (p) to 
be known, the correction for scattering, after what has. 
been said above, will simply be pg. 

If Li is regarded as being built up of 3, Be of 4, and B 
of 5 electrons, then the corrected values (x,/cy) for these 
elements will be obtained by deducting 3q, 4g, 5q respec- 
tively from the observed values. These values are, as seen 
from Table VIII., fairly constant, except for Be,y. An 
experimental error might be responsible for this differ- 
ence—a circumstance which is easily accounted for, partly 
by the difficulty in accurately determining absorption in 
case of the slightly absorbing lightest elements, partly by 
the above-mentioned difficulty in keeping radiation un- 
changed when using the hardest rays. 

As for C, the simplest thing would evidently be to regard 
all of the 6 electrons to be arranged as outer electrons ; 
but if the values found of x, Jou 2re corrected by 69, we get: 

EL. 10g III. EV. 
Kojgu-69 = 0°186 0-183 0-080 —0-069, 

* Comp. Glocker, Phys. Z. xix. p. 68 (1918). 
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which shows that all of the electrons presumably are not 
active as outer electrons. On the other hand, if we assume 
that 2 of the electrons are more intimately bound up to the 
nucleus, and consequently that only 4 electrons are electrons 
of the remotest orbit, then we obtain the values seen in 
Table VIII., which, indeed, agree very well. Now, in 
regard to N, all of the electrons seem to be outer electrons, 
and the values corrected by 7g accordingly agree rather 
closely. Similarly, we find that O is probably built up of 
4 outer electrons; thus the remaining 4 electrons must be 
regarded as arranged in an inner region. This rearrange- 
ment to an inner region may be regarded as causing the 
above change by a sudden leap in the absorption of the said 
element. For F (Z=9) we are probably right in regarding 
5 and for Na (Z=11) 7 electrons to be outer electrons. In 
the elements O-—Na the inner region, with 4 electrons as 
constituent parts, would then remain unchanged. How 
the four electrons, which so would form the inner region 
of the elements O—Na, are arranged in relation to each 
other, is a question to which, of course, my experiments 
cannot give an answer. Starting from the Rutherford-Bohr 
atom model, the simplest view seems to be that all of the four 
electrons are arranged in onering. It may be well to remember 
that Vegard* has shown that from quantum-theory this atom 
model would lead to the result that the inner ring may be 
built up of either three or four electrons. With four electrons 
we arrive, according to Vegard, at a particularly simple 
formula to calculate the frequency in spectra of X-rays ; 
but the author, however, for certain reasons, thinks it more 
plausible that the ring is built up of only three electrons. 

Another rearrangement, due to the passing of 4 other 
electrons to the inner region, seems to take place at 
Mg (Z=12). The outer region of Mg-atom would then 
contain 4 electrons, and after correction by 4q we get 
almost constant values of Me /Ou' The found values of 

Ka/Cu give no occasion to think of any change at Al and P. 
The outer region of Al would consist of 5 and that of P 
of 7 electrons, which, as shown by the table, is in good 
agreement with the observed values. Concerning Si(Z=14), 
we obtain the following values after correcting by 6¢ :— 

ts ce III. IV. 
Keiou 9 = 0D / COL aos io Ode 

To estimate with greater degree of certainty the number 
of outer electrons by means of the said correction is 

* Vegard, Phil. Mag. xxxv. p. 302 (1918). 
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not possible for elements which show greater absorption. 
Already at Si this method must be regarded as less reliable. 
The values for Si just mentioned plausibly authorize the 
assumption that the number of the outer electrons must be 
less than 6. There is not a long way to the suggestion 
that the atomic structure of Si is analogous to that of OC, 
which, indeed, in the periodic system stands next above Si in 
the same vertical row. Consequently, if we suppose 4 outer 
electrons, the values given in the table will be obtained, 
which may be regarded as almost constant. In the Si-atom, 
just as was the case in O, 2 electrons would be more closely 
attached to the nucleus than the 4 outer electrons. Thus we 
should be able to account for the value of Kin being some- 

what higher than it ought to be if this element, like the next 
preceding and following elements, only contained an inner 
region with 8 electrons. From the sudden increase of 
absorption at S (Z=16) apparently a new rearrangement 
takes place at this element, and the above reasons speak in 
favour of the assumption that here 4 electrons pass from the 
inner region, which thus should contain 12 electrons. The 
eapacity of absorption indicating that the arrangement of 
electrons in the inner region of the elements Cl (Z=17) 
and K (Z=19) remains unchanged, these atoms would 
contain 5 and 7 electrons respectively in the outer region. 
At Ca (Z=20) there would occur another rearrangement of 
the electrons, by which change four other electrons would 
pass from the outer to the inner region. Thus the inner 
region of the elements Ca—V would contain 16 electrons 
and the outer region, as in the preceding group, 4-7 electrons 
respectively. : 

With increasing atomic weight the term i = 
Cu 

5 (5), of still less importance 
u 

and, certainly in the latter of the just-mentioned elements, 
lies within the limits of experimental errors. If, however, 
the relation between Xgjo, and Z is pictured graphically 
(fig. 2), it is seen that xg/c, within each group appears to be 
very nearly a linear function of the atomic number. Thus 
the relation between the two quantities may be expressed : 

igeee—o) LN ALD 

where ¢ stands for the number of inner electrons of the 
elements constituting the group, and K is a constant cha- 
racteristic of the group. If the straight line designating 

, becomes, 

in comparison with the term 
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a/Cu for a certain group is drawn so as to cut the X-axis, 
the section thus cut off corresponding to the value Z=c will 
give the number of electrons of the inner region in the 
group mentioned. By means of a graphical construction we 
accordingly find that the elements Cr (Z=24)—Ni(Z=28) 
form a group having an inner region containing 18 electrons, 

Fig. 2. 
Agu 

soo fd x 

4) 48) UNE Io 24 30 40 50 

racine gee 5 

and that the elements Cu (Z=29)—Rh (Z=45) form another 
group whose inner region is characterized by 24 electrons. 
It must be mentioned that for the last elements in the latter 
of the just-mentioned groups there may be some uncertainty 
for the above-given reasons, the more so as the values 
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exhibited in the figure falla little above the straight line that 
represents the group. In the group Cr—Ni the number of 
outer electrons is 6-10 respectively ; but presumably there * 
are in these elements two or more electrons more closely 
attached to the nucleus, as we found it likely to be the case 
for C and 81. 

At Cu the outer electrons would be 5, which will then 
successively be augmented by one electron at each element 
of the following group. Now it does not seem very likely 
that in so great a number of outer electrons as would be 
present in the outer region for the latter elements in this 
group all the electrons would occupy an equivalent position. 
Possibly here, too, some kind of ring formation may take 
place by means of which certain among the outer electrons 
may concentrate towards the inner region and so more closely 
adhere to the nucleus. Thus the circumstance pointed out, 
that «jc, in the latter elements of this group is somewhat 
greater than what ought to have been the case if the 
formula (7) were quite correct, might be explained. 
We may well anticipate that the just mentioned re- 

arrangements may be perceivable in the X-ray spectra of the 
elements. As Sommerfeld * has made probable, the N-ring 
ought to commence by Mg and the M-ring by Ca. ‘This is 
in good agreement with my results. That there are no new 
lines in the spectra of S and Cr—as up to the present had 
been detected—may be explained easily, if we assume that 
by rearrangements of the electrons no new ring has been 
formed, but only the number of electrons in the already 
existing inner rings has been increased. The sudden increase 
in absorption by Z=29 (or perhaps Z=30) seems to stand 
in some relation to the at-this-point-beginning L-series, 
which, after our present knowledge, just begins at Z=30. 
This question is, however, not so simple, as it is not 
evidently proved that elements with lower atomic number 
than 30 do not show L-lines. Perhaps these lines have escaped 
detection owing to their considerably great wave-length. 

In Table IX. there is an arrangement indicating, in 
accordance with what is said above, the most probable 
distribution of electrons between the inner and outer region 
in the first 23 elements. The first figure given for the 
respective elements indicates the number of electrons in 
the inner region and the second figure gives the number of 
electrons in the outer region. The elements are arranged in 
accordance with the periodic system. 

* Sommerfeld, Phys. Z. xix. p. 298 (1918). 
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TABLE I1X.—Distribution of Electrons between the 
‘ outer and inner regions. 

0. ai Ti TEL, LV. V. Vi. 

He, 0; 2 Ii, 0,3. Be, (0,4 B05. C, (0, 24-4. Ny OS Oe 

Ne, 4,6) Na, 4,7, Me, 84) Al, 8,5 | Si, 8) 2-4-4). BP, (Sige 

Ar, 12,'6. °° Ky 12/7") (Cap 46/4) ('Se,16,.5 | Wwe 2-4 Vi vig 

As appears from the table, elements with similar chemical 
qualities will in this distribution of electrons have the same 
number of outer electrons—only the elements He and li 
form exceptions to this rule,—and the periodicity exhibited 
by the Mendelejeff scheme comes out plainly. The hypo- 
thesis of Kossel * regarding the arrangement of electrons in 
the atom also may be applied here. Instead of 8 electrons, 
2 or 6 should, however, be the number of electrons which 
form a stabile outer ring. I will further discuss this 
question in a following paper. I only want to mention that 
the cause of the two periods of 8 elements at the beginning of 
the scheme seems to be that in the first four rearrangements 
taking place when the number of electrons is successively 
augmented, 4 electrons each time pass from the outer to the 
inner region. 

To draw conclusions from the experiments rola here 
regarding the arrangement of electrons within either of the 
two regions can hardly be possible. That the electrons of 
the inner region should be distributed to different rings 

(K-, L-, M-, ete. rings) is in no way in contradiction to the 
suppositions made here. Neither seems it unlikely that a 
similar formation of rings can take place also among the 
outer electrons. It is evident that the values given for 
the number of electrons of the different elements in the 
inner regions do not claim to be absolute, as they apparently 
only give the difference between the respective atomic 
number and the number of outer electrons. 

Bragg and Peirce have, for the relation of the atomic 
number, established the following formula : 

aT Pe a 

where K is a constant. Owenf shows that this formula 
gives hetter results if the values are corrected for scattering. 

* Kossel, “Uber Molekiilbildung als Frage des Atomhaus,” Ann, d. 
Phys. xlix. p. 229 (1916). 

+ Owen, ie Roy. Soe. xciy. no. A 664, p. 552 (1918). 
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Thus we obtain: 

tajon = (2) FEB ND 0) 

Moore * confirms this equation, but instead of the atomic 
number he puts the atomic weight (M) ; consequently, 

: M, \* Ex10u = a): ONG) 

Yet Moore admits that the determinations hitherto per- 
formed are not sufficiently exact to allow of asserting 
whether atomic weight or atomic number should properly 
appear in the formula. 

Glocker T recently has derived the following formule for 
the mass absorption coefficient : 

p= 90004204078 LOR iS Aga oan) GL 

5 = COLE Zs n?8 LOA Rata aay eave) ee) 

where X4 indicates the wave-length of the absorption-zone 
limit for K-radiation. Now, as in all examined elements 
with Z<47A, <a, it follows that Ka/Ou for these elements 

might be calculated atter the formula 
2 % ( Tas we M 
DONC Gt Tie eae tel gl3) 

In Table XI. are arranged the values of £q/Cu Which have 
been obtained from observations, mean amounts from 
Table VIII., with values of the same constant that have 
been calculated by the aid of the formule (7), (9), (10), 
and (13). In the formula (7) the values of K seen in the 
following table have been used. 

TaBLe X.—Values of K in Formula oe 
Electrons 

Group. Z. _ of the K. 
liner regions. 

f Naa oe li 0 0:05 
10 ae te 8-11 4 0:26 

0 Be eae 12-15 8 0°98 
BM aes tayas 16-19 12 » 2°55 
i Beas eR a 20-23 16 6°42 

VIE Soh Sates. 24-28 18 9:00 
LOO Epes 29-46 ? 24 19°8 

* Moore, Phys. Soc. of London, xxvii. p. 432 (1918). 
+ Glocker, Phys. Z. xix. p. 71 (1918). 
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From the table it appears that the values calculated by 
means of the formula (9) undoubtedly agree much better 
with the observed values than those obtained by means of 
the formula (10). The formula (9), as Owen using the 
values in my irst paper also shows, approximately gives 
the relation between the relative atomic absorption coefficient 
and the atomic number of a great number of elements rather 
satisfactorily, but we cannot pretend that it has proved to be 
the proper expression of the real facts over the whole range 
of the section examined. For the elements Li-F they will 
thus turn out to be too low, for Ca—Ni all of the calculated 
values are lower than the observed, and for Sr—Ag all 
the calculated values are too high. On the whole, the 
Glocker’s formula (13) describes the relation of Ka/Ou 

and Zin a better way than that just mentioned ; but here, 
too, marked deviations occur, for instance at N, P, Cl, K, 
and for Ca—-Ni as well as for Mo-Ag the same view will be 
true as for the formula (9), though the deviations here 
are considerably less. 

Thus, although the atomic absorption coefficient in a 
great number of elements may be pronounced to be pro- 
portional to a power of the atomic number, such a formula, 
however, cannot render the real relation. From the above 
experiments it is clear that in certain elements there are 
some very marked discontinuities in the values of « a/Ow’ 

which in the lighter elements are still more marked by 
the change by sudden leaps of the absorption effected by 
scattering (fig. 4). As shown by Table XI. and fig. 2, 
the different elements may be arranged into groups within 
which KalCu according to formula (7) is expressed as a 

linear function of the atomic number. Great deviations 
do not occur except at Mg and Si. In respect to the latter 
element, the probable cause of the deviation has already 
been discussed. As to the former element, the deviation 
presumably depends on the fact that in the examined salts 
absorption for about 80 per cent. is determined by the 
negative radicle, and that therefore the errors in deter- 
mining the absorption of these radicles will proportionally 
too much influence the calculation of €x5@/0u" 

LV. Outer Electrons and Scattered Radiation. 

It was shown previously that the part of the relative 
absorption coefficient which was thought to be due to 
the outer electrons is in a high degree dependent on the 
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wave-length. Now, as the mean wave-lengths employed in 
my experiments have only comprised a relatively limited 
wave-length range (WX=0°38-0°30), the said experiments do 
not afford sufficiently safe starting-points for judging the 
connexion between absorption due to the outer electrons 
and the wave-length. Barkla and White have in their 
above-mentioned work given the results of a set of obser- 

vations regarding © for Cu, Al, and H,O, comprising a 

very large wave-length range. In the table below we find 

again both the values taken from the said work for E of 
Pp 

Cu and HO and the values of KouyH,o 2nd ¢ calculated 

by that means. The last-mentioned values have been 
obtained by aid of the value of EiCn for Cu and Q,. 

/C 

TaBLeE XII. 

€ Ou /H,0 and g calculated from the table of Barkla and White. 
2 

‘6 ae 5 E20" ©Cu/H,0° q- v Cu’ Mean. 

0°504 18:10 0:539 118-7 —0°011 

0-499 Lares 0:524 119-4 —0°012 

0°477 15°4 0:479 113°6 —0:005 

0-468 14:55 0°473 108-7 +0°002 

0°460 13:75 (436 Lik —0°002 

0°454 13:10 0-411 112-7 —0:004 

0:437 11°6 0-400 102°5 +0°011 

0°433 11-2 0'°388 102:0 0-012 

0-419 9°98 0°371 95°1 0-024 

0:409 9°28 0°349 94:0 0-024 

0-400 8:55 0:329 92°1 0-030 

0°390 7°82 0°302 91°5 0°031 

0°387 761 0°312 86:2 0-042 

0°376 6:90 0°335 728 0:078 0538 > 

0°359 5°87 0-511 66:7 0-100 0°587 

0-346 517 0-314 58°2 0:137 0°709 | 

0°320 4:54 0°270 59°4 07131 0:594 

0-299 371 0-271 48°4 0-196 0-727 | 

0-283 3°20 0°253 44-7 0°226 0723 > 0678 

0-266 277 0:226 43-3 0-238 0-660 | 
0-250 2°33 0:229 35°9 0°320 0°722 | 

0-229 1°86 0:203 32°4 0:376 0°699 

0-222 171 0-204 29'6 0423 0-723 
0:187 2p 0°196 21°6 0°645 0-774 ) 

Phil. Mag. 8. 6. Vol. 37. No. 218. Feb. 1919. bi 
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| assuming that there are 5 outer electrons in Cn and 6 in 
H,0, consequently after the formula 

100 + 5q 

0'91+6g — “Cu/H,0° (14) 
Fig. 3, 

0-7 

0-6 

0-5 

0-4 

0:3 tt 

0'2 A eee 

x ee 

ot ana od 
et 

FS eek AU ROR y Lert ones SOD WEL mae Dea Sn R 
O-2 0:3 0-4 

8 
“qi al sOlen. 

It appears from the table that qg practically is 0 for 
radiation of greater wave-length than 2» = 0°42, which 
roughly indicates the limit of the absorption-zone in the 
J-radiation for carbon found by Barkla. With diminishing 
wave-length g increases, as shown in fig. 3, where the 
values of g found in Table XII. are graphically indicated, 
very rapidly to a wave-length of about 0°37, whereupon ~ 
g continually increases with a still more diminishing wave- 
length. In regard to the fact that characteristic radiation 
of the wave-length indicated for J-radiation according to 
what has been mentioned by Siegbahnt has not been 
possible to state directly, there is good evidence for believing 
that this same increase of scattering within the range of 
X=0°42-0°37 is the cause of the increase of absorption that 
has been the occasion of supposing an especial J-radiation. 

It is seen from the table that geo beginning at a 

wave-length of ~=0°37, is nearly constant with a dimi- 
nishing wave-length. Starting from the medium value 

(0678) of the values found for 7 Cy one readily finds 

the value of g when as for the wave-length in question 

* Siegbahn, Die Naturwissenschaften, Heft xxxiii. (1917). 
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is known. Injthe table below are arranged the values of g 
found in this way, from the table of Barkla and White, 
corresponding gto values of «,, /H,0 (Obs.) calculated from 

the table referred to, and (Calc.) calculated by aid of my 
values of «4, /Cu and Ko /Ou previously found thus, after the 
formula 

_ 487+5¢ 
“AVH,O~ 0-91-46 *) 

TABLE XIII. 

Comparison between observed and calculated values of « ,, /H,0° 

© ‘678 
BE eae a ae PARED EN 2 Oke 

ee pee p cu Gh eh | ne 
0°376 6°90 0:802* 0'335 0098 3°60 3°58 3°64 

0°368 6°38 0°707 0°327 0°106 3°25. 351 3°55 

0°345 5°00 0713 0°305 * 0°136 352 321 3°29 

0:320 4-54 0:°622* 0270 0149 347 86312 3°20 

0°303 377 0:519 0°263 * 0-180 2°95 2°90 2°99 

0°283 3°20 0°-450* 0°2538 0-212 269 2°72 2°82 

0°266 277 0°391 0226 0°245 260 2°56 2°66 

0°257 2°58 0-382 0:224 0:263 257 2°49 2°59 

0°229 1:94 0-300 0:203 0°349 2:22 2°20 2°32 

0-212 1:54 0°263 0-199 0:440 1:99) - 1:99 2°12 

0-192 1-29 0-228 0196 * 0°526 175 =—-1°84 1-97 

0175 1:03 0-210 0°194 * 0°658 163 = =61°68 1°82 

0'166 0°95 0°192 0194 * 0-714 149 1:63 1°76 

* Jnter- or extra-polated values. 

There is a very good agreement between the observed 
and calculated values of « Al/H,o” 2 the table shows. If 

we compare the values of g that have been calculated 
in the above way for the medium wave-length used in my 
experiments with the values resulting from the experiments, 
we obtain : 

I. Tl, II, RY: 

e: were G095) IIS) ©. 19901 0-482 
p Cu 

gq. 0-067 6090 «(0136 0-195 

The values observed for g corresponding to the radiations 
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I. and II. being somewhat lower than those calculated may 
be due to the fact that, with a thinner filter, besides waves 
of shorter wave-lengths there have occurred rays of an 
appreciable intensity of greater wave-length than X=0°37. 
As the found values of EO for the lighter elements have 

been calculated by aid of the observed values of q for the 
radiation referred to, no error can have originated in 
the fact that the wave-length range has partly extended 
beyond the limit just mentioned. From what is said 
it appears, however, that the formula c=C+ Ad? is not 
applicable on different sides of the limit unless C gets the 
value corresponding to respective wave-length, and more 
especially this holds regarding the lighter elements, in 
which OC plays a proportionally great part. 

In case we assume that in Al 6, instead of 5, electrons 
are arranged as outer electrons, and accordingly € AV/HO 

is calculated by the formula afl the values stated 
J1+ 69 

in the last column of Table XIII. will be obtained. The 
agreement of the thus calculated and the observed values 
is for the greater wave-lengths about as good as in the case 
where the calculation is made after the formula (14); but, on 
the other hand, the agreement for the shorter wave-lengths. 
is less good and shows a clear divergence. 

If we believe that the number of electrons is the same as 
the atomic number, then with decreasing wave-length the 

sine & 13 
limiting value for «17 9 must be i0° But Barkla and 

White have shown that for Al, in case of shorter waves, 

tends towards being less than for H,O, and, in case of suffi- 
ciently short waves € A110 must be apt to be less than lL. 

If, according to the formula (15), we merely suppose 5 outer 
electrons in Al and 6 in H,O, then K AVEO will get the 

value of 1 when g has reached the value of 3°96; and 
as this value still increases with decreasing wave-length, 
€ AVEO will be <1. Thus we have reasons for believing 

that the number of outer electrons must be less in Al than 
in H,O, and the observations (Table XIII.) show that the 
relation of these electron numbers may very closely be 
regarded as 5:6. 

From the known values of gq the mass scattering co- 

efficient (5) may be calculated. According to what was 
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said above, it is admitted that 

be 

Bort yee G 
eo ~ 1004+ P¢ =.) Me. Pou 

or 

ii eee oS Men 29 lad as Cu a liad Cu la Nid ‘ 16 

p  M,(00+p.9p af M,(100+pe.q) po’ (16) 

andas — =Ano+ ae then will 
p p 

Se Al Mou Pod b (17) 

p ie M,(100 + Pou) : aoe 

or as go, =0°678 and p,q is supposed to be negligible, 
p 

S 

ver ° . e . . af . ie pe. 000678. (18) 

ah the following table we again find the mass scattering 

coefficients for the elements 1- 20, calculated by the 
formula (18). 

TABLE XIV. 

Mass scattering coefficients for the elements 1-20. 

Atomic Wumber of 5 calculated according to 
number. Element. outer electrons. p psloens Wltay Ce, ALANS 

Zi D. formula (18). formula (19): 

1 H 1 0°432 0-205 

3 Li 3 0:187 0-205 

4 Be 4 0°190 0°205 

5 B 5 0°196 0-205 

6 C 4 0-144 0:137 

7 N a 0:216 0:205 

8 O 4 0°108 0:103 

9 EF 5 0'114 0°114 

11 Na t 0°132 0-130 

12 Me 4 0-071 0-068 
13 Al 5 0°080 0-079 

14 Si 4 0°061 0:059 

$5 le Hi 0°:097 0:096 

16 s 4 0°052 0:051 

17 Cl 5 0-061 0:060 

19 K i 0-077 0:076 

20 Ca 4 0.043 0:041 
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In fig. 4 the connexion between i , calculated by the 

formula (18), and Z is given graphically. As we find 
from the figure, the values, except for H and Li, are 
distributed to three hyperbolas corresponding to p=7, 
p=), p=4 respectively. 

Fig. 4. 

But in regard to H, the Table XIV. shows that the mass 
scattering coefficient also may be expressed by the formula 

Se 2000 

cL aS 
For elements, in case of which p=Z, that is identical with 
the known value given by Barkla for the light elements. 
In case of H, the formula (19) is not applicable and by 
means of it we get a value that is merely about half the 
real. This, however, is in good agreement with experience ; 
for after what is shown by the experiments of Barkla and 

ay 

Crowther, = is twice as great for H as for other lighter 

elements. The exceptional position seemingly occupied 
by H is in appearance only, and may be fully explained if 
one takes as granted that not all electrons which constitute 
the atom, but merely the outer ones, give off scattered rays. 
On the other hand, as has been clearly made out, not only 
by above-mentioned experiments on C, N, and O, but also 
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by the Barkla and White determinations of 5 for Al 

and H.O, the assumption that * for all light elements. 

has the same value cannot be considered to be in harmony 
with reality ; and still less, I think, can this be the case 
for the heavier elements, as was assumed by Hull and 
Rice. So it follows that all evidence of the assumption 
that the number of electrons in the lightest elements should 
be the same as the atomic number, which is based on the 
estimate of mass scattering coefficients, cannot be thought © 
conclusive except perhaps for the elements H, Li, Be, B,. 
and N. 

Glocker has pointed out that * in case of Al must be 
p 

less than 0-2, because already at the wave-length 7=0°16 

the uncorrected mass absorption coefficient = is O18; 

and EN as we know, can only be a part of the whole 

absorption coefficient. Now, for the lightest elements 
(Li, Be, B, N) the value 0:2 must undoubtedly be nearly 

correct ; thus = cannot have the same value for all the: 
] p 
lighter elements. As I have shown before (Table XIII.), 
the value 0:080 may well agree with the determinations of 

5 by Barkla and White for Al. 

As was previously pointed out (p. 183), Ky /Ou rapidly 

increases with decreasing wave - length. This would, 
according to what has been said above, mean that absorption 
dependent on scattering is much greater in case of Pb 
than of Cu, 2. e. that in an atom of Pb there would be 
present a considerably greater number of outer electrons. 
than in an atom of Cu. Yet whether the simple law that 
defines the scattering power in case of the lighter elements 
be in force in case of the heaviest must for the present 
be left undecided. Presumably the electrons in case of 
the heavier elements are not active individually but in 
groups, as is the opinion of Barkla and White. By direct. 

determinations of 2 Barkla and Dunlop* have shown 

ee ne 
that is about 2 or 4 times greater than : 

s 

. ‘AL N\p/al 
* Barkla and Dunlop, Phil. Mag. xxxi. p. 222 (1916). 
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V. Absorption and Scattering of y-rays. 

Formula (18) is valid merely on condition that the 
term 4,9 1s so small relatively to 100 that it is negligible. 

Already, at a wave-length of X=0°166, on the assumption 
that in Cu there are 5 outer electrons, absorption produced 
by scattering amounts to 3:4 per cent. of the whole absorp- 
tion ; and in case of a still shorter wave-length this part 
is very rapidly augmented. According to what was 
pointed out by Barkla and Glocker, absorption for the 
heavier elements will therefore in y-radiation in a great 
measure, and for the lighter elements necessarily mostly, 

depend on scattering. When calculating ~ of y-radiation, 

the term po,9 1s therefore not negligible, and in this case 
formula (17) must be used. 

Without too great a mistake we may assume that the ratio 

q ae =0°678 is correct also for shorter wave-lengths than 

those given in Table XII.; then, in consequence, the value of q 

can be found when Ee is known. In Table XV. we 

again find the last-mentioned values for y-rays emitted from 
some radioactive elements in accordance with determinations 
performed by Soddy and Russell. Indeed, A,, may not be 
thought the same for the different substances, but the 

values of : showing that the difference cannot be very 

great, mean values for Ee may be used for approximate 

calculation. By aid of this mean value, 0:0407, we find 
q to be 16:7, which, put in formula (17), for Al gives 
the value 0:043. By direct observations, Ishino * has for 
the same metal found the value 0°045, which very nearly 
agrees with the value calculated here. 

When inserting the just-named value of gq, also Ka/Ou for 

Fe, S and Al may be calculated if the values found for 
K, /Ou te assumed to be valid for y-rays. Using the values 

given in Table VIII., and assuming that p-values for Al, 8, 
Cu according to the above are 5, 4, 5 respectively, and 
for Fe 5, we in the same way as in the case of formula (14) 
obtain the values given in the table below. The assumption 
that there are 5 outer electrons in Fe is quite arbitrary, but 

* Ishino, Phil. Mag. xxxiii. p. 129 (1917). 
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in accordance with the circumstance that, as was previously 
stated (p. 191), the number may probably be less than 8. 

TABLE XV. 

Ka/Ou 12 Y-TAYS; according to Soddy and Russell. 

Thorium D. Radium C. Mesothorium 2, Uranium X. 
z ——. ——., ———~ _—_—S7 Mean. 

Element. B Be pe , en A Ka/Cu* p Ka/Cu’ - Ka/Cu* es Ka/Cu Obs. Cale. 

0°0334 100 0°0398 100 0:0423 100 0°0472 100 100 

ae 00328 862 0:0399 879 0°0415 861 0°0472 87°8 87:1 83°7 

ie... 0-0369 55:3 0:0438 55°6 0:0465 555 00516 552 555 417 
00324 413 0:0406 43:5 00421 424 0:0469 423 423 481 

Paraffin-wax. 0°0361 0:0464 0:0580 0-0302 

Merely approximate calculations being here at issue, the 
agreement of the medium amounts of the observed and 
calculated values of Kudu Seems to be as good as can 

reasonably be demanded, more especially when considering 

that determinations of © for y-rays are in a high degree 

dependent on the experimental arrangements *. 
In the case of the lighter elements absorption of y-rays 

will chiefly depend on the number of outer electrons, and this 

being the same or nearly the same the values of F for these 
p 

elements must tend towards being the same. As for 8, 
however, the observed absorption coefficients seem to be 
somewhat greater than what would have been expected 
on account of the above-assumed number of outer electrons ; 
but this question, I think, ought to remain undecided till a 
wider range of observations on absorption of y-rays is at 
hand. 

The apparent anomaly that has been observed in respect 

to absorption in paraffin-wax, and that consists in F for this 

substance being equally great or even on some occasions 
greater than for the heavy metals, may be explained in the 
same way as was done for absorption of X-rays of very 
short wave-length in case of Aland H,O. In paraffin-wax 
there are, as we know, a great number of hydrogen atoms— 
a fact that makes the number of outer electrons greater, 
counted by mass unit, than in metals. 

* Comp. Kohlrausch, Jahrb. d. Rad. u. Elektronik, xv. p. 93 (1918). 
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Taking as granted that scattering merely depends on 
outer electrons, we thus can easily account for the obser- 
vations performed. It may therefore be superfluous to — 
assume that the electrons should behave otherwise for 
different wave-lengths. On the contrary, we have every 
reason for believing, a fact advocated by Glocker, the simple 
law that was found valid for X-rays also to be in force 
for y-rays. 

Summary. 

(1) By aid of the compensation method described by the 
author for the purpose of deterinining the relative absorption 
coefficients of X-radiation, a number of different elements 
have been examined. 

(2) In the chemical compounds examined the additive 
law has been found thoroughly valid. Perhaps with the 
exception of carbon, the state of aggregation appears to 
have had no influence on the quantity of absorption. In 
examining chemical compounds of which the same element 
but in different valences is a constituent part, I have not 
been able to ascertain any difference as to the quantity 
of absorption of the element at issue. 

~ (8) The relation between the atomic absorption coefficients 
for most elements, starting from H and inclusive of Ag and 
for Pb, and the same coefficient for Cu, have been deter- 
mined at the medium wave-lengths X=0°38, 0°36, 0°34, and 
0:30 .1078 em. 

(4) On assuming that absorption for H is exclusively due 
to scattering produced by the electron combined with the 
atomic nucleus, scattering for other elements has been 
found likely to be solely due to the electrons constituting 
the outer layer of the respective atoms, 2. e. to the “ outer 
electrons,’ and by aid of the relative atomic absorption 
coefficient for H, the number of the outer electrons has been 
estimated for the lighter elements. 

(5) The atomic absorption coefficient increases for different 
elements by groups nearly proportionally to the atomic 
number. If we accept that the atomic number gives the 
number of electrons combined with the atomic nucleus, we 
may by the increase of absorption with increasing atomic 
number determine the distribution of electrons between the 
outer and inner region. 

(6) From the determinations of © for Cu and H,O of 

Barkla and White a formula of the mass scattering co- 
efficient for different elements has been calculated. 
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(7) The values calculated for the relative absorption 
coefficients for y-rays agree fairly with the observed 
absorption coefficients. The value of mass scattering co- 
efficient of Al for y-radiation, calculated by means of the 
said formula, agrees very nearly with the value directly 
observed by Ishino. 

(8) The number of the outer electrons in the lghter 
elements seem to be the same for the element placed in 
the same vertical row of the periodic system; and the 
distribution of electrons thus appears to be in close con- 
nexion with the periodicity of the chemical qualities of 
the elements as expressed by this system. 

Nobel Institute for Physical Chemistry, 
Stockholm, June 1918. 

XVIII. Calculation of Scattered Radiation from a Plate 
exposed to a beam of X-rays. By Oskar Kuen, Lic. phil.* 

N a paper treating of the absorption and scattering of 
y-rays, Ishino f has undertaken a few theoretical caleu- 

lations of scattered radiation issuing from the layer of a 
substance. Such calculations combined with measurements 
of the radiation scattered within known solid angles would 
lead to a determination of the scattering coefiicient. 

Some timeago T. E. Aurén, in connexion with his researches 
on the absorption of X-rays, performed some experiments in 
this direction. He measured the absorption coefficient in 
different positions of the plate exposed to the primary 
radiation. If the scattered radiation had been of any con- 
siderable amount, he would have found different values for 
the apparent absorption coefficient in the different positions. 
Now the differences-were very small. Therefore it was of 
interest to Aurén to know how far this was in agreement 
with the theory. For this purpose I have undertaken the 
calculation below. As mathematical formule are obtained 
which may be used in numerical calculation, the results may 
perhaps have a certain interest for those who treat these 
questions experimentally. In this connexion it must be men- 
tioned that Ishino in his paper just cited has made an error 
in reckoning, which has caused his final value to take the 

* Communicated by the Author. 
Since this paper was finished and sent to the Phil. Mag. a quite 

similar calculation has been published by Glocher, Phys. Zeitschr. xix. 
p- 251 (1918). 

+ Ishino, Phil. Mag. vol. xxxiii. p. 129 (1917). 
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form of a divergent integral. Moreover, he never tried 
to evaluate this integral, a fact which accounts for his not 
observing the mistake. At the outset of the calculation I 
have been guided completely by Ishino. There is nothing 
new in what follows as regards the mathematics. 

Suppose a plate of thickness /is struck by a radiation, whose 
intensity is I. The absorption coefficient may be «, thie 
scattering coefficient o. When the radiation has penetrated 
the plate to the depth a, its intensity has been diminished to 
Ie““*?", The quantity of scattered radiation issuing from 
the distance between # and #+dz is evidently ole~“*?”" dz. 
But it is not distributed alike at all angles. J.J. Thomson 
has theoretically arrived at the following expression for that 
part which is radiated from the solid angle dw, whose 
direction makes the angle @ with the incident radiation : 

do=k(1+ cos? @)dw. 

If this expression be integrated over all directions we 
ought to have o. 

Consequently 

o=2ni |" (1+ cos? 6) sin 6 dd= a 
i a) 

do =20(1+ cos’ @) sin 0 dé. 

This expression, according to experimental investigations, 
does not seem to be quite correct. For what we have in 
view, however, the error will scarcely be of any importance. 
I therefore adopt the following expression for the radiation 
that is scattered from the path dx between two cones, whose 
generatrices form the angles 0 and @+d6 with the incident 
radiation when leaving the plate : 

Blo(1+ cos O)e “*°” sin 0 dO dx. 

Owing to absorption and scattering, the intensity of this 
radiation when leaving the plate will be 

(l—z) a — (kt) sg 
3 Jo(1+ cos? @) sin de (cto)2 5 “F) e088 dg dx, 

pS 

for the radiation must travel the distance a The 

radiation issuing from the whole plate and falling within a 
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cone whose generatrices form the angle @ with the incident 
radiation wiil then be 

(cto) j 6 (1 by 
S= | {‘gtoa+ cos?@)sin@e °° 

Oe 1 zx 

wo) CEP ere a) 

In the first place, I effect the integration in regard to x 
and obtain 

bs 2 (x+¢) s= ("at o (1+ cos? @) sin @  - aa 
i K+o eo 1 

cos 8 

Yi ot 
x (1-< con =)" ao, . (2) 

The next thing is to find an expression for this integral 
adapted to numerical calculation. Tor this purpose I put 

(«+o)l=k, 

at 

cos 0 aah 

bi he 
cos 0, TNs 

and obtain 
3a 71—¢e-* i 1 

S= sera), = (arart aaa: © 
For the sake of brevity, I write 

z=]—e-* £ 1 
K=( ore +2)? + aaa) . ° (4) 

I now pass to an examination of the integral K. First of 
all we may write 

raided? Tepes = give li 
eel ny a eee a oe) lea 

By using this relation we obtain, after some reductions|: 

2/1 — e-& 1 (~ eke 
Reg 7 Se er ee 2 i 

K=2) ( xz iy) de+ ea 

z —ik: 

20 

L ee —kx z —kx 

0 a Pe, ee ee ey 
alt 2)” a (b-+@)° of (Le) 

(Ga) *2(cee) tee): © 



210 Mr. O. Klein on Scattered Radiation from 

I commence by examining the integral 

lee ae 1 
= Bene os Oe, 

U i) ( de ize) if 

We may write 

00 Wt me — phe i Se i EAM hl se na 4 a 1l+az 
d 

‘ 

Taf dees 1 *(1L—e-* i 
( ie —_ I ms -) ax =) (== en a au 

But | 
"(l—e* iy Meet ou! { Coe a — 73) dee log’. 

fig) Ah Rete ry it 
a Vase SS eae - a { ( } 1 :) dt 

is equal to the constant of Euler : 

an 

4 iL ib 
lim (1+ Semen) Se ama log m). 
M=0 2 7? 

Besides, this may be proved without dificulty by starting 
from the ordinary integral form of ©, which in the manner 
known may be directly derived from the above-mentioned 
definition, 2. e. 

If we take the difference between the two integrals and 
exchange the limits 0 and for ¢ and T, we obtain by 
effecting the integration : 

log (1+T) + log (1—e-*) — log T 

— log (1+t) — log (1—e-*) + logt. 

The limit value of this expression when ¢ goes to 0 and 
T to o will evidently be 0. The other part of U may be 
written as follows: 

a em it o tage Ak if ( 

e/* 

o © o—kx = logs t= _| é os 

& v 

Consequently 
% aD —kx 

U=C+log k-+log-— + | = de, + ee ea a 
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To reduce the remaining integrals I consider the following 
functions : 

soy={ oat, ets a) 
o-at PS 

(m an entire number). 
It is readily shown that the subsequent expressions hold : 

oo) ont 

sa)=) Ee Bas Foe) 

s0)=0(" as, Sa Rc wt iGl O) 

ay ri avi 
dm (A) = { Gan) De Ned (EY) 

ca) en gt . 

bu =rt) aad... 2) 

These will be employed below. ¢$,(X) may by partial 
integration be reduced to ¢(A). By simple calculation we 
get 

" (Dye Nd y ee (—1)’r” 

dn(A) sien "AOC ETS aN he nf me = 1) ERE 1) i 

I am now going to show that the integrals found in K of 
the form 

Zz en ke q 

i} eer ea a 

may be reduced to expressions which only contain the 
function ¢ together with rational functions of z and k. I 
therefore examine the integral 

2 eft I co ea kez d 

are teO-| zites” 
I put ¢+z=2 and get 

(13) 

ated ~kt 
sp eee 

But ee to (12) 

ied et iL 

CEs he eset fm Lh +2)}. 
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ages 

pe 4° _ ¢,,(k( See Le (ee yi ams bm(k) — fo m— = ¢ [ &( A z) |. ( o 

For m=1 we get 
2 p—kz 

| <— de=p(l)—e-$ [M142]. - « (5) 

So we have reduced all the integrals of this form. There 
remains only 

—t (7 etaen (Tae 
This one is immediately reduced by the relation (10), 

which gives 
CMe sy Ns Yi 

NA < Cae ie). 

By effecting all these reductions of K, we finally get: 

kz 
LO A eae De-hz 2 Ko rR ae e-h (kz) 

}? k3 
Oy GP pct tend Stee — p—kz + (2-2 + F— |) HO —e-G [HL +2)]) 
rag FD es is ele OL ke ah Sal 

oe Dane) ae Oe +3 aqaq) 
ees aang | CM 1 k aN acne Ne Mpeg) GEM ON 

1 Aap oie mee Vo 5H(2 S a) 

For z equal to , 1% e. O= 7 =, this expression is trans- 
formed to 

Kya=2logh-+(2—2k-+ 5 — ©) 6 +20— 3(2-5): (17) 

This value must be used in order to calculate the scattered 
radiation entering the ionization-chamber, when the plate is 
quite close to its opening. It now remains to show how 
@(A) is connected with known tabulated functions. This is 
extremely simple and follows trom (10). Then the function 

ES 

i} a dt 
a t 

is found in the tables of Jancke and Emde under the 0 

nation Hz(A). (10) gives 

b(A)=—eHi—A).. 2 . . « (18) 
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Besides @ is in a close connexion with the well-known 
function . 

= dx 
“=| log a’ 

which under the denomination of integral logarithm has 
been the object of special study. Indeed, we get by exchange 
of variables 

9 0 en YS) 
The expression obtained allows of calculating, without any 

difficulty, the scattered radiation, which under a given visual 
angle penetrates into the ionization-chamber, as soon as we 
know the intensity, absorption and scattering coefficient of 
the incident radiation. It is evident that we may by the aid 
of this expression be able to calculate the said coefficients 
from the experimental determinations. I leave to the expe- 
rimental physicists the consideration of how this may be best 
executed in practice. 

In conclusion I wish to make a numerical application of 
the above results to some data taken from the experiments of 
Aurén. He placed the plate in two different positions, and 
measured the radiation entering the ionization-chamber in 
both cases. The distance to the centre of the plate was in 
the former position 2°lem., in the latter 12°3 cm. The 
distance between the ionization-chamber and the focus of the 
bulb was 42 cm. In one case Aurén examined a graphite 
plate 1 em. thick. The mass-scattering coefficient for C, 
according to Aurén, is 0°142. Thus the scattering coefficient 
o =1'7.0 142, because the density isabout 1:7. For one of the 
wave-lengths used by him (0°34.107-§ em.) «=0:094.1°7. 
Thus 

k=l(k+o)=0°4. 

By the aid of these facts, I get the following values of K 
in both positions : 

K,=0-0997, 

K,=0°00408. 

For the sake of comparison, I calculate K,, and get 

K oo 1°328. 

The scattering leaving the plate in the different positions 
is moreover inversely proportional to the square of the 
distance of the plate from the focus. With this in view, I 
ealculate the ratio of scattered radiation entering the chamber 

Phil. Mag. 8. 6. Vol. 37. No. 218. Feb. 1919. Q 
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in the respective positions to that which would enter it if 
the plate were in the immediate proximity of the opening, 
£0G. it 1%, 7, and 7, ae the distances in the respective cases, 

2 

I calculate —> ue 5s eo and — Ke x For the two expressions 

we obtain ue values 0° 0827 Ne 0:00602 respectively. The 
difference between the two expressions is 0°077. If I 
assume that about equal scattered radiation is propagated 
backwards, this difference, which comes out as a difference 
in the apparent absorption, will amount to ca. 3°9 per cent. 
of the absorption caused by scatiering. According to the 

figures gi bove it onl ty to gures given above it only amounts to o9q7o-449 ° 

the total absorption. The difference will then be 1'5 per cent. 
of the total absorption. This is in fair agreement with the 
Aurén experiments. 

In addition to the above calculation I wish to mention 
that, for small values of z, K is more readily denoted by 
developing in the formula (4), the integrand of a pewer 
series and integrating term by term. So the following 
expression is arrived at: 

sai ce (s— w+ 2)(s = ee) ee K=%. =r 3, ae (14 A ier, 

Nobel Institution of aie Chemistry, 
Stockholm, June 1918. 

XIX. Fizeaw’s Experiment and the Atther. By Dr. R. A. 
Hovustoun, Lecturer on Physical Optics in the Unversity 
oj Glasgow™. 

Si. iB a celebrated experiment performed in 1859 Fizeau 
showed that the velocity of light in a tube con- 

taining running water could be explained on the assumption 
that the ether in the tube was dragged with the water with 
a velocity v(1—1/u?), where v is the velocity of the water. 
The experiment was repeated with greater accuracy by 
Michelson and Morley in 1886, and Fizeau’s result verified. 
According to the theory of H. A. Lorentz published in 1895, 
however, the velocity” of the eether-drift in the tube is 
given by 

* Communicated by the Author. 
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and not by v(1—1/y7), the numerical value of the new term 
being much smaller than the numerical valve of either 
expression for the drift. The experiment was repeated with 
extreme care and accuracy by Zeeman in 1915, and not only 
was the existence of the new term verified, but also its 
variation with the wave-length. 

It has hitherto been assumed, that the Lorentz expression 
for the eether-drift can be derived only on the basis of the 
theory of electrons, or from the equations of the theory of 
Relativity. I desire here to call attention to the fact, that 
it follows much more simply on the basis of the older 
elastic theories of light. 

§ 2. Let us suppose that 

Cay ca ric Mae alae (1) 

represents the propagation of a light-wave in the ether, 
y denoting the displacement of the zether, p its density and 
Ef its elasticity; p is constant throughout all space. Let us 
suppose that inside matter there are particles attached to 
points in the eether, the mass of the distribution per unit volume 
being o. ‘These particles may be regarded as constituting a 
kind of ‘“‘ virtual” ether. They execute vibrations about 
the points to which they are attached. If denotes their 
average displacement, their motion is given by 

2 
oF + yy) =0. en Page (2) 

The force attaching them to the ether reacts on the latter, 
so that instead of (1) we obtain 

2 2 | p St =ESY + bin). P A - on) ae (3) 

Add (2) and (3), and we obtain 

Paya to ae Sat byes we Se ep on (4) 

Assume now that y and 7 vary as cosnt. Then (2) gives 

n(k— on”) =ky, 

and (4) becomes 

ke VOry 09 
(e+ oe = OS 

Q 2 
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The index of refraction is given by 

ee koc? “ 

(e+ —3)= 1+ Wk enty Bide.) 

where ¢ is the velocity of light in vacuo. 
Now n=2zc/\, where X is the wave-length in vacuo. It 

will be found, by differentiating (5) with respect to \ and 
making the necessary substitutions, that 

du —_—‘Kae* 
dy H(k—on’?)” i 

Suppose now that the refracting medium is moving through 
the ether with velocity v, in the direction in which the light- 
wave is travelling. Our co-ordinate axes are fixed in the 
ether. We ussume that the light-wave is given by 

pb —1—pr 

y=eosn(t—a/V). 

Since there is no damping, 7 is in phase with y, and is pro- 
portional to the same cosine. Equations (2) and (38) still 
hold, but in equation (2) now 

es fe 
dt 3t Oe 

Previously the 90/dOv term was zero. This is the only 
difference between moving and stationary media. For one 
definite particle of the “ virtual ” sether 

Pa learte kee hie’s) Oe Dx 
ae — Toe Hence di = (1- “ee 

Substitute now in (2) and (4), and we obtain 

fps ea 2 deni 
k—o(1—vfV)?n?2 1 0 Oa? 

Hence 1 eed ko(1—v/V)? 7 
po E|Pt k—a(1—v/V)2n2 1° a 

This is absolutely true, no matter what the size of 1/V is. 
Assume that v/V is small, and the equation reduces to 

ii ho gee, k?o ( 

V2 =i a one UN (k—on?)? 

= [t-y(-¢ ~hl. 
Invert and take the root of both sides, remembering that v/V 
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: A dy | 

=F [14+ y V (3 jen uw dr 

nf L - i 
ot ue wan ? 

issmall. Then 

on making the permissible assumption that V=c/w in the 
coefficient of v. 

Thus the formula is proved. The proof can easily be 
extended to take in the case of several ‘ virtual ” ethers each 
with its own free period. If the medium is not moving in 
the direction of the light-wave, v is to be understood as the 
component of its velocity in that direction. 

§ 3. Any theory which is to expliin the phenomena of 
light must involve two vectors vibrating at right angles 
to one another in the same way as the electric and magnetic 
intensities do in the electromagnetic theory, 7. e. it must have 
equations formally the same as the equations of the electro- 
magnetic theory, and it mustalso have boundary conditions 
formally the same as the boundary conditions of the electro- 
magnetic theory. The two vectors may, for example, re- 
present displacement and rotation of an zther. There are 
various theories of this type, e. g. the elastic theory of 
W. Voigt. The above discussion shows, that if such a system 
of equations is coupled with a theory of dispersion of the type 
given by Maxwell or Sellmeier, it will apparently do all that 
the original theory of Lorentz does for moving media, and 
more simply than the latter, for it is simpler to suppose par- 
ticles reacting on an elastic ether than to connect electrons 
with the light-wave by means of the displacement current. 
It is a case of phenomena being represented well from two 
different standpoints, which shows that each has only one 
aspect of the truth. 

Now Lorentz’s original theory explained astronomical 
aberration and the null effect of the earth’s motion through 
space on all optical experiments to the order v/c, but did not 
explain the null effect of the earth’s motion through space 
on the Michelson-Morley experiment in the order (v/c)*. It 
is exactly the same with this theory. To explain the 
Michelson-Morley experiment on the Lorentz theory it is 
necessary to make the FitzGerald-Lorentz assumption, that 
the earth contracts in the direction of its motion. But if we 
assume an elastic ether we have another loophole of escape; 
we may suppose that the ether is moving with the earth in 
space, that it is participating in the earth’s motion of trans- 
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lation, but not in the earth’s motion of rotation. This 
assumption is not permissible to the Lorentz theory, for 
according to the latter the zther is merely empty space. 

§ 4. Let us shortly examine the consequences involved in 
the hypothesis, that the ether has tbe same velocity of 
translation as the earth. 

Seventy years ago this hypothesis would have been objected 
to on a priort grounds. The belief then was, that the ether 
was created first and then myriads of hard unchangeable 
material particles ; these came together under the influence of 
certain “ forces” of attraction, cohesion, heat,’ &c., and formed 
the planets. The object of science was to discover and interpret 
the Divine Plan, and, of course, it was unreasonable to 
suppose that the ether had any closer connexion with any 
one planet than any other. 

Now the standpoint is rapidly changing ; ‘“ laws of nature ’ 
have truth only with reference to our present state of know- 
ledge, and to the degree of skill with which we have succeeded 
in giving expression to it. The ether is reached only by our 
intellectual processes; it is a conception to satisfy our 
phenomena, Hence we have a right to attach it to our own 
planet, if necessary, and the hypothesis must be judged solely 
on its merits. 

If the ether participates in the earth’s motion of trans- 
lation, the only motion which the Michelson-Morley expe- 
riment might reveal, is that due to the earth’s diurnal 
rotation. This amounts at the equator to 291 miles per 
second, and hence gives a value of v/c=1'56 x 10~° instead 
of the 10-4 given by the orbital velocity. The effect to be 

° e e 94 e 

observed would consequently diminish to +5 (99 of its value, 
and hence be 100 times too small for the sensitiveness of 
the apparatus. So the Michelson-Morley experiment is 
accounted for. 

In addition to the annual astronomical aberration with the 
‘maximum value of 20'"47 there is a diurnal aberration 
ranging from zero to 0'"31. The peculiarity of this hypo- 
thesis is, that it explains them in different ways. The 
diurnal aberration is explained in the same way as the 
annual aberration is explained on the Lorentz theory. To 
explain the annual aberration it is necessary to proceed as is 
shown in the fig. O is the observer on the earth supposed 
at rest in the ether, S is the star and SO the path of aray . 
to the observer. When the ray arrives at O, the star has 
moved through the ether to 8’, the earth and ether being 
regarded as fixed. The star is thus displaced behind its true 
position S' by the angle SS/sin 0/OS=vsin 6/c, where v is 

b) 
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the relative velocity of star and observer. The case is exactly 
the same as locating an aeroplane by pointing a resonator in 
the direction in which the noise of the engine is loudest; the 
aeroplane will appear displaced behind the true position. If 

77° 

er 

O 
9 is the apparent latitude and @’ the true latitude, this 
explanation makes v/c=sin (6'—@)/sin 6’, whereas the usual 
explanation makes v/e=sin(@/—9@)/sin@. But the differ- 
ence is too small to observe. 

Thus the hypothesis accounts for aberration, and seems 
to give a means of escaping from the FitzGerald-Lorentz 
assumption and its consequence, the Principle of Relativity, 
at the expense, of course, of a strictly electromagnetic 
explanation of matter. 

XX. On General Relativity. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

| ies appearance of Dr. Silberstein’s recent article * on 
“General Relativity without the Equivalence Hypo- 

thesis”? encourages me to restate my own views on the 
subject. Jam perhaps entitled to do this as my work on the 
subject of General Relativity was published before that of 
Hinstein and Kottler, and appears to have been overlooked 
by recent writers. In 1909 I proposed a scheme of electro- 
magnetic equationst which are covariant for all trans- 
formations of co-ordinates which are biuniform in the domain 
we are interested in. These equations were similar to 
Maxwell’s equations, except that the familiar relations 
B=yH, D=k4E of Maxwell’s theory were replaced by more 

* Phil. Mag. July1918. 
+ Proc, Lond. Math. Soe. ser. 2, vol. viii. p. 223 (1910). 
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general equations, which \implied that two fundamental 
integral forms were reciprocals with regard to a quadratic 
differential form 

> > Im, nA AX n; 

which was assumed to be invariant for all transformations of 
co-ordinates. The coefficients of the quadratic form were 
regarded as characteristics of the medium supporting the 
electromagnetic field and of the motion of the medium and 
its parts. The vanishing of the quadratic form was regarded 
as the condition that two neighbouring particles should bein 
positions such that a disturbance starting from one at the 
associated time should arrive at the other at its associated 
time *. 

The idea that the coefficients of the quadratic form might 
be considered as characteristics of the mind interpreting the 
phenomena was also entertained +, and it was suggested that 
a correspondence or transformation of co-ordinates might be 
considered as a crude mathematical symbol for a mind. 

The phenomena here considered were those occurring in 
the brain and body; and although the correspondence by 
which the universe is reconstructed, so to speak, may be 
totally differentt from the type contemplated here, yet it 
was thought that some of the general conclusions might still 
be valid if a transformation of co-ordinates was adopted as a 
working model of the correspondence. It was thought, for 
instance, that there was an analogy between the relativity 
principle that the earth’s motion in space cannot be detected 
from experiments with terrestrial objects; and the interesting 
fact that we are unaware of the flow of blood and other 
processes taking place in our own bodies so long as they 
tuke place in the normal way. It was thought that the 

* Loc. cit. p. 225. See also Amer. Journ. of Math. vol. xxxiv. p. 340 
1912). 
+ Memoirs of the Manchester Literary and Philosophical Society (1910). 

A full account of my ideas has not yet been published, owing to the 
difficulty of eliminating vagueness. 

{ The term correspondence is used here in a very general sense, and 
is by no means restricted to the familiar one to one correspondence of 
entities of the same type, such as points. We should say, for instance, 
that there is a correspondence between the disturbance running along a 
telephone-wire and the sound-waves which produce it, because we can 
pass fron: one to the other by mathematical equations of a definite type, 
or rather by solving the equations and the boundary conditions, A 
correspondence is, moreover, regarded as an entity which may have real 
existence and be capable of growth and variation. 
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correspondence by which the elementary processes in the 
brain are interpreted may be adjusted in such a way that 
some of the changes are obscured. 

Again, if we assume that the nature of an electromagnetic 
field depends on the type of fundamental quadratic form 
which determines the constitutive relations, and thus depends 
indirectly on a transformation which alters the coefficients 
of this quadratic form, this d:pendence may be a symbol for 
the relation between physical and mental phenomena instead 
of giving the influence of gravitation on light asin Einstein’s 
theory. 

Hinstein and others have attempted to formulate a set of 
equations of motion which will cover all physical phenomena; 
but the present writer does not feel inclined to accept them 
as final, because in his opinion the true equations of motion 
should be capable of accounting for the phenomena of life, 
which after all are the most important physical phenomena. 

To make my position more definite, let us consider one of 
the methods by which the equations of motion of an electron 
are obtained in the usual electromagnetic theory. The 
principle is adopted that at each instant the integral over 
the electron of the total force on each element must be zero. 
Now before this principle can be used to write down the 
equations of motion we must know the design of the electron, 
and we must know the way in which the motions of the 
different elements are co-ordinated. This co-ordination or 
organization of the motions of the elements may be repre- 
sented mathematically by a sequence of infinitesimal trans- 
formations, by which some of the features of the design are 
preserved. ‘The design of the electron and the co-ordinated 
motion of its parts may, perhaps, be specified by a quadratic 
differential form in four variables, which determines a mapping 
of the interior of the electron on the interior of a stationary 
sphere; but I doubt if this is sufficiently general. A 
knowledge of this quadratic differential form is necessary 
then before we can write down the equations of motion of 
the electron as a whole. What we usually regard as the 
equations of motion of matter need then to be supplemented 
by geometrical conditions which specify the design and 
organization of each elementary portion of matter. Further- 
more, when this design and organization is assumed to be 
known, the ordinary equations of motion may be regarded 
as a consequence of the electromagnetic laws and the above- 
mentioned principle. 

It must be confessed, however, that this principle does not 
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seem satisfactory for a fundamental principle, and is probably 
a consequence of some deep underlying principles which are 
the true equations of motion. These new principles should 
indicate the reason for a similarity of design of the different 
electrons. One of the fundamental facts of life is that a good 
design is copied, and that there is a certain characteristic of the 
design of an object and its surrounding medium, depending 

_ perhaps on the closeness of fit of an imperfect correspondence, 
which determines the extent to which the design of the object 
is copied and preserved in the surrounding medium. This 
may be called the value of the design in relation to the medium, 
and it is a quantity which I feel must be taken into account 
in the true equations of motion, and a number assigned to it 
at each instant. As an example of standardization, the 
Ford motor-car is not in it with the electron; and, according 
to the above view, we must regard the design of the electron 
as one of very great value in relation to the surrounding 
medium. 

Returning to our generalized scheme of electromagnetic 
equations, and looking at matters from the point of view of 
physical optics, it may be remarked that the scheme of consti- 
tutive relations mentioned above is not sufficiently general to 
cover the case of a doubly-refracting crystalline medium™. 
To remedy this defect we may use a biquadratic integral form 
instead of a quadratic differential form to specify the con- 
stitutive relations. The vanishing of the biquadratic integral 
form may perhaps be regarded as the condition for action of 
a moving curve on a particle, a type of condition that seems 
natural if we regard moving Faraday tubes as fundamental. 
With this generalized theory it is possible for the elementary 
wave surface in a medium to be a general Kummer surface, 
a surface of which Fresnel’s wave surface is a particular 
ease. It is doubtful whether this generalized theory is suffi- 
ciently general for all purposes, and the above example is 
given just to emphasize that the absolute calculus of Ricci and 
Levi Civita can be used to develop a theory of generalized 
relativity on many lines in addition to that adopted by 
Hinstein. 

Going back to the case in which a quadratic form is 
sufficient to determine the optical properties of a medium, 
we may remark that if Einstein’s idea of the gravitational 
equations is accepted, it is still by no means certain that his 

* Proc. London Math. Soc. ser. 2, vol. viii. p. 375. See also p. 251 
of my first paper. 3 



General Relativity. 223 

quadratic form from which the gravitational equations are 
derived is the same as the quadratic form which determines 
the optical properties of the medium. Indeed, the example 
which I considered on p. 262 of my first paper would seem 
to indicate that this was not the case. It should be mentioned 
that in the first seven equations in this example there is a 
misprint, eu should be replaced by (eu)~'. On the above 
view Hinstein’s idea of an influence of gravitation on light is 
simply an hypothesis, but a very interesting and reasonable 
one. It may be remarked, however, that in the theory of 
surfaces there are two fundamental quadratic forms, and we 
may perhaps expect something similar in general relativity. 

With regard to possible extensions of the idea of relativity 
it may be worth while to consider transformations analogous 
to the contact transformations of dynamics in which the 
co-ordinates #, y, z,t and the component velocities u, v, w 
correspond to a new set (#@y12:tyu,v,w,) in such a way that 
the differential equations 

dt, 

ur ey on 

are a consequence of the equations 

ae land, dz Se ea 
u 0 W 

This may be secured by making a single quadratic form, 
such as 

(da? + dy? + dz? —c*dt?)(c? = u? —v?—w’) 

+ (c*dt —udx —vdy —udz)’, (cP? > wu? + v7 +w?), 

an invariant™. Various other quadratic forms consisting of 
sums of squares may, of course, be adopted instead. 

H. BatEMan. 
Throop College. 

Pasandena, Cal. 
Aug. 10th, 1918. 

* This is a positive definite quadratic form in the variables dv —xudt, 
dy—vdt, dz—wdt, and so can only vanish when all these quantities are 
zero. 



XXI. The Influence 07 Temperature on Homogeneous Gas 
Reactions. By Grorczx W. Topp, D.Sc. Nati BA. 
(Cantab.), and 8. P. Owen, B.Sc. (Wales) * 

T is well known that a small rise in temperature generally 
causes a big increase in the velocity of a chemical re- 

action—a rise of 10° C. often doubles or even trebles the 
velocity. On the kinetic theory of gases the frequency with 
which the molecules collide is proportional to the absolute 
temperature, so that a rise of 10° C. in normal regions of 
temperature would only result in increasing the frequency 
of collision by two per cent. For this reason the kinetic 
theory as a means of explaining the effect of temperature on 
reaction velocity and on chemical equilibrium has been left 
severely alone and artificial assumptions such as the “ active ” 
and ‘‘ passive” molecules of Arrhenius have been brought 
forward. 

Many years ago Boltzmann (Wied. Ann. xxi. p. 64) 
pointed out that a kinetic treatment of gaseous equilibrium 
ought to give better results than a thermodynamic treat- 
ment. As yet no results of practical importance have been 
obtained in this way. 

The majority of the molecules in a gas are moving with a 
velocity not far removed from the average, but whatever the 
temperature there are at every instant a very few molecules 
practically motionless and a very few with extremely high 
velocities. Now it is quite certain that in a chemical re- 
action only a small proportion of the molecules are in the 
condition for combining, at any instant of time. We shall 
therefore assume that a oas molecule can never react with 
another gas molecule unless its energy (we shall take kinetic 
energy in what follows) surpasses a definite minimum. 

According to Maxwell’s theorem on the distribution of 
velocities the number of molecules in 1 c.c. with velocities 
between ¢ and c+de is 

4 a Magy 
dn=—=.N: (si i, MMe ot ae res 

a/ 1 2RO 

where N=number of molecules per cc., 

R=gas constant, 
m=mass of a gas molecule, 

§=absolute temperature. 

* Communicated by the Authors. 
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If n is the number of molecules having velocities greater 
than a critical value c, then 

mec 

nd ~2Re r= ee ae N (ska) i 
We shall assume eee chemical reaction can only take 

place in consequence of the collisions of these 7 molecules. 
Before proceeding further we must obtain a suitable 

expression for the above integral. We shall show that 

2 Sr a cL 
ee Ne EE: oe higher powers of (=) ; 

where m 
L=C IRA’ 

The asymptotic expansion rapidly decreases for large values 
of w, and generally we find it justifiable to assume 

Di iegitae ot 
me nor see |e+ Al ; 

The proof is as follows :— 
We have 4 2 

n= Te nf Bee OAD eh oh Pag CTs) 

where ; m2 
= Cy RG . 

Now 
fe 0) fora) Too 

Se Re pes eee So ee { e* at da=}| —e*. a] +3 er de 
Ty Z] JL 

a2 

—27,2 2 as 
eae otal Cav ede ey a) ety fy.) 

i 1 

. & r 

Putting w=— we have 
Ly 

ao eo 

| areas == aad basal i AY 
Z1 1 

eo 

aes | err—?) | dy 
St 

“4 EN Gane ab 
= et 4 e~?,4 1+ — a i ( 2 Dan? dt 

where t=.2,?(w?—1) 
i 2) 1 

2 5 ry CS Neat ak 

0 ue : 
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(1+4 “=14+3(-S +a8(- 5 ne yaa H{—8) +45 (2 ae 
12 3 ts t in pe) terse 

i + 
ied at ke -3 (02? 478" 5 5) S*,(14+8)-2.d8. 

in a eI 

Substituting in (iii.) and remembering that 

( e-t. e-1, dt=T(n) 
0 e/ 

1 lige NA 2) 

.&;* 
RS Ieee Ne ee ae 3 ine NBA eet 2 4 ~& eee 

t 

((1+5)" “'S".(L4+8)-8d8.ae } 
0 & 0 e 

If we take 
sy Le 3 

SES fe ee Cit A Pa. arts =u — Dn = beat a] }1 Qn? + ee 7 Da 

then Anz1  2n+1 
Cee 

which approaches « as n approaches . 
Hence S, is divergent for all values of z. 
But we can make 

ea} 

e7 7, dz—S,, 

Ty 

as small as we please by taking large values of 2, for 

ree 
1s 4 

e@ dz—S,=4e ™: oR Fe 

. ; L 
t 

A t \—2 ( 22 
xf e*(14 “) { "9". (148)-3. dS .dt 

0 a 0 

= li, say. 
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Since 1+ 4<l+e and 1+s<1+t, 

hol ahs aan a 

we b : tvti 1 

«| e~*(14+7)2(1+4):. dt 
0 gente’ nt" 

bogo 

i x-3----(F+n) Dr4+2)4+T(n+3) 
|n '  (n+1) oF cians 

bolvo 

If we take x=2 (a low value) and neglect all terms after 
the first, R,<0°002. Thus we are justified in taking 

o 

—JZ = = { e* ~. da= Fear, 
Zi 

Substituting in equations (i.) and (ii.) we obtain 

2 ~1,2 1 : n= Ne lait 5 - ea 
TT 

Reaction Velocity and Temperature. 

Let us apply our result to the homogeneous gas reaction 
represented by 

A+B-. 

Let nz be the number of A molecules per c.c. which may 
react with B molecules on collision, 7. ¢., the number of 
A molecules which have velocities greater than a certain 
eritical value characteristic of the gas A. Let n, have the 
same significance for the B gas. The molecules with less 
than the critical kinetic energy will be merely diluents, so 
that the velocity of the reaction will be 

V « nang 
1 q5 

N , on a2 +23) eS pe « N Ne E =r aE | + | 

from equation (iv.). 
The velocity of reaction is not only proportional to the 

product of the molecules having the requisite energy for 
combination but also to the frequency of collision. Mesewall 
showed that the frequency of collision is given by 

(1 a5 3 V2 net 
0 r3? 

BY. ; 
where (1+ 5) is a term correcting for molecular attraction, 



228 Dr. Todd and Mr. Owen on the Influence of 

ms? is the cross-section of the sphere of action, A° is the 
volume occupied by one molecule, and Q is the average 
molecular velocity. The value of at being small compared 
with unity we may take the frequency of collision propor- 
tional to Q, 2. e. proportional to 6. Hence 

V ON Nye (rat +20") | tat 5 r 5 |[2 mt 5 mall 

But V=£N,N;, where k is the “‘ velocity constant.” 
Therefore 

3 aI 
k K 0 e~ (a? +20") | te aaa Ee | a 

ale 6 

If kg, and kg, are the velocity constants at the temperatures 
6, and @, we obtain 

big 
eee (4, + zi i Q) a 
re P ; 0; Os (+H ip + oh 

P, Q, and W being constants pine the values 

Ba Om Sse he) 
ae V Ea. Ka, Q = 3 2 cy W =p (E+E), 

E being the critical kinetic energy of the molecule. 

In the general case A+B+C+....— itis obvious that 
we shall obtain the expression 

ho, _ 6(8:) w(2-3) 
ke, f(A)" 

where the form of @¢ is determined by the number of 
reactants. 

The Effect of Temperature on the Equilzbrium Constant. 

Let us take for example the homogeneous gas reaction 

A+BEC. 

For the forward reaction 

ae ee 272)) | ee oo hh — ane g ~@ ES = E a 2a, 

and for the back reaction 

ke=,.0 .€ Es a | : 
22. 
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giving the equilibrium constant 

ely yt 2 
Kab mS E a [w+ 22» 

K,= a = a nn ear. a te io ia 

VUcé Ea =| 

This reduces to the well-known expression 

E ty. log 048.0, 

where a=t [loge +log. 7° log. | +log.”, 

loge Kg=a+ 

e=;[ EEE, 
=—} 

lies f i 

=a ln, +m,— a: 
Take the reaction 

NgA+nB=n,C+ngD. 

The equilibrium constant is 

—NgLg2—Npxp2 Vite 14% 
Vad» € : a E 6+ za 

eal [% —Ne2xe? —ngPrx”? 
é al Lat 

=|" 

ic 

Ved « 

Again this reduces to the form, 

log, Kz=a+ B r +y.log,9+6.8, 

where 
a=5 |. loge" +15 log. + 

eg 
We Ka 

—ne loge hy, log. | + log, 

— = [ maka +n,H,— nH, — 114 Hi, | 2 

y=4[n+na—m—mnm], 

Phil. Mag. Ser. 6. Vol. 37. No. 218. Feb. 1919. R 
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In the general case it is obvious that we get the same form 

16g, Ke : Ayn: B-EaUe. 
where 

lk Lon log. aid >, log, vy 

Ga —_— Rar, 

= — 1>n, 

s= 534. 

When the reaction takes place without change in the 
number of molecules, y is zero. 

Summary. 

1. From Maxwell’s distribution theorem we have deduced 
a simple expression for the number of gas molecules per c.c. 
having velocities greater than a particular value. 

2. Assuming that only molecules with kinetic energies 
ereater than a definite minimum have the power to react 
with other molecules, we have shown how the * velocity 
constant’ of a gaseous reaction varies with the temperature, 

3. Further, we obtain the usual form of expression for 
the variation of the “equilibrium constant” with the 
temperature. 

London, November 1918. 

XXII. Boundary Difficulties of Linstein’s Gravitation Theory. 
By L. Stiperstein, Ph.D.* 

N a letter to the Hditors of ‘The Observatory’ (vol. xli. 
I Oct. 1918, p. 380), supplementing the deductions of my 
first note on this subject tT, I have derived from Hinstein’s 
field-equations ¢ the following cubic for the principal curva- 

* Communicated by the Author. 
+ “Bizarre Conclusion, &c.”, Monthly Notices of the Roy. Astrono- 

mical Society, vol. Ixxviii. p. 465. 
t These equations are, in usual notation, 

Gig = « [a9 — Tyi — Gig J = 1, 2, 8, 4), 
where A is a universal constant. 
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tures K,, Ko, K, of the three-space (a, a, v3) within a lump 
of matter 

det| (K—L)g,—«1,|=0,. . . . (A) 

where L=«(g#7,,—17)+2, and det stands for the deter- 
minant of the nine elements (i,j=1, 2,3). All 7,, (stresses, 

&c.) being negligible with the exception of Tj4, so that also 

T=9"Tu=p (density), the above cubic became 

(K—L)?.det}g,|=0, . . . - (B) 
and gave at once 

K,=K,= K,=t«p+ A, 

?. €. an isotropic space, thus corroborating the original 
“bizarre” conclusion according to which “a homogeneous 
body could have only the shape of a sphere.” 

In deducing equation (A) I have based myself, among 
other things, upon certain differentially geometrical relations, 
due to Ricci, given in a paper by Levi-Civita (Atti Lincei, 
vol. xxvi. p. 641). Now, Prof. Levi-Civita, to whom I have 
communicated the above and some previous results, has 
recently (in a private letter) called my attention to the fact 
that the G,. of his paper just quoted are not identical with 
my G,,, but differ from them by 

1 

~ 5 ho J=1, 2, 3), 

where v=1/ ies and Uys is the covariant derivative of v with 

respect to x, x., corresponding to the three-space element in 
question. 

Thus, neglecting the stresses, as before, the so-called 
coefficients of Ricci become | 

and we have, instead of the above (B), the following cubic 

1 ae 
det (K—L)g— - 9 Ope AS ret eek) 

with L=4«p +X, which givesin general three diferent curva- 
tures Ky, Ky, K3, depending essentially upon g4, or v’. Thus 
the space is no more isotropic, and the original conclusion 
about the shape of a homogeneous body ceases to be necessary. 
But the geometrical boundary difficulties do not vanish 
therefore ; on the contrary, unless some boundary conditions 
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ad hoc are not made, the difficulties or incompatibilities at 
the surface may possibly become more acute, extending, that 
is, even to non-homogeneous lumps of matter. 

Manifestly, the coefficient g,, appearing through v,/v, and 
therefore also the A’s, can only be obtained after an in- 
tegration of the differential field-equations, so that in general 
the whole problem becomes considerably more intricate. To 
shed some light upon it let us consider the well-known 
approximate solution embodied in the line-element 

piles 
dst= (1— =, )otaet—ae, oe Gen 

dP = (1 + “) (day? + day?+dax37), . . (2a) RE: 

that is to say, 

v= Ju=1— G0, POM 

where © is the Newtonian potential of the mass distribution p, 
1. €. satisfying the common Laplace-Poisson equation 

2 c 
V Q= aa Die 

The developed form of (1) is easily seen to be 

AW aye L 
liz l- (h-L)F op *(K-L)— “al Y, | =(0, 

where 
| 

Uj1 Vie 13 | | 911 G12 918 Iu Jiz 913 

P2= | 921 922 Gos | + | Var Veg V23} + | Jo1 922923 | - 

J31 932 933 | G31 932 933 U31 Uze U33 

911 912 913 

Pi= | Vor Veo Vo3| + two similar terms. 

U31 Use 33 

Now, with the approximate solution (2), and taking ¢ as 
_unit velocity, | 

gu=1—20, G1=In=9n=— (1 +20) ; 

all other y,,.=0. Rejecting higher order terms we can. write 

v=1-QO, Ig | = 911 922 933 = — (1+ 60), 

po= (1 +4Q) (vy, + v9 + 033), 

Pi=—(14+ 20) (vogve3—v93+.. +): 
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Thus, writing for the sake of shortness 

o=K—-L= eee 
b] 

or, since (in the case of water, for He A is more than 

10° smaller than <f 

FiO ey agit) Vel, ) stiles CB) 

the cubic (1) becomes, after the rejection of terms such as 
20, 60, in the presence of unity, 

o? — 0( Oy; + Og + O33) + o( QM — Oi + &e.) —|O,,|=0, (4) 

where @,. are covariant derivatives of the Newtonian 

potential QO (with respect to #,, v;) corresponding to the 

three-space element (2a). In this equation, generally 
speaking, no term ean be neglected, and we Mor. therefore, 
three different principal curvatures Ay, Ky, Ks. 

The covariant derivatives of the potential appearing in 

(4) are 
2 

Oy= sos Sei ca. 

where the three-index symbols are to be taken with respect 
to the line-element (2a), 7. e. for the tensor 

feo. 0, 0, 
Dee IO!. a0), 
0, Oi) a Boe 

This gives, with the above degree of approximation, 

neal Sere re re Yor 022 0.3 rae . (5) Oya 2 80 | 20 | Ouida “8H OH 
with similar expressions for O49, Qz3, and 043, O3,.. Thus the 
coeflicient of o”, for instance, assumes the elegant form 

Oy +99 + O33 = V7 + (V 2)’, SEE CO i) 

where V is the Hamiltonian or, in our present case, the 
gradient. Similarly the remaining two coefficients of the 
cubic (4) will be determined by (5) in terms of the first and 
the second derivatives of the Newtonian potential Q of the 
given body (mass distribution). Thus, if © is found with, 
say, the usual conditions of continuity and those “at 
infinity,’ the curvatures inside and outside the body can be 
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calculated as the roots of (4) and then tested for their 
compatibility or incompatibility at the prescribed surface of 
the body. Let K, stand for the Riemannian curvature near 
the boundary S of the body corresponding to a geodesic 
surface element oriented tangentially to S. Then if Ky is 
continuous across the boundary S, there will be no incom- 
patibility. But if A, is discontinuous, then, no matter 
whether the body is homogeneous or not, certain forms of S 
as boundary will obviously be excluded, and will—if forced 
upon the body—lead to contradictions. Now it seems very 
doubtful that, with the above determination of Q, the curva- 
ture K,, should be generally continuous across the boundary, 
especially as A, contains also the second derivatives of the 
potential. And, for the same reason, it seems doubtful 
whether the usual conditions of the integral of V?Q=—4xp 
can be successfully replaced once and for ever by some other 
boundary conditions. The circumstance that with the 
actually existing densities the amount of discrepancy may be 
only small * and even negligible for the physicist, does not 
change the position. For the question is one of principle, 
and would certainly call for a thorough mathematical 
investigation by the strict adherents of Hinstein’s theory. 

No solution of this difficult general problem will be 
attempted here simply because it is beyond the powers of the 
present writer (and quite apart from his disinclination to 
Hinstein’s theory based on entirely different grounds). In 
order, however, to explain the above general remarks and 
formule, it may be well to give here the solution of our 
cubic for the simplest case of a spherical body, for which (as 
was to be expected) there is no geometrical incompatibility. 

Let 7 be the distance from the centre of the sphere and R 
its radius. We might with equal ease treat the case of p 
equal to any function of r. But to fix the ideas, let the 
sphere be homogeneous. hen, « being a constant pro- 
portional to its total mass, we have 

a=" outside, and O= ~_r* inside. 
r R? 

Thus, writing F for the gradient VQ, and 
dQ 

oo 
for its absolute value, and using the abbreviation 

o= ee 2¥?, 
dr 

* The radius of curvature corresponding to xo is for water of the 
order of 25 astronomical units. 
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we find, by (5), 
ae 

O,,= F?+ tues &e. 

LX 

| 
4 Wh oi KES 

2 Trae gee O, eo ) 

These values of ©,, are to be introduced into the cubic (4), 

giving the three boots G1, Fg, 73, Of which two will, no doubt, 
be equal. These, however, can be found more ‘simply by 
remembering that the cubic is precisely of the form of the 
equation for the principal axes of the linear vector operator o 
whose constituents are 1;;, 2;9=Q2,, &e. Call P the operand, 
denote wP by P’, and use the suffixes 1, 2, 3 for the com-- 
ponents along the axes of a, %%, x3. Then, by (6), and 
putting for the moment #?-+ F/r=¥, 

PY =VP,+0(4 Pt P+ 2 Ps), 

or, calling u the unit of r, 

P/=WVP,+ 
eal z @(Pu), 

with two similar expressions for P,', P;. Thus, for any 
vector operand P, 

oP=WV.P+@.u(uP). 

Whence we see at once that the principal axes are radial 
and all transversals. In other words, the operator is radially 
symmetric. To find the principal values, 7. ¢. o, take first 
Ptu, and then P|ju, that is, radial, obtaining in the first 
case 

. ae OPV go =o5— V, 

and in the second case, 

@P=(V+4O)P, 7. e. o,=V+O. 

Thus, remembering the meanings of VY and ®, the required 
roots of the cubic ( (4) will be 

Oy oy ==? cee ty (transversal) | 

and — dit Bien in we 
a ae — F? (radial) : 

The corresponding principal curvatures will be, by (3), 

Kis tep ion a = 1,2, 3. 
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Now, let the body be a homogeneous sphere of radius R, 
and of density p; or let it consist of concentric strata, and 
let p be the density just below the surface. Then we shall 
have, at the inner side of the surface r= R, 

_K—* 1) | K,\=K,=4 +E(F4 z) ae 
, ee m 

| 
J 

giving K,+A,+K,=F”", and at its exterior side (p=0), 

K,=-F(F+ 5) 

K,=K,=F(F+ Bi) 
: PM ce 

K,=—F (F+ R) | 

making K,+A,+4;=/?+3«p. Thus, if /=dQ/dr is con- 
tinuous across the surface, so is K,= 3, the principal cur- 
vature corresponding to the radial or normal axis, and there 
is thus, for the sphere under consideration, no geometrical 
incompatibility. 

But (to repeat it) whether such will also be the case for 
differently shaped bodies seems doubtful. Levi-Civita, in a 
private letter to the writer, expresses the opinion that the 
continuity of the normal principal curvature K, (as the 
above K;) will also in general be ensured automatically in 
virtue of a certain equation given in treatises on differential 
geometry. (Levi-Civita quotes Bianchi’s ‘“ Leztona di geo- 
metria diferenziale,” vol.i. p. 373, unfortunately not accessible 
for the present). But I do not see how such an equation 
can hold independently of the details of mass distribution’ 
and therefore of the distribution of the values of Q and of 
its derivatives. The reader may find it worth his while to 
investigate on similar lines as our above sphere the case of, 
let us say, a homogeneous ellipsoid of revolution. 

As I have attempted to point out in another paper (Phil. 
Mag. vol. xxxvi. p. 94) there are grave objections against 
Hinstein’s gravitation theory of an entirely different nature. 
Until these are removed, it would seem useless to insist any 
further upon the purely geometrical difficulties. | 

London, 
December 28, 1918. 
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XXIII. On the X-Ray Spectra and the Constitution of the 
Atom. II. By L. Vecarp, Dr.Phil., Professor of Physics 
at the University of Christiania®. 

Introduction. 

§1. PN a previous paper f published in the Phil. Mag. 
for April this year, I have tried to explain the 

X-ray spectra from definite conceptions with regard to the 
system of electrons which surround the positive nucleus. 
My theory of X-ray spectra was based on the assumption 

that the quant-number of the electrons surrounding the 
nucleus is not constant and equal to one (Bohr’s hypo- 
thesis), but increases as we pass outwards from the nucleus— 
from one ring-system to another. 

With regard to the way in which the X-ray spectra are 
produced, the following two possibilities were considered :-— 

(1) An X-ray line is produced by the recombination of an 
electron from a ‘‘ secondary’ stability circle of a 
higher quant-number tv the “ primary ” circle which 
has lost one electron. 

(2) The X-ray line is produced by the recombination of an 
electron belonging to one of the outer “ primary” 
stability circles to the broken primary system (the 
one which has lost one electron). | 

* Communicated by the Author. Communicated as manuscript to 
the Kristiania Vid. Selsk. on the 18th of September, 1918. 
+ L. Vegard, “The X-Ray Spectra and the Constitution of the 

Atom,” Phil. Mag. xxxv. p. 293 (1918). This paper will be referred to 
as Paper I. 

Phil. Mag. 8. 6. Vol. 37. No. 219. March 1919. S 
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General formule for the calculation of the frequency were 
given for both the possibilities mentioned (Equations 15 
and 16, Paper 1.). It should, however, be remembered 
that either of these two assumptions needs some additional 
hypothesis, if the frequency formula is to be derived without 
ambiguity. 

It is my intention in this paper to give a more complete 
discussion of the various possibilities with regard to the 
process of recombination, and to draw some of the con- 
sequences to which they lead. 

ue 

On the Recombination between “ Primaries.” 

§ 2. In order to deduce the frequency formula on the 
assumption of recombination between primary systems 
we must introduce some additional hypothesis with regard 
to the change of the electronic systems which accompanies 
the expulsion of an electron from one of the rings. 
When an electron by some agency (X- or #-rays) is 

driven out from one of the rings “the electrons left behind 
in the atom will change their “motion, and not only those 
which belong to the broken ring-system, but also those 
belonging to the other rings and especially those outside 
the broken system, will have their motion changed. 

The change taking place must be a very definite one 
if we are to get homogeneous radiation. 
We have mainly two possibilities to consider :— 

(1) The motion is changed in such a way that the angular 
momentum of each electron preserves its value 
unaltered, or it remains the same as in the normal 
state of the atom. 

(2) The motion is changed in such a way that the energy 
of the unbroken electronic system remains un- 
changed. 

A priort we cannot tell which of these hypotheses is the 
right one. 

As the maintenance of a definite angular momentum of 
the electron seems to be a fundamental property of the 
atom, the first assumption might seem the more probable ; 
still, in my previous paper, | gave up the assumption of 
unchangeable momentum because I found it to disagree by 
far too much with Kossel’s empirical relation : 

Vee ae (approximately). . sca 
LSE: Ky 
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The frequencies were therefore calculated on the assump- 
tion of conservation of energy, which is in accordance with 
the relation (1). 

To fix the idea, let us recall to memory the way in which 
the frequency formule are deduced. 

Let the element considered have an atomic number N. 
Let us consider a certain ring-system with quant-number 7, 
consisting of g electrons. Let the total number of electrons 
between the nucleus and the ring be p, when the atom is in 
its normal state. 

The effective nucleus charge of the ring considered will be 
(N—p)e, and the energy of the ring 

B=0- 1 ay Si ae | =c—Win,p,9) 

In this formula the variation of mass with velocity is taken 

into account. 
R is Rydberg’s constant, 2 Planck’s constant, p a constant 

equal to 5°30. 10°, and 

For a given value of N, W is a function of n, p, g, and for 
the sake of convenience we introduce 

W(n, p, 4g 
ia Bhs Psd) _ ee) 1) 1—a/ if (N—p—S,}'f. 

(3 a) 
If we do not take into account the variation of the mass, 

we get 

V((2, pg) = 2, CN parian Waluasdy- (3 b) 

As p is a small quantity, the expression to the right 
of (3a) can be expanded into series, and to the first 
approximation : 

V(n,p,9) = Voz Vo SES ens 2) 

The hypothesis of maintenance ot energy means that even 
after an electron is removed from a system inside the ring 
considered the energy remains unaltered and equal to 
C— W(n, p, 7), where p is the number of electrons inside the 
g ving before the removal of the electron. 

S 2 
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If we suppose the angular momentum to be kept the 
energy of the ring after the removal of an internal electron , 
will be C— W(n, p—1, q). 

The correctness of this statement is evident from the fact 
that the formula (2) gives the energy of the ring when each 

electron has an angular momentum of fis and an effective 

nucleus charge (N—p)e. The expulsion of an electron from ° 
an interior system will change the effective nucleus charge 
of the ring to (N—(p—1))e. 

When the momentum is maintained the expulsion of an 
electron is accompanied by a sudden change of energy of all 
the ring-systems outside the broken one. As a matter 
of fact, the energy of such a ring is diminished, and by 
the amount 

AE = W(n, p—1, q)—W(, p, q)- 

This energy might either disappear in the form of 
radiation or it might be spent on the escaping electron 
on its way out of the atom. 

The Frequency Formula. 

§ 3. The general expression for the frequency on the 
assumption of conservation of energy was given in my 
previous paper, and we easily see that Kossel’s relations 
are fulfilled. 

On the second assumption of conservation of momentum 
the matter is not quite so simple. 

Let the ring-systems—veginning from the nucleus—be 
indicated by the indices 1, 2, 3,.... Let the broken ring 
have an index 7 and the ring from which recombination 
takes place be &. The effective nucleus charge of any 
ring tis (N—p,)e, where 

Di = Qt Got ue Gea!) 3) at ee 

Now originally I supposed that it was only the energies 
of the rings g; and gz, between which recombination took 
place, which were engaged in the production of an X-ray 
line. On this assumption we get for the frequency : 

v 
reas Vite Pe Ge) — VG ps i — Ui Vip, — lg 

+ V (nix Pry Gr—1). 
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Applying this formula to the lines Kg, K,, Li, we find : 

4 V ae : 

(; a ie fel = V(2, m—-1, ~)—VQ, GH, 9): 

If Kossel’s relation (1) should be fulfilled the expression 
on the right should be approximately equal to zero ; but as 
a matter of fact it is equal to a positive quantity which may 
assume quite considerable values. This disagreement between 
theory. and observation made me prefer the assumption of 
conservation of energy. 

Later on I found that if we gave up the assumption that 
it is only the energy-changes of g; and g; which are engaged 
in the production of the X-ray line, the assumption of 
conservation of angular momentum can be made to agree 
with Kossel’s relation. 

During recombination the rings between q; and q will 
undergo a change of energy, because the effective nucleus 
charge is diminished by one elementary unit, and we might 
assume that also the change of energy of the intermediate rings 
enters into the energy quantum of radiation which 1s emitted 
as the result of recombination. 

On this assumption the expression for the frequency takes 
the form : 

y \* 
> 

(7) =V (ni, pi, Gi) — V(r, pi, G—-1) | 

t=k—1 

Un > [ V(r, Pls gi) — V(n, Digwtt, qi) | ( ( 5a) 

t=i+1 

+ V(nk, Phy gz —1)—V(m, pe—I, 9k)- J 

Let us now suppose that another time the electron re- 
combines from a ring g;, where 7<j<k, to the same ring q;. 

j 
Then we get a frequency : ‘ 

Finally we imagine the electron to be removed from the 
j-ring, and that the recombining electron comes from the 

he 
k-ring ; then we get a frequency (4). 

Applying equation (5 a) in all cases, we easily deduce the 
identity: : | Ne 

| (i) — (a), = Ge), se 2, hve CG) 

Applied to the Kg, K,, and L, lines, this equation is 
identical with (1), and Kossel’s relation is fulfilled. 
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The general equation for the frequency we get by 
inserting into equation (5a) the expression for V (equa- 
tions a. 

Instead of using the exact expression (3a) we may 
take (3c), which with the first approximation takes into 
account the variation of the mass with velocity. The 
expression for the frequency then takes the form : 

V 

Ro=Rte 
vy is the frequency we should get when the variation of the 
mass is disregarded, and e is the correction for variation of 

(5 6) 

Vo ° ° ° 

mass. p and ¢ are given by the following expressions : 

1 1S = (.- <,)N°—BN+6, ] 
Re as 

where 
t=k=1 

nee futpes) — Pid) asi Ite > 2 

| 

| 
nea > (Be) 

Ge Do ( p.q:) a Pol Prqn) —29x( px a yi a 1/2) | 

a Pe) Pree ata, a Maco ose 

; 
Ny” 

t=k—1 | 

shy po pt S, —1/2). 
t=i+1 2 

The functions ¢, and @¢,, which were introduced in my 
previous paper, are given by the following expressions : 

$r( Pq) = YS8q—Sq-1) + Sq-1 +P lk (7) 
o( Pq) = q(2p+8,_ + Sg-1)(S¢—8¢-1) + (p+ spits i 

Finally : 

=H fn 58) ta 4) 
ly ‘featty =(ge—1)( es <=] | (5d) 

1=k-1 

+S £(a—ay-—a4y.f | | 
Teens 

where 

ay = (Ohae Sa 

by = pitQ, eee 
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On the Determination of the Quant-number and Number 
of Electrons of the Ring-systems from the observed 
Frequencies. 

§ 4. The problem before us is to find such whole numbers 
n, p, and g, that the calculated and observed frequencies of 
the various X-ray spectra are in agreement with each other. 
The procedure in the present case is the same as the one 
followed in my previous paper, only the equations and some 
of the results will be different. 

From equations (5) we see that also the assumption of 
unchangeable momentum leads to an equation of the right 

' type; for, as we know, the frequency of an X-ray line varies 
with the atomic number in sucha way as to approximately 
satisfy an equation of the form 

y 1 ik : : - e —,)N SS TIN eis hy (8) 

At any rate this equation will hold for small atomic 
numbers. 
Now the guant-numbers 7; and nz will be determined from 

the coefficient ot N?. 
The number of electrons in the rings must be determined 

from the coefficients B and ©. To make the final test we 
can calculate « by means of the known (or possible) values 

of n, p, g, and thus find the value of = corrected for 
variation of mass. 

As mentioned in Paper I., we have first of all to find such 
values of g that we get the right value of the coefficient B. 

Putting as before : 

$(9)=$1(p9) —P=9(Sg—Sq-1) +8y-1, - - (9) 

our principal equation of condition now takes the form 

O(G,) +p V dle.) 4 PRr-U Save q) 
J = ee + ET ral CU 

i ne my >, is we 

In the case of conservation of energy the corresponding 
equation of condition is (see Paper I., equation 16) 

nN; Ny, 

Taking first the important case when recombination takes 
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place between successive rings, we have to put k=1+1, and 
l=k-1 

9 . i“ e 

D> g,/n?=0. Then the equation (10} takes the simpler form 
l=it+l1 

9 (ie) Vit = (=) LO(9;) +2;] —Pizs—1/2 Bn, 7. (La) 

From equation (4) we see that p,,, is independent of Gliee 

But py depends on g, and the number of electrons between 

the g, ring and the nucleus. In order to get an equation of 

condition between g;,, and g, we must know the rings inside 

the i ring, or p,. Thus, the natural procedure will be to 

begin with the ring next to the nucleus and proceed out- 
wards, as done in my previous paper. 

Putting p,,,=49; +P; equation (11 a) takes the form 

ni +1\" 
bin —tar= (“") dG) Gt A=F@) - » (118) 

where A is a constant independent of q; and q,,.. 

| ple 
Aap — 1/2 Bris’. ah ales 

If we have calculated once for all the values of the 

function ¢(q)—q for various values (whole numbers) of gq, 

we have then in any particular case to determine the term to 

the right for various values of 4,, and we have to see whether 

any of the values of the right term equals any of the values 
found for ¢(q¢)—g. 

The values of $(q) and $(g)- 4 corresponding to g=1, 2, 
tet: .. 16 are given in Table I. 

TABLE I. 

q. $(q): ¢(Q) —¢- q. (9). g(Q)--9- 

1 0-000 —1-000 9. poe — 1-488 

2 0500 — 1-500 10° 8678) > alias 

3 1:231 — 1-769 ail 9:946 — 1-054 

4 2:097 — 1-903 12 yLh232 —0:768 

5 3-052 agg | 13 12537 - 0-463 

6 4-082 —1-918 14 18-881 —~0119 

ii 5173 — 1-827 15-15-2384 +0:234 

g 6-305 ~ 1-695 16 16604 +.0-604 

From the variation shown by ¢(g)—q we can draw some 

general conclusions. 
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In my previous paper it was shown that in a number of 
cases the X-ray spectra might be explained by recombination 
from secondary circles. IE in our general equations (5) we 
put k=72+1 and g,,,=1 we get the equation 15 of Paper I. 

corresponding to recombination from a secondary circle. 
Thus we know that in a number of cases y,,,=1 gives 

an approximate solution of (11); but then we see from 
Table I. that in any such ease there will be another value 
of g,,, which ought to give an equally good solution. 
We also see that the values of ¢(q) —¢q inside the interval 

of possible values of gy show comparatively small variations, 
and, if g=1 is an approximate solution, any value of g 
between | and 12, say, would give a fairly good agreement 
with observations. 

As we cannot, at any rate from the present scheme, claim 
or obtain a perfect agreement between observed and calcu- 
lated values we cannot be sure that the value of 9:4, whieh’ 
gives the best numerical agreement is the true one. In other 

words, even if our present hypothesis should prove to be 
right, we cannot with any claim of accuracy determine the 
Siher of electrons of .a ring only from a radiation process 
in which this ring is the one from which the electron starts 
recombination, nee g- we cannot by means of the Kaz line 
determine exactly the number of electrons in the L- -ring. 

As it appears from my previous paper, this is no longer 
the case when we assume the energy to be maintained. in 
that case the Ke-line gave quite definite values for the 
number of electrons of both the K- and the L-rings. 

On the assumption of conservation of momentum, however, 
the number of electrons of each ring-system must be deter- 
mined from a line which is produced, when the ring in 
question is the one to which recombination takes place, or 
the number of electrons must be determined by the value 
of g, which gives a possible value of the right term of 
equation (110). 

Now € 

the right, and for small values of n; the ratio will differ 
considerably trom unity, and the expression to the right of 
114 will vary fairly rapidly with g. Thus, if there is a 
value of g, which gives an approximate solution of (116) 
there will be no other value which satisfies it. When n; 

=) $(9) 4, is the variable part of the term to 

. Nir . 
becomes fairly large, however, —* approaches unity and 

; nj 

also the right term will show a similar variation as $(¢7) —q- 
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Hence, we conclude that it is only for the rings nearest to 
the nucleus that we may expect to find definite values from 
the Réntgen-ray spectra for the number of electrons in the 
ring-systems—provided we stick to the hypothesis of recom- 
bination between primaries and conservation of momentum. 

APPLICATIONS TO SPECIAL CASES. 

a. The K,-line. 

§ 5. In the case of Ka 2=1, m=1,, no =2) eee 
Further, the empirical relation of Moseley shows that B is 
approximately equal to 1:5. Inserting these values into 
(11 6) the equation of condition takes the form 

$(92) —G@=46(m)-a—-38=f(m). - + » C2) 
This equation is analogous to the one given in Paper I. 
corresponding to maintenance of energy. The only difference 
is that g2 is subtracted from the lett term. 

In Table II. is given the variation of 7 (g,) :— 

TasBue II. 
An): 

— 4-000 

—3'000 

—1°076 

+1°388 

+4:208 

47328 
Comparing the vaiues of /(g,;) with those of $(q2)—4qs 
(Table I.), we see that independent of g, the only possible 
value of g is 3. 

With regard to the number of electrons in the second ring 
(q2) we notice that g2=1 gives the solution of Debye ; but 
besides there should be good agreement with observations 
for values of g, between 7 and 11. The constants B and C 
corresponding to some values of gq. are given in Table ILI. 

TABLE III. 

QTR © tw He 

Yo B. C. 

1-464 —0°125 

a 1-876 +3°38 

8 1-810 +3:°48 

9 1706 aaa te 

10 1628 +5°05 

11 1489 +5°43 
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For small atomic numbers we can put e=0 and 
vy/R=3/4N?—BN+C. Calculating v/R for various values 
of g, we should find that 92=9 gives the best agreement 
with observations for small atomic numbers; but also the 
other values of g. give a fairly good agreement, and, as 
already mentioned in the general discussion of the problem, 
gy must be determined from the L-radiation. 

In Paper I. we found that gz=7 and q3=1 would give a 
good agreement in the case of L,. As we shall see later on, 
the explanation of L, on the assumption of recombination 
between primaries and conservation of momentum gives 
Go=t. 

Thus we put: 
i “ Gs 3, qo = 7. 

In accordance with Debye we introduce for the sake of 
convenience the quantity A given by the expression 

Vv 
A= 3/4N?7= = IN © é. 

In the present case we have 

e=1°325 10-*}3(N—0°577)4—2(N—0-25)*— _ (N —4°305)# 

6 . 4 + 75 (N—4'827) i. 

In Table IV. are given values of A corresponding to 
various values of N. 

TABLE LV. 

step iald) 15 §20 25 30 35 40 45 50 55 60 

...—-17:2 —244 —326 —39°5 —444 —46-2 —43°6 —35°5 —204 +51 +387 

In fig. 1 is drawn the curve showing the variation of A 
with the atomic number. The observed points are also 
marked off. For the sake of comparison two other curves 
are drawn, that of Debye (q,=3, g,=1) and the one corre- 
sponding to maintenance of energy (g:=4, 9,;=3). (See 
Paper I., p. 308.) 
We see that the curve of Debye is the best for small 

atomic numbers; but the two other curves give a better agree- 
ment for high atomic numbers. From a mere numerical 
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comparison it would hardly be possible to decide which curve 
and which assumption is the right one. 

Fig. 1. 

I Momentum preserved (g,-3,9/=1) (Debye) 

Pe TI hg 3 ate yeni 

imc ina (= 4, Q,= 3) an 

+10 } 

— 40 

10 20 30 40 50 69 N 

b. The L,-line.. 

§ 6. The Lz line is produced by recombination between a 
system with quant-number 3 to one with quant-number 2. 
We shall first suppose that there is only one ring with 



and the Constitution of the Atom. 249 

quant-number 2 and that recombination takes place between 

successive systems. On this assumption we have 

2, —2, n3=3, po=3, P3—9.+3, B=2°06 (approx.), 

and the equation (11 6) takes the form 

$(93) —9s=9/4.6(G2) -—G2—-5'52=/(qe). - - (13) 
Values of f(q2) corresponding to various values of g2 are — 

given in Table V. 

TABLE V. 

2 Cs ie 3 4 5 6 7 g 
fq)... -650 -640 -598 -480 —365 -2:34 0:88 +0°67 

Comparing the values of /(q2) with those of $(q3)—qs 
(Table I.) we see that the equation of condition (13) is 
approximately fulfilled by the following two combinations : 

Qo=1, gz=1> 12, 

q.=8, g3;=16. 

The first solution corresponds to the one found in Paper I. 
and given by 

=i and g.=—), 

The second solution g2=8, g;=16 must be considered as 
improbable on account of the large number of electrons in 
the third system. Further, the application of the theory to 
Kg and M, makes the assumption of g;=16 impossible. 
The only possibility is to assume 7 electrons in the second 
ring, and the coefficients B and C are determined by the 
equations 

2 
B=1°865— 9 ((q3) — 4s), 

1 ‘ x ~ C=14°30—g | q(20 + Se, + Spo-1) (Sy —Sy,-1) 
+ (10+8,,1)?— 293(S,, +95) J, 

~ Values of B and C corresponding to various values of g3 are 
given in Table VI. 

The relative change of B and C with variation of ¢; in the 
case of L, is even smaller than for K,; and, although the 
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values g;=1, 11 or 12 give the best agreement, at an 
rate for small atomic numbers, we cannot be certain that the 
particular value which gives the best agreement is also 
the right one. 

TaBLeE VI, 

B. C. de: B. C. 

Empirical values, +2°0556 +7°6 i +2271 +81 

Co | 2-087 53 8 2°242 8:2 

2 2°198 64 9 2°196 8:2 

3 2°258 vl 10 2°159 8-1 

4 2°288 75 11 2-099 79 

5 2°298 78 12 2:036 76 

6 2°291 8:0 13 1/968 12 

In order to make a choice between the g3 values we have 
recourse to the M-series. As we shall see later on the 
explanation of the M,-line gives the two possibilities g,;=8, 
gg3=12. The first value corresponds to the assumption of 
two—the second to the assumption of one system with quant- 
number 3. 

In Table VII. are given observed and calculated values 
for various atomic numbers. The calculated values are cor- 
rected for variation of mass with velocity. 

Taste VII. 

v/ Real. v/ Real, 

N. v/Rops. =i D. | op ds p, Py 
G— AZ. (2 

30 73°8 716 — 2:2 —3'0 66:0 —78 —10°6 

40 149°8 149°1 — 07 —0°5 141°4 —84 — 56 

50 253°5 255°1 + 16 +0°6 245'3 —8:2 — 32 

60 3846 390°3 + 57 +1:5 378°4 —6°2 — 16 

70 445°6 555'1 + 9:5 +2:1 541-1 —4:5 — 10 

80 7349 Tol-4 +16°5 +2°2 735°3 +04 0:0 

90 952-2 979°6 +27°4 +2°9 961°3 +91 + 10 

100 D 
— cal. —?/Robs, P= a\—- Desv iMate obey | Tra Ry a 

The assumption g;=12 gives the best agreement for small, 
while g,=8 is the better for high atomic numbers. As we 
shall see later on the frequencies of Keg are in favour of the 
assumption g3=8. 
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C. On the Possibility of two L-systems. 

§ 7. In Paper I. I was led to assume a second L-ring of 
8 electrons. Building on the assumption of recombination 
from secondaries I was able by means of this assumption to 
indicate an explanation of the l-series. Now it would be of 
interest to see how far the assumption of two L-systems is 
consistent with our present hypothesis with regard to the 
process of recombination, and how far this hypothesis is able 
to yield any satisfactory explanation of the /-series. 

In this case we must apply equation (10) because the 
recombination does not take place between successive rings. 

Putting in equation (10) 

[ee jes pen Ngee. n= 3, Doo; 

P3=34+ 92, g=34 ot Qs 
the equation of condition takes the form 

(94) —9s=f(92) + tds» ope etaccine Ot) 

where 7(42) is the same function as in equation (13). 
From the Tables I. and V. we find that we get a fairly 

satisfactory solution of (14) for a number of values of gq. 
and q3. 

The values of f(g.) +5/4 93 for the possible combinations 
(92, 93) are given in Table VIII. 

TasLE VIII. 

pisses 6 5 4 3 es 1 

Wa cnadas 1 2 3 4 4 

Ka.) +5/4q,, —109 —115 —105 —098 —1:40 —1-50 

With the exception of the last two combinations the total 
number of electrons in. the L-systems (q¢2+¢q3) is equal to 7. 

From a mere numerical point of view the above combi- 
nations would give a fairly satisfactory agreement, and we 
may say that our hypothesis of recombination between pri- 
maries and conservation of momentum is not against the 
assumption of two L-systems; but in this case—as far as I 
can see at present—such an assumption only leads to compli- 
cations ; for it does not lead to any satisfactory explanation 
of the /-series. 

Putting into the equation (5c) 

(oe k=4, n3=2, N=3, P3s=34+ da, PsH=3+ 24+ 93; 

we shall find that for all the combinations (q2, g3) given in 
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Table VIII. the frequency would assume. too high values 
as compared with /,, and would be very nearly equal to that 
of Le. 

When we are going to proceed further we assume that the 
L-ring only consists of one system composed of 7 electrons. 

are Mae 

§ 8. At present the M-radiation is only known for a few 
elements. As shown in Paper I. the frequencies of the 

M.-lines can be expressed by the empirical formula 

Vv 1 iJ cals aera) NT gh 9 ) p= (ge — pe) W237 440 (15) 

According to this formula the Me-line is produced by 

recombination from a circle with quant-number 4. to one 
with quant-number 3. 

We shall treat the following two possibilities :— 

(1) There is only one system with quant-number 3. 
(2) There are two ring- -svstems. 

First Possibility. One M-ring. 

In this case we put into equation (11) 

ears a (ga enti a f= 

and we get: 

(94) — Us =F b(qs)~ Get 7-78 —8B. 1 oe ay 

Taking B to be in the interval 2°1<B<2°5, g3; must be in 
the interval 12<q3<14. 

Now, in order to determine the frequency, we should 
know the value of gq, exactly. But this number cannot be 
exactly found by means of M,. 

In Table IX. will be found the values of B and C corre- 
sponding to some of the best combinations of gs and qq. 

TABLE LX. 

Q3e iG Bb. C. 

13 10 +2°30 4294 

12 10 +2°14 +19°8 

12 8 +2°184 +20°5 
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In Table X. are given the values of v,/R corresponding 
to the above values of B and ©. In the case of the com- 
bination (g;=12, g,=8) the corrected values of v/R have 
been calculated and set out in the fifth column. Finally, 
v/R has been calculated from the observed wave-length. 

TABLE X. 

y= aa ti 2 ¥/Real. 
race g3=13, g3=12, gs=12, q.=12- /Robs, D. P. 

G12 9, —10) Cae. qu=8. 

79 144 154 151°4 152-0 15661 —41 -26 

81 155 165 162°7 163-6 1663). —2-7 (= 16 

82 161 Wi 168°3 169°4 Hi le8\.., 29d oh 

83 166 177 174-2 175°4 RGM OT als 

90 209 221 217°8 219-9 222 Orr 0rd 

92 222 ORAL) Ss DRIAL 233°6 g53'h Coe Oro, \ Ord 

The agreement is quite good; but as we are now treating 
rings with a somewhat high index-number, the determination 
of the number of electrons becomes more uncertain, especially 
so long as the value of q, is left undetermined. 

The Second Possibility. Two M-rings. 

In this case we put into (10) 

poe ie, Dyk, Ma SO, yg a De = AL, 

Ps= 10, pe =10493, ps = 10+ 98+ G4; 
and we get the equation of condition : 

7 
PS Ye Mas) t ode 0 + > 9) 

7(93) is the right term of equation (16). 
There are several combinations (93, q1) which might 

approximately satisfy equation (17). Thus, e. g., 

(q3=7, qa= 8), (q3=8, G=T); ( a4 Gio) 

give quite good agreement. 
The combination gs=8. qs=7, and g;=10 gives the 

following equation for the frequency : 

Vo 1 L Ma 5} s - x 
R = (a-p)N —? 29 N 225, ° . ° (18) 

Phil. Mag. 8. 6. Vol. 37. No. 219. March 1919. i: 
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The formula (18) will give an equally good agreement as 
the combination g;=12, gg=8 in tne case of one M-ring. 

It might also be of interest to try the values: 

go=8, g=10, g5 = 8, 

which correspond to the number of electrons which were 
proposed in Paper I. for the third, fourth, and fifth rings. 

The latter combination would lead to the formula 

Vo Wig R= (gp) NP 2 56N +33. oe 

This formula is almost identical with the one developed in 
Paper I. on the assumption of recombination from secondaries; 
but in that case the L-system was supposed to consist of two 
rings. 

It appears from the treatment of the M,-line that quite a 
number of assumptions with regard to the composition of 
the ring-systems lead to a fairly good agreement with 
observations. 

If we assume only one ring with quant-number 3 the 
number of electrons in this ring comes out fairly definite 
and equal to 12. On the assumption of two M-rings there 
are a number of possibilities, of which.the one making 
g3=8 is probably the best one. 

e. The Kg-line. 

§ 9. From the point of view here adopted, Keg should be 
produced by recombination from the M-ring to the K-ring. 

In the case of the M-ring we have treated two possibilities, 
and for Kg we shall also consider the two combinations : 

g3 = 12 (only one M-ring}, 

g3 = 8 (two M-rings). 

The frequency is found from equations (5c) and (5d) 
by putting t=1, k=3, n=1, n=2, n3=3, 4 =3, G=T7, 
and g,=12 or 8, and 

v 8 Zt : ; 
Qa a= 911N+4+11 OF (qg3=12), (20a) 

y) =SN-4117N4116 +f (qs=8). (208) Riz, 5 9 Kg \% 

We need not, however, calculate the frequencies from 
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these formule, for, as we have seen previously, the following 
relation is identically fulfilled : 

(R),, (Be. tf (i), \R Ky r (i). at Ex, T €L,:
 (21) 

Vv 
Here only (#) will change with gs, and ( ) is easily 

R/r, R/x, 
found from the results for K, and L,. 

Values of (=) found in this way are given in Table wL. 
Kg 

TABLE XI. 

gg=12. G== 8. 

N, v/R gag CRE ACERS Ss sabe aa 
O/R)obs. (v/R) oa. D. Pp; (v/R)cal, iB} 12 

20 295'8 2879 — 79 —2°7 2863 —95 —32 

30 704:2 7022 —22 —0Osdl 6966 —76 —-l11 

40 1293 138055 +125 +10 12978 +48 +037 

50 2109 21097 + 07 =+0°03 20999 —91 —0°43 

60 3121 3129 + 80 +0:26 31171 -—39 —013 

It appears from the table that both values of g3 give 
a very close agreement with observations, and from the 
mere numerical comparison here given it would be difficult 
to decide in favour of either of the two possibilities. 

There is, however, one circumstance in connexion with the 
production of Kg which might be of great value as a test of 
the correctness of the various hypotheses, which might come 
into consideration with respect to the emission process and 
the number of electrons in the third ring. 

Observations show that Keg always accompanies K, 
(perhaps with the exception of N==11, for which no Kg-line 
is given in the table of Siegbahn). 

If, now, the homogeneous X-radiation is produced in the 
way here considered, by recombination between primary 
rings, it follows that for lower atomic numbers the re- 
combining electron must come from the surface ring; but 
the number of electrons in this ring will diminish as we pass 
towards lower values of N. For N=12 there will he 
2 electrons in the third ring, for N=13 q3=3,a.s.0. If 
we assume 8 electrons in the third ring, g3 will keep on 
increasing until the element Ar (N=18); if we put g3;=12, 
for the final M-ring, g3 will keep on increasing till the 
element Ti (N=22). 

Le 
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From the periodic variation of the properties of the 
elements we come (as we shall see later on) to the conclusion 
that we shall most likely in addition have-an increase of the 
quant-number of the surface ring when we pass the element 
Argon. If, however, for a moment we look away from this 
possibility, we still have to consider the changes of frequency 
which are due to the variation of the number of electrons in 
the system of departure (system from which recombination 
starts). As we have seen, these changes are not large ; but 
still they may be great enough to affect the curve v=f(N) 
and give to it a characteristic curvatur e, which also should 
be found for the experimental curve. 

In order to carry out this test, we shall calculate the 
frequencies for all atomic numbers between 11 and 30. We 
shall consider the quantity : 

As i SN? = —BN+C+e. «ae 

In Table XII. are given the values of B and C for values 
of g3 varying from 1 to 12. 

CApnE OUT, 

Qo: B. O. Qo B. Ce 
we 3962 87 Fe ARG 11°5 

2 4-073 9:8 8 4:117 11°6 

3 4:133 10°5 9 4-071 11°6 
4 4163 10°9 10 4-034 11°5 

5 4:173 11:2 11 3:974 11:3 

6 4-166 11:4 12 3911 11:0 

From these values of B and C, and from the values of e 
for K, and L,, we can determine A for various atomic 
numbers. The results are given in Table XIII. 

The variation of A with the atomic number is represented 
in fig. 2. 

Yurve I. is drawn from Debye’s values, which are cal- 
culated on the assumption of recombination from a secondary | 

circle, 
The curves II. and IIT. represent the above values of A 

for g3=12 and g3;=8 respectively. Curve IV. is drawn so 
as to represent the observed values of A. It should be 
remembered that errors may be attached to the observed 
frequencies, and that the absolute error of frequency will 
greatly increase with increase of atomic number. Thus the 
curve A,p, can be drawn with ¢ a considerable accuracy up to 
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about N=30, but the position of the true experimental curve 
is somewhat uncertain for higher values of N. 

TABLE XIII. 

" Acal. Acal. 
N. 8/9 N?. Aha. 7, (max.)=12. gz (max.)=8, 

11 107°5 % =) 348 — 34:8 

12 128-0 = aes — 39:0 — 39:0 

13 150°2 — 361 — 43:0 — 43:0 

14 174:2 — 39-4 aT Saat 
15 200-0 — 43-1 Bt — 51:0 

16 227-6 — 46-0 By Bars) — 548 
17 256-9 — 495 — 583 — 58°3 

18 288-0 ih — 61°5 — 61°5 

19 230°9 we — 646 — 6574 

20 ss 2556 — 598 Sry — 69:2 

21 3920 — 640 =" 40S — 730 

22 430°2 = 67'0 27 167 

23 470-2 — 40:7 GS — 80°4 

24 512-0 = 435 Se — 839 

25 555°6 — 765 — 82:9 — 87-4 

26 600°9 — 796 — 86:0 — 90°7 
27 648-0 — 831 — 89:0 — 940 
28 696:9 — 88-2 920 L872 

29 747-6 = 399'5 — 948 —100-2 

30 8000 — 958 — 97:7 —103°4 

40 1422-2 —129°3 —116°7 —124-4 

50 2929'2 — 113-2 —112°5 — 129-3 

60 3200-0 — 790 Ser) — 829 

‘We thus see that both curves (IJ. and III.) run very near 
to the experimental curve IV., and they give a much better 
agreement than the curve of Debye. 
“The curve II. runs nearest to the experimental curve ; 

but still—if we stick to the hypothesis of recombination 
between primaries with conservation of momentum—the 
assumption of 12 electrons in a single M-ring must be 
given up, because for small atomic numbers, owing to 
the change of gs, the curve II. has a peculiar bend which is 
not at all indicated in the experimental curve. 

Passing from low atomic numbers, the distance between 
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II. and LV. first increases toa maximum for N=18 and then 
decreases quite considerably till N=22. Then the curve II. 
has a point of inflexion and runs more nearly parallel to the 
experimental curve. 

L Curve of Debye 

» Vegard us 1? 

DW Experimental curve 

The peculiar variation of the distance between the two 
curves II. and IV. is shown in fig. 3. 

The curves III. and IV. run more nearly parallel ; but 
also in this case they show at the beginning a somewhat 
different curvature. Their distance first increases to a 
maximum and then diminishes slightly, as indicated by the 
dotted curve in fig. 3. 

I think that from the preceding test we are justified 
in concluding that the assumption of 12 electrons in the 
third ring is inconsistent with the hypothesis of recombination 
between primaries and conservation of momentum. 
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The assumption of 8 electrons in the third ring, however, 
holds in this respect a somewhat stronger position. 

Fig. 3. 

D: 6, ts CR) caf 
~ 

Atomic Number 

f. On the Origin of the other Principal L-lines. 

§10. In Paper I. I gave an explanation of the other 
L-lines, which—with the exception of the /-spectram—can 
be followed on the present assumption of recombination 
between primuries. , 

In accordance with Sommerfeld, we assumed that L, and Lg 
were the two components of a doublet; and from the fact that 
the difference of frequency between the two doublets was the 
same as that between the frequencies of the absorption edges, 
we concluded that in the normal atom the L-system could 
exist in two states—one circular giving, by the recombination 
process, L,, and one elliptic giving Le. 
We were thus led to the assumption of one jixed elliptic 

state for systems of electrons. This, as we stated, involved a 
kind of mutual connexion between the electrons belonging 
to the same ring-system, because we had to assume that all 
of them were thrown simultaneously into the elliptic state 
where each electron followed an elliptic orbit of definite 

_shape, magnitude, and position. We may, e. g., imagine 
that the elliptic axes are arranged radially and with equal 
angular intervals, and that all electrons are in the same 
phase. Thus at any moment the electrons will be evenly 
distributed on the circumference of a circle, the radius 
of which undergoes periodic changes as time passes. 
Now we may expect the next doublet, L,L; (Siegbahn 

82%), to be produced by recombination from the ring 
with quant-number 4 to the circular and elliptic state of 
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the L-system. Just as in the case of the Ke-line, we 
have : 

ey bey aad v 4 

(R),.= (i), + ie (23 a) 

and for recombination to the elliptic state : 

Vv V Vv 

Ee oie, ee 23 b) ae (z),,* ( Ba, (23 6) 

In Table XIV. are given the calculated values of 

laa : 5 ee ay , and the observed values of (4). : 
a a X ] Ly 

The frequency of M, is calculated from the combination 
Qs= 8, Yg=7, both with quant-number 3, and g;=10 (quant- 
number 4). 

TaBLE XIV. 
Calculated. 

gay ee ae rl) Observed. 
is ‘ : if 

- ( Bk: Ee (3) i (Ra, oe 7 

50-2453 35°5 280°8 9873 | 2) 6b een 
60 378-4 66°8 445-2 448-0 — 98, 0G 
70 41-5 107°8 649-3 644-0 +53 +08 
BOie oi Tears 158°7 894-0 874°5 1195, 2 22 
90 961-3 221-9 1182°5 1143 499:5... bee 

The agreement is seen to be remarkably good, and thus 
we see by comparison with Paper I. that also in the case 
of the L-series the assumption of recombination between 
primaries gives a better agreement for the second line 
of the series than the hypothesis of recombination from 
secondaries in the form in which this hypothesis was taken 
in my previous paper. 

In this way we have succeeded in giving a fairly satis- 
factory explanation of the two doublets (#8) and (v6). 
If our interpretation is right, they should—in analogy with 
the K-series—rather be called (a «,) (Bo 1). 

With regard to the J-series, we have seen that the 
assumption of recombination between primaries is not 
consistent with the explanation previously given to the 
l-series ; but this fact alone must not be considered as 
fatal to the assumption of recombination between primaries. 
Further investigations may show us new possibilities for the 
production of lines; so, e. g., it is not excluded that a ring- 
system, hesides the circular and elliptic state, may take up 
some third state. 
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Ju 

On the Recombination from Secondaries. 

§ 11. In Paper I. most of our calculations were carried 
out on the assumption that the recombining electron did 
not come from an atomic ring-system, but from independent 
stability circles (secondary circles). 

It was further assumed, in accordance with Debye, that 
the recombination towards a broken system took place as if 
the exterior atomic rings had been removed. 

This latter hypothesis is a very legitimate one so long as 
there is no electron-system between the secondary circle and 
the broken ring. ‘This is, however, not always the case, 
thus e.g. the production of Kg woula require a secondary 
with quant-number 3 recombining to the first ring-system. 
Now the radius of a circular electronic system is given by 
the expression (Paper I. eq. 25) 

2 
Ny; : 2, 
8, ° A ete) oki aie Gee) 

ay, 1s the radius of the normal stability circle of hydrogen. 
As a, is proportional to the square of the quant-number, it 
follows that inside a secondary with quant-number 7 will be 
situated ali those primary rings for which | 

(Bay oe 

Outside the secondary those rings must be situated for 
which 

> T. 

With regard to the primary rings for which n=7, we may 
assume that they are situated outside the secondary. This 
assumption is in agreement with equation (24 a). 

If n, is the quant-number which is equal to 7, the radius 
of the primary is found from (24a), and that of the 
secondary a; will be 

9 
TT” 

eae lp: (24 b) 

px being the same in (24a) and (24b) when 7=n, we see 
that under these conditions 

As< Ap. 

If there are systems between the secondary and the broken 
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ring, it would be difficult on the basis of the hypothesis men- 
tioned to convey any clear conception as to the process of 
light-emission ; the secondary stability circles could hardly 
have any real existence. | 

It is, however, possible to modify the hypothesis of 
recombination from secondaries in such a way that these 
difficulties are avoided. 

Just as in the case of recombination between primaries, 
we may assume that the energy changes of the intermediate 
rings which accompany the recombination process enter into the 
energy-quantum which is emitted as the result of the recom- 
bination. 

Proceeding in the same way as before, and using the 
same designations, we easily deduce the following general 
frequency formula : 

Vv 
R — V(n, Ptr gi) —V(ni, Pis q;:—1) 

l=k—1 

mW Guy pean) — Vim, pi-- 1) gn) 
l=i +1 

~V(r, =I, 19]. 

5a 

Sat ee eS SS ee 

Comparing the equation (25) with (5a), we see that the 
first can be derived trom the latter simply by putting 

Ne wand oy 

In order to see the significance of this statement, we shall 
consider the recombination to the i-ring. In one case we 
suppose the electron to recombine from the primary k-ring 
with quant-number n;. (If there is more than one ring with 
the same quant-number we suppose recombination to occur 
from the ring nearest to the nucleus.) The resulting fre- 
quency we call v,. In the second case we consider the 
recombination from a secondary with quant-number t=n,, 
which results in a frequency v,. From what has been said 
about the position of the secondary circle relative to the 
primary ones we conclude that in both cases the recom- 
bining electron passes the same intermediate primary 
systems, and we get: 

Vp Vv 

Reo R er V(r, Pk Oe V (r pe—-A, qx) + V(r, pi—l, 1). 

Thus the difference is only due to the change of number of 
electrons of the system from which recombination takes 

Se a se 
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place from gq; to 1, and, as we saw in the first part of this 
paper, the change of g, between 1 and 12 has only a 
comparatively small influence on the frequency. Further 
we saw that g,=1 was always among the values which gave 
the best agreement with observations. 

Hence we conclude that the determinations of the ring- 
systems from the Réntgen-ray spectra which were undertaken in 
the first part of the present puper also apply to this modified 
form of recombination from secondarivs. There is, however, the 
difference that some of those combinations of g values which 
were possible when g; was variable will be much less good 
when g; has the fixed value 1. Thus the last two com- 
binations of Table VIII. (q.=2, gg=4) and (q2=1, g;=4) 
do not any longer give a satisfactory agreement. 

Comparing the eqnation (25) with equation (15) of my 
previous paper, we notice that they are identical if 

Thus the modified and the original hypothesis of recom- 
bination from seconduries will be identical in all those cases in 
which there is no electronic system between the secondary circle 
and the broken ving. Consequently, the equation for the 

frequency ot K, will be the same in both cases and equal to 
that of Debye. As regards L, we also get the same equation 
for the frequency in the two cases, provided we give up the 
assumption of two I.-rings with 7 and 8 electrons. From 
the treatment of the L,-line on the hypothesis of recom- 
bination between primaries, we conclude that also the 
modified hypothesis of recombination from secondaries may 
be consistent with two L-systems, for whieh g.+q3=7 ; 
but such an assumption was found to be of no use for the 
explanation of the U-line, and we shall also for the recom- 
bination from secondaries assume that there is only one ring 
with quant-number 2. If so, the equation (25) gives the 
same frequency for L, as the equation (15) of Paper I., and 

V 

R 
the modified hypothesis. 

‘ With regard to M, there will be principally the same 
possibilities as in the case of recombination between 
primaries. There may be two M-systems or only one. 

In the latter case the M-ring should consist of 12 or 13 
electrons. 3 
Now we saw from the treatment of Kg in the first part of 

the calculations of ( ) of my previous paper also apply to 
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this paper that if we would stick to the hypothesis of recom- 
bination between primaries the assumption of one M-ring 
with 12 or 13 electrons has to be abandoned. 

This is no longer necessary when we assume recombination 
from secondaries ; because in that case there is always one and 
only one electron in the system of departure. 

As the simplest hypothesis we shall assume one, M-ring, 
and calculate the frequency for M, on the assumption of 
Seon brad 

i The values of B and C are found from (5c) by putting : 
”) I=, k=4,) t2=8, mn, =T=4,, .pa— LO, pee 

B=2 jeoree reat Te =| = 2093 (q3=12) ; 9 16 
$x(10, qs) $9(10-+ qa, 1) —2(10 + g3—0°5) 

N oe, 

C= i) 16 
=17°3 (g,=2 le) 

Further : 

ae N—14:98\4 N—14:42\4 
= “2? ats 9 eet ey — pall. Sa) e=1°325 10 {12 ( ; ) 11 ( m ) 

N—21)*) 
al 4 yf. 

In Table XV. are given calculated and observed values of 
Vv al e 

R for some atomic numbers. 

TasLe XV. (M,). 

N, (7/B) cal. (o/RB)obs. - Pp. 

79 156°4 156°1 +0:02 

82 1742 171°8 +1°2 

90 225°3 220°2 +2°3 

92 239°2 233°4 4+2°5 

The agreement is seen to be very satisfactory. It should 
be remarked that if we give up the assumptions of two L-rings 
the results given in the table would also have jollowed as a 
consequence of the assumption of recombination from secon- 
daries in the original form of this hypothesis. 

Quite generally we might say that if we stick to the 
hypothesis that that there is only one system with a given 
quant-number, the modified form of the hypothesis of re- 
combination from secondaries will give, for the a-line of 
each series, the same frequency as it did in its original 
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form, because there is no electronic system between the 
secondary circle and the broken ring. 

If we would assume two M-rings we can, just as in the 
case of recombination between primaries, explain M, by 
means of combinations such as g3=8, g,=7. 

The second (8) Lines of each Series. 

§ 12. In the case of the second lines (8) the modified 
hypothesis of recombination from secondaries will give 
frequencies which are not very different from those we 
deduced on the assumption of recombination between primary 
systems: but they are essentially different from the frequen- 
cies we might deduce for these lines from the hypothesis of 
recombination from secondaries in its original form (Debye’s 
hypothesis). 

Kg. 

In the case of Kg we put in equation (25) 

eo, yj le Ne, ig a, Qi =o; Gat. 

In fact the quantities B and C are already given in 
Table XII. corresponding to g;=1, and we get the fol- 
lowing equation for the frequency : 

allen e te eel We 220 e5 ; R 9 N 3°962N+87+6 

In Table XVI. are given the observed and calculated 
V e 

values of (x) and A for some atomic numbers. 
7 

TABLE XVI. 

N.  (»/B)obs,  (¥/B)cal: D. P. A obs. eal. 

ay ae 727 is, bas hee — 9348 

12 96:2 894 — 68 —71 — 31:3 — 386 

15 156°9 1497 —- 13 —-4-9 — 43°1 — 503 

20 2958 286-6 — 92 — 32 — 598 a yOu | 

25 479°1 469-2 — 99 —21 — 765 — 86-4 

30 7042 6984 — 58 —0°83 — 95'8 —101°6 

3D 980°9 975°3 — 56 —0°57 —108-0 —113°6 

40 1293:0 1301°1 + 81 +6°62 —1293 —121'1 

45 1666:0 16771 +111 + 0°66 — 134-0 -- 1229 

50 2109°0 2105-0 — 40 —0°19 -—113°2 —117:2 

55 2589-0 2588-0 = — 1:0 — 0-04 —100:0 —101:0 

60 3121-0 3124-0 + 30 --0:10 — 79:0 = 40m 
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It appears trom the table that the agreement is remarkably 
good, and in fact the best hitherto obtained. Fig. 4 repre- 
sents the curves A=/(N) corresponding to calculated and 

Fig, 4. 

(0 20 30 40 50 60 

Experimental curve 

observed values. A comparison with fig. 2 shows that the 
theoretical curve of fig. 4. gives a better agreement than any 
of those in fig. 2. 

Lg. 

In the case of the second line (Lg) of the L-radiation we are 
on less certain ground. 

First of all there may be some doubt as to which of the | 
8-lines of Siegbahn we might take as the one which is 
produced by recombination from r=4 to the circular L-ring. 
As before, we take the @, line of Siegbahn to be produced ty 
recombination from r=3 to an elliptic state of the L-ring. 
But stili we shall have the choice between #6, and fy 
(Sommerfeld, y ¢). As before, we shall consider 8, as the 
second L-line and indicate it by Lg,. 

I Theoretical curve (recomb. trom secondaries, 
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Further, there may also be some uncertainty with regard 
to the constitution of the M-system. In our calculations we 
suppose one M-ring with 12 electrons. 

The equation of frequency is obtained from the general 
equation (5) by putting: 

t= 2,5 k=, 

Ny = 2, ea i= T—-, 

q=", q3= 12, qa=l, 

and we get: 
Ud are 
ir —4" 2 o° ° R= IGN —P18N +2535 +e 

a has been calculated for various atomic numbers, and the 

results are given in Table XVII. 

Tague X Vil: 

N. (¥/R)cal. (»/R)obs. P. 

50 289°8 287°3 -+ 0°87 

60 457°8 448-0 2:2 

70 665-0 644-0 3°3 

80 O14 8745 4°5 

90 1205-0 1143:0 54 

The increase of P with increasing N indicates that perhaps 
8; and not §,-is to be gonsidered as the normal @-line of the 
L-series. 

The considerations in § 10 with regard to the formation of 
doublets (a) «,) (8) 8,) also apply to the present hypothesis. 

Recombination from Secondaries and Kossel’s Relations. 

§ 13. On the assumption of recombination between 
primaries Kossel’s relations were identically fulfilled. This 
is, however. not the case when we assume recombination 
from secondaries. From the general equation of frequency 
(25) we easily deduce the formula : 

a= (i)* Ce), ~ Ce) 
=V(n,, pj—1, 9) —V(% Pr G-1) — Vm, pj —1, 1) « (26.4) 

or (approximately) 

d=1/n;?|q,(N—pj;+1-— Sq)” 

—(G— DN —pj—8o,-1)?— (N—pjt 1’). 
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Putting : 
Jie: Sq— has 

pit Sqj-1 =U 

pP,—-1 =e 

d=[N(e+ (qj; —1)b—qa) + gja* — (q,—1)b?—e7] 1/n?. (26 6) 
In the case of Kg. K., and Lz we get : 

at bs is = iis =a : —3° i=(R), +(k), (i) 0-413 N—3°53. (26 ¢) 

This formula shows that the quantity d is not constant 
but increases with atomic number. The formula is not 
exact, because the variation of mass is disregarded. 

Having previously calculated the frequencies for the three 
lines, we can from these values find d. Now, on the other 
hand, the frequencies derived from observations do not fulfil 
Kossel’s relation identically. They show, in fact, a deviation 
which is too great to be due to errors of experiment. 

In the Table XVIII. are given calculated and observed 
values of the deviation d for the lines Kg, K,, and Ly. 

TABLE & VITI. 

N. Aobs, oa), 

30 4 55 +110 
40 +12:8 Re aalare 
50 +236 4.22'5 
60. 4446 437-9 

It appears from the table that the calculated and observed 
values of d, both as regards sign and absolute magnitude, 
agree in a very striking manner. The observed values of d 
increase with atomic number in the way required by theory. 

This fact, that our theory is able to explain the deviation 
from Kossel’s relation, is a matter of the greatest importance 
and weighs heavily in favour of the assumption of recom- 
bination from secondaries in its modified form. 

A third Modification of the Hypothesis of Recombination 
from Secondaries. 

§ 14. In our previous treatment of recombination from 
secondaries we assumed the electron before starting re- 
combination to be moving in a stability circuit of its own 
with quant-number 7. We further assumed the secondary 
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circuit to be inside the atomic rings with quant-number 
nj,=T. 

There is, however, the possibility to consider, that the re- 
combining electron is taken up in the atomic ring &, which 
has the quant-number n,=t. If g, is the number of elec- 
trons in the normal ring g;+1 would be the number just 
before recombination. 

Tnis hypothesis may also be considered as a higher union 
of the hypothesis of recombination between primaries and 
that of recombination from secondaries; because we may 
say that recombination takes place from a deformed primary 
circle. 

The analogy between this hypothesis and the two pre- 
viously treated will be apparent from the fact that the 
frequency formula is simply deduced from equation (5) by 
replacing gz with g,+1. 

From the fact that the change of number of electrons in 
the ring of departure has a very small influence on the fre- 
quency, we conclude that also the present hypothesis leads 
to the same number of electrons in the various rings, and 
that it will give a very good numerical agreement with 
observations. 

In the case of Ka the agreement will be even better than 
that obtained on the assumption of recombination between 
primaries (Table IV.), at any rate for small atomic numbers. 
And for higher atomic numbers it will give a better agree- 
ment than the formula of Debye based on the hypothesis of 
recombination from secondaries. 

Just as in the case of recombination between primaries, 
considerations with regard to Kg will show that we cannot 
assume one M-system with 12 or 13 electrons. Two M- 
systems, one with 8 another with 7, however, may still be 
possible. 

With regard to Kossel’s relation it is not identically, but 
merely approximately, fulfilled—in fact, the quantity d is 
given by the expression : 

v\ yp \* y\é 

'=(r),* (a), ~ Ge), 
SVC Pir G—V(M} Pp GD 

—V(nj;, pj—1, lag 1)—V(n;, pj—1, 9).J 

To get approximate values of d we may put V=V); then 
in the case of Kg, K., L. we get: 

— d=0°066 N+ 0°53. 

Phil. Mag. 8. 6. Vol. 37. No. 219. March 1919. U 

(27) 
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Although the deviation d has the right sign and the right 
type of variation with N, its absolute magnitude is by far 
too small to account for the observed deviations from 
Kossel’s relation. 

The Frequency of the Absorption Edges. 

$15. We assume that the necessary condition for absorp- 
tion to take place is that the energy quantum hy of the 
incident ray is equal to or greater than the energy which is 
required to remove an electron from its place in the atom 
and bring it to an infinite distance with a velocity equal to 
zero. Let this energy be AH, then: 

hy= A, 

or if vg is the frequency of the absorption edge : 

hv; = AE. 

Assuming that during the removal the angular momentum 
of the remaining electrons is kept unaltered, we found that 
the expulsion of an electron from a ring-system would be 
accompanied with a change of energy of all electronic 
systems outside the broken one. 
We mentioned the possibility that this change of energy 

escaped in the form of radiation; but it is perhaps more 
likely that it is spent on the escaping electron. 

This latter assumption would mean that each electron left 
behind in the rings at any moment during the time of escape 
keeps its angular momentum unaltered, and this tendency to 
keep a constant momentum is equivalent to a force which is 
exerted on the escaping electron, and which on an average 
is directed away from the nucleus. 

If, however, no energy is wasted by radiation during the 
escape of the electron, the energy necessary to remove the elec- 
tron to infinity must be equal to the energy which must radiate 
out when the electron recombines from infinity to its original 
position. 

Let us suppose the recombination to take place in one 
step, or, that only one energy quantum of frequency v, is 
emitted ; then : 

hyp AW = hy, “Or 

VA=V,¢ 

Consequently v, should be equal to the frequency of the 
absorption edge, 7 
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At an infinite distance the quant-number 7 is infinitely 
great, and V(tpq) vanishes. Putting in equation (25) 
T=, we get: 

Vv Vv, 
. 

7 = R = V(nj, Pi gi) —V(ni, Pi Gi- 1) 

l=m 
(28) 

+ > [Vin, py q) - V(r, pr-1, 1); 
l=i+1 

where m is the total number of electronic systems of the 
atom considered. 

In order to calculate vs we must know the constitution of 
all the electronic systems surrounding the nucleus, but we 
only know with certainty the K- and L-system. 

The best way of testing the correctness of the equation (28) 
would be to calculate v4 for the K-absorption edge and for 
very low atomic numbers. In that case we know those 
systems which contribute most to the frequency va, and 
differences with regard to the outer systems will not have 
any great effect on the frequency. 

The lowest atomic numbers for which I have found deter- 
minations of the absorption edges are N=26 (Fe) and 
28 (Ni). 
Wagner * gives the following values :— 

es poe 3 Na 1759 108 em. 

PR oie ea te Aa =1°502 a ele 

Now we assume a constitution of the electronic system 
similar to the one indicated in fig. 2 of my previous paper, but 
with a change of the quant-number of the third and fourth 
rings. , 

The following constitution is adopted :— 

RENE (Saag sh oe ote ie 3. 4, 

th sctbacoatka ee es 1 2 3 + 

iF CRO) Lee es 3 ao 8 8 

Che by Reames See Sn 3 7 8 10 

Pr seaiiet hevcews oat eenes 0 3 10 18 

These values of (n, p, g) give us all we want for the 
determination of va from (28). 

Values of 4 calculated from (28) and corrected for varia- 
R 

tion of mass with velocity, as also the values calculated from 
observations, are given in Table XIX. 

* E, Wagner, Phys. Zeitschr. xviii. p. 436 (1917), 
U2 
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TaBLE XIX. 

N. BC RE DE eae 
R eal.. R obs. 

Fe 2G: Rane ee tee 5138°4 518-0 4°6 0:88 

IND 2B ec aaceetcts cones 605°1 6067 16 0:26 

We see from the table that the agreement between 
observed and calculated values is remarkably good, the 
difference between observed and calculated values being 
less than 1 per cent. 

I think this fact strongly supports the correctness of our 
formula and the assumption on which our theory of X-ray 
spectra is founded. 

I also think that the absorption edges may give us some 
valuable information with regard to the constitution of the 
surface ring and those rings nearest to it. 

Discussion of the Results. 

§ 16. In the preceding part of this paper we have dis- 
cussed the various possibilities with regard to the process of 
recombination. The various possibilities treated will be seen 
from the following scheme :— 

I. Recombination between primaries : 
a. Conservation of momentum. 
b. ‘ energy. 

II. Recombination from a disturbed primary : 
a. Conservation of momentum. 
b. y. energy. 

III. Recombination from secondaries : 
a. Conservation of momentum ; 

energy. 
c. Debye’s hy pothesis. 

The assumption I.6 does not lead to any satisfactory 
result. Although we were able to get a fairly good 
formula for the K line, the assumption does not seem to 
give room for further extensions to the other X-ray series. 
Thus we cannot explain L, by means of the electronic rings 
which were given through the calculation of K,. For the 
same reason assumption II.b must be abandoned. In the 
case of recombination from secondaries the difference between 
III. a, Il. 6, and UI. ¢ would not come in so long as we only 
treat the principal («) line of each series. But the difference 
is very marked indeed when we are considering the (8) lines 
and we find that the hypothesis III. a gives by far the better 
agreement for these lines. 
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Thus we come to the following conclusion :— 
Whether we assume recombination from a normal or deformed 

primary system or recombination from a secondary one, we 
have always to assume that the angular momentum of the 
electrons left behind in the atom remains unchanged. And, 
further, we have to assume that the changes of energy of the 
systems situated between the broken ring and the ring of 
departure enters into the energy quantum of radiation which is 
emitted as the result of the recombination. 
When we assume conservation of momentum the three 

assumptions I., II., II]. will all give a very close agreement 
between calculated and observed values, and all three as- 
sumptions Jead to the same values for the number of 
electrons in the various ring-systems. This is due to the 
fact that the energy changes which accompany the recombi- 
nation are very little affected by a change of the number of 
electrons in the system of departure. 

If we were merely regarding the numerical agreement for 
each line separately, it would be very difficult indeed to 
decide in favour of any of the three possibilities (L., II., 
III.) a. All of them explain the principal («) lines as well 
as the secondary () lines almost equally well when each line 
is seen separately ; but still we found that the assumptions 
I. and II. meet with considerable difficulties. 

First of all we found that the assumptions I.a and II.a 
in the case of Kg led to a characteristic form of the curve 
v=f(N) which was not indicated by the experimental values. 
At any rate the assumptions I.a and II.a are not consistent 
with the assumption of only one M-ring. The assumption 
IIla., however, gave the right eurvature. 

The strongest argument in favour of the assumption IIIa. 
we got from considerations with regard to the deviation 
from Kossel’s relation. The assumption of recombination 
from secondaries gave just the right values of the deviation 

4-(F), +(z),,— (ae, 
both as regards sign and absolute magnitude. On the other 
hand, the assumption I.a gave d=0, and II.a led to values 
of d which were only a small fraction of those given by 
experiments. 

Now we must remember that our theory—so far it has 
been carried—does not give an exact agreement between 
observed and calculated values. Thus our calculations will 

require some small corrections, probably due to the fact that 

our expression for the energy is not quite correct. But if 
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these corrections are due to errors which enter into the 
energy, the correction terms of the frequency cannot essen- 
tially alter the values which the various hypotheses give for 
the deviation from Kossel’s relation. Thus the assumption I.a 
makes d identically equal to zero independent of the special 
form of the energy function. And the assumption I1., 
which is merely a slight modification of I., will make d 
approximately equal to zero. 

Thus, so long as we build on the scheme here proposed for 
the production of X-rays, J can see no escape from assump- 
tion LII.a, that recombination takes place from secondary circles 
(systems) and that always the angular momentum of the elec- 
trons left behind in the atom is kept constant during expulsion 
and recombination. 

If the change of energy of the electronic systems outside 
the broken ring which accompanies the ionization process 
does not escape in the form of radiation, but is utilized 
for the motion of the escaping electron, we found the 
frequency of the absorption edge by putting r= in the fre- 
quency formula corresponding to III.a. And it was found 
that the agreement between the calculated and observed 
values was very good indeed. 

The form here given to the hypothesis of recombination 
from secondaries will not only explain the principal (a) lines, 
but will also give a very close agreement for the second 
(8) lines of the K- and L-series. If we further assume that 
the L-ring has one circular and one elliptic state we may 
say that the following lines have been explained: K., Keg, 
the doublets of the L-series (a, 8), (y, 6) (Sommerfeld’s 
denotation), and, finally, Ma. 

An explanation of the J-series, such as the one given in 
Paper I. by means of two L-rings, is not consistent with the 
hypothesis of recombination from secondaries in its modified 
form ; but we shall have to find some other explanation of 
this series of lines. 

The line Kg, of Siegbahn is no doubt produced by recom- 
bination from a secondary for which t=4 and ought to be 
denoted by K,. Also in the case of the L- and M-radiation 
some of the lines here left out are merely to be considered as 
members of the series corresponding to higher values of rT. 

The modified form of the hypothesis of recombination 
from secondaries leads to the following constitution of the 
electronic systems nearest to the nucleus :— 

1 K-system with quant-number 1 consisting of 3 electrons. 

1 39 99 bP] » ” 2 ” iP} i 9 

1 M- Fy ” ” ” 3 ” ” 12 ” 
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Our theory leaves no doubt with regard to the number of 
electrons of the K- and L-systems; but as regards the consti- 
tution of the M-system we are on less certain ground, and 
we might quite as well suppose two M-systems with quant- 
number 3. 

The uncertainty in the case of the M-system is partly due 
to the limited experimental material and partly due to the 
fact that the determination of the number of electrons of 
a ring becomes less definite as we pass outwards from the 
centre, and, finally, matters may be more complicated 
and the identification of lines more difficult as we pass 
outwards. 

General Remarks regarding Atomic Constitution. 

§ 17. The constitution here given for the K-, L-, and M- 
ring will involve some change with regard to the general 
scheme given in my previous paper (fig. 2) with regard to 
the constitution of the elements. 

The first two rings will be the same as before, and the 
surface systems for elements with atomic numbers lower 
than 10 (Ne) should be those given in Paper I. 

The difference comes in at the third ring, which in Paper I. 
was given a quant-number 2, while our present results have 
given to it a quant-number 3. If, however, we assume two 
M-systems, we may still maintain the same number of elec- 
trons (8) of the third ring, and it is even possible that the 
fourth ring may have 10 electrons just as indicated in 
Paper I. 

If, on the other hand, we assume only one M-ring, the 
third ring should be composed of 12 electrons, and provided 
this value is the right one, we should have to give up the 
principle that a ring once formed inside a surface ring 
should be maintained with the same sumber of electrons 
when we pass to higher atomic numbers ; for on account of 
the periodic properties of the element we cannot assume 
that a third ring of 12 electrons has been formed as a 
surface ring for, if so, the element ‘ti (N=22) should 
possess a surface ring of 12 electrons and Va (N=23) a 
surface ring of one electron, which cannot be assumed. 
Although our present conception leads to some changes 
with regard to the constitution of the internal rings, still the 
periodic variations shown by the properties of the elements 
indicate that the number of electrons of the surface systems 
are those given in Paper I. 

In my previous paper I found that the electric con- 
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ductive capacity ought to vary in about the same way as 
the quantity : 

9 

Ilo = Geary (29) 
where n is the quant-number and g the number of electrons 
of the surface ring. 

Now we found that in order to get the observed typical 
variation of the conductive capacity with atomic number 
(Benedick’s curve) we had to assume the quant-number n to 
be constant for all elements belonging to the same period, or 
for all elements falling between two successive inert gases. 

On this assumption we got the right type of variation 
of the conductive capacity for both the short periods (see 
Paper I. fig. 4). But also for the two long periods (Ar—Kr) 
and Kr—Xe) we get the right type of variation, when we 
assume 7” constant inside each interval. Let us, e.g., con- 
sider the period between Ar and Kr. At first we get a 
sudden fall of 1/o with increasing g as we pass from K 
to Ni. Then a new ring is formed which should produce 
a sudden increase of 1/co for the element Cu. In fact we 
find a sudden increase of the conductive capacity for Cu 
followed by a fall which is continued till the next period 
sets in with Kr. | 

There is, however, an apparent disagreement with regard 
to the magnitude of the conductive capacity. 

The formula (29) would give both for K and Cu the same 
value of 1/o, while the observed conductive capacity is 
very much smaller for Cu. I think, however, that the 
smaller value in the case of Cu is just what we may expect 
from theory. The expression for 1/o given in equation (29) 
is deduced on the assumption that the effect of the internal 
electrons is the same as if they were placed at the centres. 

Now the radius of the surface ring is determined by the 
equation (Paper I., equation 25) : 

mn? 

— | rm rma (Cs | oe gS) (30) 

where dy is the radius of the surface ring of hydrogen. 
When we pass an inert gas—Ar, say—we shall have an 
increase of a from the two causes: increase of m and 
diminution of g. When, however, we pass from Ni to Cu 
we have a relatively smaller increase of a because now the 
quant-number is unaltered. Now this comparatively much 
smaller jump with regard to the radius which is found for 
Cu may account for its smaller conductive capacity as 
compared with that of K. 

For chemically related elements g is the same, and the 
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electric conductive capacity as mentioned in Paper I. should 
vary in a similar way as n’. 

Let us, e.g., consider the elements for which g=1, and 
which follow immediately after an inert gas. These ele- 
ments are Li, Na, K, Rb, and Cs. The curve of Benedicks 
(Paper I., fig. 3) shows a gradual increase of the conduc- 
tive capacity indicating an increase of the quant-number. 
From the X-ray analysis we know that when we come 
to elements which give the L-radiation there is a second 
ring with quant-number 2, which has 7 electrons. 

This result might indicate that the surface ring of the 
elements of the first short period had the quant-number 2, 
but we must also be aware of the possibility that some 
change of the quant-number of the second ring may have 
taken place, or we cannot be sure that also the elements 
before Krypton have a second ring of 7 electrons with 
quant-number 2. The very large increase of electric con- 
ductive capacity from Li to Na would be best accounted for 
by assuming that the surface electron of Li had quant- 
number 1. In that case the conductive capacity of the 
elements considered should vary as the numbers: 1, 4, 9, 
16, 25. 

These numbers give, at any rate, variations of the right 
order of magnitude. In fact, the conductive capacity of Cs 
is about exactly 25 times as large as that of Li. 

But we ought not to lay too much stress on this coinci- 
dence, for the conductivity may be influenced by many 
other causes. 

Putting the quant-number for the surface electron of Li 
equal to 2, the conductive capacities should vary as the 
numbers 4, 9, 16, 25, 36. It should be remembered that 
the constitution given to Fe and Ni, in deducing the values 
of v, for the K-absorption edge, was in accordance with the 

latter assumption. 
A special interest is attached to the elements Cu, Ag, Au, 

which have a large conductive capacity and only one electron 
in the surface ring. We notice a very marked increase from 
Cu to Ag corresponding to an increase of quant-number ; 
but for Au there is again a drop of conductive capacity, 
which might indicate a drop of quant-number. It seems as 
if the formation of the rare earth elements is accompanied 
with some kind of condensation process. 

The atomic property which first of all suggests itself for 
examination is the atomic volume, because we might expect 
it to vary in a similar way as the radius of the surface ring 
in such a way that a greater radius would give a greater 
atomic volume. ) | 
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Now the radius of the surface ring is at any rate approxi- 
mately determined by the equation (30), and by means of 
the values previously given to g and z of the surface ring 
we can easily calculate the radius a and compare its variation 
with the atomic volume curve. 

Such a comparison would immediately show some striking 
similarities. 

For chemically related elements (¢ constant) we find, as a 
rule, an increase of atomic volume with increase of N in 
accordance with the variation of a. This increase is in par- 
ticular very marked for the elements Li, Na, K, Rb, Cs, and 
Mg, Ca, Sr, Ba. 

If, on the other hand, we consider the elements belonging 
to the same period we find a marked difterence between the 
variation of the atomic volume and that of the radius. 

Let us, e. g., consider the short period from Ne to Ar. 
These elements should have the same quant-number of the 
surface ring ; but the number of electrons shuuld increase 
from 1 (Na) to 7 (Cl), and the radius should decrease. Also 
the atomic volume curve shows at first a rapid decrease ; but 
it reaches a minimum at the element Al, after which it in- 
creases quite rapidly to meet the most conspicuous maximum 
at K. Taking one of the long periods we find a similar 
variation of the atomic volume and, curiously enough, we find 
no secondary maximum for Cu and Agas was to be expected. 

When we consider the result of this comparison on the basis 
of our scheme with regard to the constitution of the surface 
systems we arrive at the following conclusions :— 

The atomic volume is no doubt greatly influenced by the 
magnitude of the radius of the surface ring; but besides it 
is greatly influenced from other causes, which in certain 
cases may even more than counterbalance the effect due to 
change of radius. 

The particular manner in which the atoms are grouped 
together in the condensed aggregate forms is likely to play 
an important part in this respect. 

Also the variation of the atomic volume is in favour of 
of our two fundamental assumptions with regard to the 
constitution of the surface systems :— 

1. All elements belonging to the same period have the 
same quant-number. 

2. The quant-number increases by one unit when we 
pass from one period to the next one. Also, when 
we consider the atomic volumes, the best agree- 
ment is got when the quant-number of the first 
period is put equal to 1. 
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The constitution of the surface systems previously assumed 
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This scheme accounts for a number of properties of the 
elements; but there are a few instances of disagreement 
which are very remarkable. Thus from the point of view 
of the atomic constitution here proposed the element Mn 
ought to show similar properties to the halogens, and, 
further, there is nothing in the present scheme which can 
explain the singular position of the inert gases. 

I think the reason for this incompleteness of the scheme 
is that. the whole mechanism of atomic constitution is not 
given only by the number of electrons of the rings and their 
quant-numbers. 

The electrons as part of the atomic systems are not to be 
regarded as independent centres of force only acting on each 
other with ordinary repulsing forces ; but they are attached 
to each other in some other way. 

Thus the electrons of the same ring are forced to take up 
quite definite orbits, either circular or elliptic, and we may 
also imagine a mutual connexion between the motions of the 
various ring systems. Now it is quite possible that these 
mutual relations may modify the properties of the atoms 
both as regards spectra, chemical, and physical properties. 

Further, the atomic properties may greatly depend on the 
constitution of the ring next to the surface system. 

Thus the scheme here given for the surface systems may 
be essentially right so far as it goes; but it does not give 
the whole mechanism of atomic constitution. 

Physical Institute, Christiania. 
September 15, 1918. 

XXIV. Note on the Motion of a simple Pendulum after 
the String has become slack. By W. B. Morton, M.A., 
Queen’s University, Belfast *. 

f han writers of text-books appear to lose interest in the 
motion of the bob of a pendulum once the string has 

become slack. It may be worth while to point out, for the 
benefit of teachers of dynamics, some features of intcrest 
presented by the subsequent motion, which lend themselves 
to graphical treatment. Jt is very unlikely that these are 
new; they have probably been hit upon by others engaged 
in the work of manufacturing examination questions, but I 
have not found them referred to anywhere. 
When the tension of the thread vanishes the “level of 

no velocity” or, to use the older expression, the level of 

* Communicated by the Author. 
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‘potential ascent” lies above the point on the circle at a 
height which is half the vertical height of this point above 
the centre. The particle then describes a free parabola 
having its directrix at this same level until the string 
becomes taut at the intersection of parabola and circle. 
This takes place at a point whose angular distance from thie 
highest point of the circle is three times the angular distance, 
measured in the opposite direction, of the point at which the 
thread became slack. It is easy to prove this analytically, 
but it is most quickly obtained as a consequence of the well- 
known geometrical theorem that the chords which join, in 
pairs, the four intersections of a circle and a conic are 
equally inclined to an axis of the conic. In the present case 
the parabola and the circle have the same curvature at their 
point of contact, and so three of the intersections coincide at 
this point. The common tangent is one of the two chords, 
and the other is the line joining the point of slackening to 
the point of tightening of the thread. These are equally 
inclined to the vertical, and the given result follows 
immediately. 

If the thread be supposed inextensible the component 
velocity in its direction is destroyed by the jerk, and the 
bob resumes its movement in the circle with the tangential 
component of its previous velocity. 

If « is the angular distance from the highest point at 
which the thread slackens, the tangential velocity when it 
tightens again comes out to be 

WV ga cos « (8 costa —12 cos?a +3), 

where a is the length of the thread. This vanishes when 
cos?a = 2(3 — 73) or «= 55° 44’. Accordingly if the 
thread slackens at this point the bob will be brought 
instantaneously to rest when the thread makes with the 
downward vertical the angle w—3a2=12° 48’, and will then 
oscillate with this amplitude. 

In general, the level of no velocity after the jerk is ata 
height above the centre of the circle given by 

4a cos a(3—64 sin® « cos? 2). 

This is shown plotted against a in the middle curve on the 
diagram. The values of « run backward, so that the origin 
corresponds to the end of the horizontal diameter of the circle. 
It is convenient to start from this position in discussing the 
motion. 

The upper curve gives the level of no velocity before the 
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jerk, the lowest curve the level at which the thread tightens. 
These are the sine-curves y=3acose and y=acos 32 
respectively. The vertical distance between the top curve 
and the middle one represents the energy destroyed by the 
jerk. The distance of the middle curve above the bottom of 
the diagram is the total energy after the jerk, and it is 
divided by the lowest curve into two parts: the upper part, 
between the two curves, is the kinetic energy, and the lower 
part the potential energy measured from the lowest position 
of the bob. It will be seen that the curves touch for 
a=55° 44’, 1. e. the bob is then stopped dead as already | 
explained. 

By use of these graphs it is easy to follow the complete 
course of the motion of the bob when the thread slackens for 
the first time at a given position on the circle. If the level 
of no velocity after the jerk is below the centre the pendulum 
will oscillate below this level. If it is above the centre the 
thread will slacken again. ‘To find where this takes place 
run a horizontal line from the point on the middle curve to 
meet the upper curve. Underneath the point of intersection 
is found the value of « at which the thread becomes slack 
for the second time. 
When this process is repeated it is found that the ultimate 

motion alternates between two types :— 
(1) Asymptotic approach to oscillation between the ends 

of the horizontal diameter. This will occur if the thread 
slackens anywhere on an arc of 13° 39! above an end of this 
diameter (from «2=90° to a=76° 21’). The curve viving 
the level of zero velocity after the tightening of the thread 
is then above the axis, and if we apply the construction to 
find successive points of slackening we are led by a series of 
zig-zags into the corner, at «=90°, between the upper and 
middle curves. The same terminal state of motion is reached 
if the 2nd, 3rd, 4th... . slackening falls within this region, 
which will be the case if the first slackening falls in the 
regions shown on the diagram by a thickening of the axis of z. 
The boundaries of these segments are found by construction 
as indicated by the lines drawn vertically and horizontally, 
beginning with the two points «=76° 21’ and 41° 21), 
where the middle curve crosses the axis. They can be cal- 
culated by solving by trial the series of equations 

fle:)=0, f(a:)=3a, f (4s) =$22, and so on, 
where f(a)=4 cos «(3 - 64 sin’a cos*e). 

It is thus found that the motion runs into the asymptotic 
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type when the thread becomes slack between the values 
of « 

90° and 76° 21’, 
41° Oia eane 30° AD! 

27° LO! amide «25°. 56", 
21° 908 emake 20°50" 

18°96) and 1S°"3", 
&e., &e. 

These regions become very narrow compared with the spaces 
separating them and crowd indefinitely close together as 
a=0 is approached. 

15a 

A 

Sa 

30 o) 

Va 
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(2) From other points on the circle the motion reaches, 
after a finite number of slackenings and tightenings, the 



284 Dr. Norman Campbell: Haperiments on 

state of oscillation through a limited range. This corresponds 
to the region between 76° 21’ and 41° 21’, where the curve 
is below the axis and to the other regions from which this 
part of the axis is reached after one or more repetitions. 

Tt will be seen that the highest point of the circle «=0 
resembles an “essential singularity” of a mathematical 
function. Within any distance from it, however small, the 
type of ultimate motion alternates an infinite number of 
times, 

XXV. Experiments on the High- Tension Magneto.—l. 
By NorMAN CAMPBELL, Sc.).* 

Norsz.— The work described in this paper was carried out 
at the National Physical Laboratory under the direction of 
the Advisory Committee for Aeronautics. The results have 
been communicated in a series of confidential reports to the 
Internal Combustion Sub-Committee of that Committee, who 
have now given their consent to the publication of any 
portions which appear of pure scientific interest. 
I desire to express my obligations to Sir Richard Glazebrook, 

Director of the National Physical Laboratory, and more 
especially to Mr. C. C. Paterson, in whose department the 
experiments were performed, for invaluable advice and 
encouragement at all stages of the research. Prof. Taylor 
Jones was also good enough to discuss very fully the 
questions which arose in connexion with his theory on which 
the work is based. 

Object of the Haperiments. 

A, | og the Philosophical Magazine, xxxvi. p. 145 (Aug. 
1918), Prof. EK. Taylor Jones has given a theory of 

the magneto; this theory is essentially the same as that 
which he had given previously for the induction-coil, and 
had shown to predict results in close accordance with ob- 
servationf. Jt is not, however, immediately certain that so 
close an agreement between theory and experiment would 
be found with the magneto. The theory neglects altogether 
effects of hysteresis and eddy-currents in the iron core on 
which the armature is wound, or rather regards these effects 
as merely adding to the effective resistance of the circuits by 
which the damping of the oscillations is determined. Since 
the Aux density in the iron is much greater in the magneto 

* Communicated by the Author. 
+ See Phil. Mag. xxvii. p. 580 (April 1914). 
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than in the induction-coil, and the lamination of the iron is 
in general much less complete, it is possible that a source 
of error which is inappreciable in one instrument might be 
very serious in the other. Prof. Jones’s experiments on the 
magneto are hardly sufficient to indicate how far the theory 
may be employed in the design of the magneto; for the 
methods of determining the periods of the oscillations set up 
in the circuits which he had developed in his work on the 
induction-coil were much less well suited to the more rapid 
and more highly damped oscillations of the magneto. It was 
thought that experimental methods which had already been 
developed for other purposes would enable some of the diffi- 
culties which Prof. Jones had encountered to be overcome, 
and accordingly an attempt was made by the use of these 
methods to investigate more nearly the applicability of the 
theory to the magneto. 

Theory of the Experiments. 

2. The general principles of the investigation were the 
same as those of Prof. Jones’s work on the induction-coil, 
but in order to indicate clearly the bearing of the expe- 
riments which were made, it will be convenient to transform 
slightly some of the equations given by Prof. Jones. 
Adopting his notation with slight modifications, we shall 
write:— 

L,, ©,, Ry the self-inductance, capacity, and resistance of 
the primary circuit; L,, Cz, R, the corresponding quantities 
for the secondary circuit. 

L.;, Ly, the two mutual inductances, which become equal 
when the current is uniform throughout the secondary. 

k? the coupling; s=(L,.+ Ly, + Ly.+ L,)/L2, e=(1—£’)/s. 
(Prof. Jones puts c=1—A”). 

The values which Le, k, c, s assume when a condenser 
of large capacity is inserted in the secondary, so that the 
current in it becomes uniform, will be denoted by L,’, kh’, c’, s’. 
Pete 0 hte. | ON y= 1/1), Nol /Te; 
7, 7’ the periods of the two components of the oscillation, 

tT being greater than 7’; n=1/7, n'=1]7'. 
Re liege at = 17/1", 
r, X' the damping coefficients of the two components of the 

oscillation; and w=Ar, pw’ =X'7’, their logarithmic decrements. 
Then from Prof. Jones’s paper it is easy to show that 

a + 7/2 | Ni + T,?. . . » . . . (1) 

ntntaa (N#+NZ). . . . . (2) 
Phil. Mag. 8. 6. Vol. 37. No. 219. March 1919. xX 
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And from (31) of Prof. Jones’s paper, so long as cu(1+ 1) 
is small compared with unity, 

Ry 2 : n= (73 T+ pots) (ne + Ds). . oa: 

E +P). wun an 

It is possible to measure accurately the periods of the 
components of the oscillation only when these periods are 
very different and 7 is not nearly equal to 1. This condition 
will always be fulfilled so long asc is small; thus so long 
as cis less than 0°1, 7 is always oreater than 6. Accordingly, 
in these conditions, we may neglect terms involving 1/7”, and 
write in place of (1) and (2) 

PoTP+Ty.... (1.1); w= l(NP+NY. 2.1) 

We may now determine the constants of the circuits as 
follows:— 

1. To determine L, and Ty. 
Measure 7” for different values of C, and plot 7? against C,. 

A straight line should be obtained, of which the intercept on 
the axis gives T., the inclination Ly. 

2. L0 determine We 
Measure 7? for different values of C,', where C,’ is the 

capacity added to the secondary circuit. Again a straight 
line should be obtained of which the inclination gives L,’. 
It is assumed that all values of C,' are so pe that the 
current in the secondary is uniform. 

3. To determine ec. 
Measure r’ when (, is very large. Then 2.1 reduces to 

72=cT,”?; andsince T, is already known, c can be determined. 

A To determine ce and lin. 
Measure 7’ when (, is very large. Thenv’?=c'T,?. Cyis 

always known and L, has been determined ; hence T, is 
known and c’ can be deduced. Since ec’ is ‘i function of 
L,, Li, and L,' only, we can now deduce Ly). 

To determine the damping coefficients. 
wu or w’ can be determined directly by measuring the am- 

plitudes of successive oscillations. If 7 or 7’ is determined 
at the same time, A or ’ is known immediately. 
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Experimental Methods. 

3. For the determination of the periods of the oscillations 
a Helmholtz pendulum was employed. The pendulum broke 
In succession two electrical contacts, the distance between 
which could be varied by moving one of them relatively to 
the other by means of a micrometer-screw. The first contact 
carried the primary current, the second made connexion 
between the circuit in which the oscillation was to be 
measured and an instrument for measuring the potential in 
that circuit. Consequently, when both contacts had been 
broken that instrument registered the potential in the circuit 
ata time after the break of the primary current determined 
by the distance between the two contacts. 

The speed of the pendulum over the distance between the 
two contacts was usually 250 cm./sec. One division of the 
scale of the micrometer-screw corresponded to a movement 
of 0:001 cm. Consequently a time interval of 4x 10-§ sec. 
could be measured and reproduced. 

The contacts consisted of pivoted steel rods resting against 
the ends of permanent magnets. The attraction of the 
magnet ensured that the rod always took up a definite 
position, and that the electrical resistance of the contact was 
approximately constant. For the successful working of the 
method it is necessary that at successive operations of the 
break of the primary current the potentials developed in 
the circuits should be the same; this condition will be 
fulfilled only if there is no sparking at the break. In a 
subsequent note the circumstances which are necessary and 
sufficient for the obtaining of a sparkless break will be 
described ; for the present it need only be said that so 
long as the current broken is below a certain limit (deter- 
mined by the nature.of the contact and of the circuits), it is 
quite easy to obtain a sparkless break. In most of the 
measurements to be described the current broken was 
0-5 amp. Preliminary observations had shown that the 
maximum potential developed in the primary or secondary 
circuit was very nearly proportional (as it should be 
according to the theory) to the current broken in the 
primary. Accordingly it was assumed that the periods of 
the oscillations did not depend on the current broken, and 
that a change in that current changed nothing but the 
amplitude of the oscillations. 

4, The instrument for registering the potential attained 
needs some attention. Since the potential to be registered 
often amounted to several thousand volts, it was clearly 
impossible to obtain the desired result by simply breaking 

X 2 
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the connexion between the source of potential and a volt- 
meter reading such potentials directly. For if the break 
occurred when the potential was rising, the subsequent 
increase of potential would be sufficient to cause a spark to 
pass across the gap as the terminals separated. Hven if 
this difficulty could be surmounted, others obviously attending 
the breaking of a circuit carrying such high voltages would 
be encountered. Accordingly the device was adopted of 
reducing the potentials to be measured in a known ratio 
by means of condensers connected in series. ‘The arrange- 
ment is shown in fig. 1, where it is supposed that the 
potential developed in the secondary circuit is being 
measured. 

P is the primary circuit, across the terminals of which is 
connected the condenser ©,, supplied with current from the 
battery B controlled by the rheostat R. The primary 
current is broken by the opening of the contact 1 by the 
pendulum. (It should be observed that the primary con- 
denser is connected across the primary coil and not across the 
contact; the battery and rheostat do not form part of the 
oscillating circuit.) The high-potential terminal of the 
secondary is connected to one plate of the air-condenser C, 
of about 10 mmf. capacity*; the other plate is connected 
to one side of condenser C,', the other side of which is 
earthed, and, through the contact 2, to the parallel condenser 
C3, which againis joined through the key 3 to the Dolezalek 
electrometer D. ‘The other plate of C3 is connected to earth 
through the potentiometer arrangement shown, by means of 
which any desired potential can be established between the 
second plate of C3; and earth. ‘The contact 2 is the second 
contact broken by the pendulum. 

* 1 mmf.—107 farad=0°9 em. 
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If V, is the potential difference between the high-potential 
terminal of the secondary and earth at any moment after the 
opening of 1, then v, the potential difference across C3 or 
C;' at the same moment is given by 

Co(Ve—v)=(C34+C3)e. 2 2 2 ee (5) 

If contact 2 is opened at this moment, contact 3 being closed, 
the electrometer will finally register the potential v. Since 
it is convenient to use the electrometer as a null instrument, 
the needle of the electrometer is brought hack to zero by 
applying to the second plate of ©; a potential difference 
v' = —v by means of the potentiometer; V. is determined by 
the value of v’ necessary to bring the needle back to zero. 
If the capacity of the electrometer itself and of the various 
leads is taken into account, the relation between V, and v’ is 
rather more complicated than that stated ; but it is easy to 
see that the ratio V,/v' will be constant, so that it may readily 
be determined by calibration with a known V,. 

The object of the condenser C3 should be explained. If it 
were absent, then after contact 2 is opened, the second plate 
of C, would have a very small capacity to earth, and its 
potential would vary nearly as rapidly as that of the first 
plate. A potential of several thousand volts might be 
established across contact 2 and a spark would pass. C;’, com- 
posed of leyden-jars, was so chosen that the potential across 
2 could never rise above about 30 volts. C3, composed 
chiefly of good mica condensers, was chosen so that v’ was of 
the order of 2 volts, which could be measured with an 
accuracy of 1 in 500*. 

In order to minimize insulation losses when the greatest 
accuracy was desired, other contacts were worked auto- 
matically by the pendulum. The sequence was then as 
follows. The pendulum first opened a contact disconnecting 
the electrometer from earth ; it then operated contacts 1 
and 2; it next closed the battery circuit of the potentio- 
meter, thus applying to C3; a potential which would very 
nearly bring the needle back to zero, and lastly broke 

* ©, included also the leads from the pendulum to the electrometer, 
which were some yards in length. For these leads rubber cable, such 
as is used for connecting a magneto to the sparking-plug, was employed, 
the outside of the cable being coated with an earthed conductor. Such 
cable has an insulation resistance of more than 10 ohms per yard, and 
is extremely convenient where very high insulation is required ; it may 
be used for all but the most delicate electrostatic experiments to replace 
the usual arrangement of bare wires supported on sulphur or sealing-wax 
supports. It has the drawback of considerable dielectric hysteresis, but 
it is often possible to arrange matters so that this is of no consequence. 
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contact 3 insulating the electrometer from the rest of the 
apparatus. The residual deflexion was then read and applied 
as a correction to that given by the potentiometer. 

It will be observed that this method has the advantage 
that the potential in the secondary can be observed without 
adding to it any capacity greater than that of a small air- 
condenser C,. The capacity to earth actually added was 
11°85 mmf., and could have been made even smaller if it had 
been desired. 

In order to indicate the accuracy obtainable with this 
method of measurement, there is given in fig. 2 the wave- 
form of the secondary of a magneto, all the experimental 
points being shown. It will be seen that two of them are 

Hig. 2. 

7000 

5000 

4006 

3000H 

2000 

Secondary potential (volts) 

Time (seconds). 

clearly in error, but that the rest lie very closely on a 
smooth curve and enable the relation between the secondary 
potential and the time to be determined with an accuracy 
amply sufficient for all the purposes of this investigation. 
In general, since only the period of the oscillations was 
required, the whole wave-form was not traced, but only the 
part in the neighbourhood of the maxima and minima; such 
observations permit the period and the logarithmic decrement 
to be deduced. 
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5). The arrangement just described, in which the oscil- 
lations are excited by breaking a current in the primary 
while the secondary potential is measured, is suitable only if 
the period of the slower component of the oscillations is 
required. But if, as in the determinations of ¢ and c’, the 
period of the more rapid component is required, the method 
is not available; for it, asis necessary in those determinations, 
either C, or C, is made very large, the amplitude of the rapid 
component in the secondary potential becomes very small 
compared with that of the slow component. When Cy is 
made large, and c’ measured, the difficulty can be overcome 
by measuring the primary, instead of the secondary, 
potential ; in such circumstances the amplitude of the more 
rapid component of the primary potential is the greater. 
Accordingly all that is necessary is to connect the measuring 
apparatus to the primary circuit instead of to the secondary 
potential*. 

But when C, is large the slower component has the greater 
amplitude in both circuits, if the oscillations are excited by 
breaking the primary current. If, however, they are excited 
by starting the primary current, the amplitudes of the two 
components in the secondary circuit are the same. Ac- 
cordingly, when c was to be measured, contact 1 was placed 
as a shunt across the primary terminals, so that the current 
started when it was brokenf. The oscillations now take 
place with the primary circuit closed, i. e. with C;, infinite. 
But since it is necessary for a measurement of c that C; should 

_be very large, no limitation is thereby placed on the appli- 
cation of the method. 

Experimental Results. 

5. The first experiments were made on a Thomson-Bennett 
magneto, Type AD 4C; this machine has a laminated core 
but unlaminated pole-pieces. The armature was fixed in the 
position of maximum inductance, and the terminals of the 
primary circuit disconnected from the condenser and brought 
outside the machine. The air-condenser used for measuring 
the secondary potential was always connected to the secondary, 

* Since the primary potentials are much less than the secondary, it is 
convenient also to increase the sensitivity. This is easily done by 
increasing the condenser C, by the substitution of a leyden-jar of about 
2000 mmf, for the air-condenser. So long as this condenser has a capacity 
small compared with that of the rest of the circuit, its exact value is, 
of course, immaterial, and affects only the calibration constant. 
+ In order that the resistance of the shunt might be small compared 

with that of the primary, a few ohms extra resistance had tobe inserted in 
the primary circuit. 
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and its capacity will be regarded throughout as part of the 
secondary capacity C,. Any other capacity added to the 
secondary circuit will be denoted by Cy. 

Fig. 3. 
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Fig. 3 gives the results of the measurements for deter- 
mining L,, T,, L.’. It will be seen that the values of 7? for 
different values of C, do not lie exactly on a straight line; 
for large values of (, the points lie above the straight line ; 
for values between 0 and 0°7 mf. below it. The first de- 
viation merely represents the fact that the self-inductance 
increases as the period of the oscillations decreases, and is te 
be expected ; for the eddy-currents in the core will reduce 
the apparent permeability of the iron. Prof. Jones also found 
that the inductances were greater for the slower oscillations. 
The second deviation may be due to the fact that (1.1) has 
been substituted for (1), but is more probably due to errors 
in determining the period from the wave-form. ‘lhe wave- 
form is not a sine curve, but composed of at least two 
harmonic components with different damping coefficients 
(see fig. 2), and it is not certain that the distance between 
successive maxima is truly equal to the period. Errors are 
especially likely to arise from this source when, as in the 
region between 0 and 0-7 mf., the periods of the two com- 
ponents are most nearly equal. 
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On the other hand, the points relating 7? and C,' do lie on 
a straight line, but.this line cuts the vertical axis below the 
origin, instead of above it as would be expected from (2.1). 
This discrepancy (which has been found in similar experiments 
on other machines) is not easily explained, but it would seem 
to suggest that the value of Ii,’ obtained is likely to be too 
large. If, however, we take the values given by the lines we 
obtain 

L,=0°0149 henry; L,’=62°5 henry; T,=0°000275 sec. 

Only a single measurement of c is possible, for it must be 
determined for the normal value of Cz. c was found to be 
0:050. 

c’ was measured with C,;=0°5, 2°0, 8:3 mf., and the values 
0°0225, 0°0200, 0°0192 obtained. It is to be expected that 
c’ should be rather less than ¢. L., is now found to be 
0:°954 henry, and s’=1°031. 

Fig. 4. 
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We are now in a position to calculate the peak potential 
from Prof. Jones’s theory on the assumption that there is no 
damping. These calculated values are plotted against C, in 
the full line curve of fig. 4; i), the primary current broken, 
is taken as 0°5 amp. The points marked © give the values 
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determined experimentally by the method described in the 
note on p. 301 of this Journal. The experimental values 
ure very much less than those calculated; at the maximum 
of the curve they are only about one third of those predicted 
by the theory. Moreover, in the experimental results there 
is no certain indication of the “arches” of the theoretical 
curve ; but since, when the coupling is so large, the arches 

_are not very prominent, it is possible (though by no means 
probable) that their absence is due to insufficient accuracy 
of the measurements. 

The Damping. 

7. We must now inquire whether the discrepancy between 
theory and experiment can be removed by taking the damping 
of the oscillations into account. 

In fig. 5 the lines marked Ar (calc.) and X'r' (cale.) show 
the relations between the logarithmic decrement of the oscil- 
lations and their period, for the slower and more rapid com- 
ponents respectively, calculated from (3) and (4); in this 
calculation the values of R, and R, are those determined 
with steady currents, namely R;=0°623 ohm, R,= 2160 ohms. 
The lines marked pw (obs.) and yw’ (obs.) give the values of 
the decrements observed experimentally. 

It is evident at once that, at any rate for the slower com- 
ponent of the oscillation, there is no agreement whatever 
between the observed and the calculated values. The wide 
difference shows that by far the greater partof the energy 
loss represented by the damping occurs in the iron core, and 
is not due to the cause contemplated by the theory, namely 
the ohmic resistance of the windings. Moreover, since the 
observed decrements decrease as the period increases, while 
the calculated decrements increase, it is not even legitimate 
to regard the loss in the core as adding to the effective 
resistance of the circuits. It should perhaps be pointed out 
that the excess of the damping observed over that calculated 
cannot be due to an increase of resistance of the windings 
at high frequencies owing to “skin effect,” for the terms in 
R, and R, in (3) are of the same order ; R, may increase 
somewhat with the frequency, but R,, being the resistance 
of wire of very small cross-section, can hardly change 
appreciably. 

Even more noteworthy than the great difference between 
observed and calculated values for the slower component is 
the difference between the values for the slower and the more 
rapid component. According to (3) and (4) the damping of 
the more rapid component should be greater than that of the 
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slower component (for the same values of the period) in a 
ratio of the order of 1/e. But experiment shows that the 
damping of the more rapid component is very much less than 
that of the slower, and that both in its magnitude and in the 
sense of its change with the period, it agrees much more 
nearly with that calculated. 

It should be remembered, of course, that the damping 
coefficients of the two components are determined in some- 
what different conditions. The rapid component is only 
investigated when one of the two windings is short-circuited 
and the period of the slower component is infinite. It cannot 
be concluded immediately that, when the two periods are of 
the same order of magnitude, the damping of the more rapid 
component is as much less than that of the slower as fig. 5 

Fig. 5. 

T(or 7!) x 10* sec. 

would indicate. Evidence on this point is not available. It 
could only be obtained by the careful analysis of many 
complete wave-forms in which the two periods were of the 
same order, and the experiments have been brought to an 
end beforea sufficient number of such wave-forms have been 
traced with the necessary accuracy. But such evidence as 
there is certainly indicates that, even when the periods of the 
two components are of the same order, the damping of 
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the slower is certainly not so much less than that of the more 
rapid as the theory would indicate. Moreover, in all the 
experiments on other machines which will be mentioned 
later all the characteristic features of fig. 5 were reproduced. 
It appears that whenever the damping is mainly due to losses 
in the core, fora component of a given frequency the damping 
is always much less if that component is the more rapid com- 
ponent of an oscillation than if it is the slower component. 
The result appears suggestive for any theory which would 
take into account the effect of the losses due to hysteresis and 
eddy-currents. 

Some experiments were made to discover how far the 
damping of the oscillations was the same in the primary and 
secondary circuits. More definite information on this point 
will be given later, but it was clear that in general, and 
especially for the longer periods, the damping in the primary 
circuit was somewhat less than that in the secondary. It 
was also suspected that the periods of the oscillations in the 
two circuits were not quite equal, but the uncertaintiés in 
the measurement of the period when the damping is so large 
are too great (see p. 292) for any definite pronouncement on 
this point to be made. 

Correction of the Peak Potential for Damping. 

8. It is clear from these results that the correction of the 
calculated peak potentials for damping is not likely to improve 
greatly their agreement with observation, if the calculated 
values of the damping are used for the correction. In fact 
these calculated values are so small that they would change 
the calculated peak potentials by a few per cent. at most. 
But it is worth while to inquire whether a better agreement 
between the calculated and observed peak potentials can 
be obtained by correcting the former for the observed 
damping. 

In order to apply the correction strictly the values for both 
the more rapid and the slower component ought to be taken 
into account ; but the numerical work involved in applying 
the correction in this manner would be extremely heavy and 
certainly not justified in view of the uncertainties of the 
value of the damping of the rapid component when its period 
is of the same order as that of the slower. A simpler method 
has therefore been adopted. According to the theory the 
amplitude of the more rapid component should not be as 
much as one-tenth of that of the slower for any value of QO, 
shown in fig. 4; it has been simply assumed, therefore, that 
the peak potential is determined wholly by the amplitude of 
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the slower component, and to each point on the curve in that 
figure has been applied the correction appropriate to the 
slower component only. That is to say,it has been assumed 
that the wave-form is V,=A sin 2ant.e~*', so that the 
reduction in the peak voltage due to damping is given by 

ee 2ar : , 
the factor sin@.e 2, where tan @=~-~. This procedure is 

strictly accurate only when (C;, is very small or very large. 
The resulting curve is shown by the dotted line in fig. 4. 

The ratio of observed to calculated peak potential is now 0°78 
at C,=0 and increases regularly to 0°88 at Cy=4 (which is 
not shown on the curve). Accordingly most of the dis- 
crepancy can be accounted for by the damping, but not all. 
It is, of course, hardly to be expected that any simple cor- 
rection of this kind could bring theory and experiment into 
complete accord; for, as has been emphasized before, the 
actual damping which produces so great a reduction of the 
peak potential is wholly different in its nature from that 
contemplated by the theory. 

Some Further Experiments. 

9. Similar experiments were made on the armature of the 
same machine when it was completely removed from its 
housing, so that the only iron in the neighbourhood of the 
circuits was the core on which they were wound; the un- 
laminated pole-pieces could no longer exert any influence. 
It was thought that the iron losses would be greatly reduced, 
and that better agreement between theory and experiment 
might be found. 
By exactly the same method as before the following values 

were found for the constants of the armature:— 
L,=0-00045 henry; -L,.'=15°3 henry; T,==0:000174 sec.; 

e=0°101; ¢ =0-043; L,;=0-282 henry; s’=1-037.. 4, is 
again taken =0°5 amp. 

In fig. 6 the peak potential calculated from these values 
is plotted against C, in the ful! curve, the experimentally 
determined values being again given by the points ©. 

The damping coefficients were not determined so completely 
as before, but the following values were obtained :— 

+ =0°000175 # (obs.) =1°20 # (cale.) =0°0124 

0-00114 1:10 0-0650 

0:00161 0°84 ():0922 
r' =0°000232 pw (obs.) =0°76 ~—s ws (cale.) = 0-296 
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As is to be expected, the damping is considerably less at the 
same frequency than before, but the same general features 
are shown. vy increases with the frequency and, for the same 
frequency, yw’ is much less than p. 

Fig. 6. 

The peak potentials were then corrected in the same 
manner as before for the observed damping, and the dotted 
curve in fig. 5 obtained. The ratio of observed to calculated 
peak potential is 0°76 at C,=0 and 0°88 at (,=4—almost 
exactly the same ratios as were found in the previous 
experiments; it will appear later that the same ratios 
reappear in experiments on an armature of quite different 
construction. It would seem, therefore, that the coincidence 
of the value of this ratio is not wholly accidental ; but it 
cannot be determined at present what theoretical significance 
is to be attributed to the agreement. 

General Conclusions. 

10. The main conclusion to be derived from these expe- 
riments is that a theory which introduces only constants 
characteristic of the windings of the armature will not lead 
to values for the peak potential which are, even approximately, 
in accordance with experiment. By far the most important 
factor in determining what peak potential will be obtained is 
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the damping which is due to hysteresis and eddy-currents, 
and no theory which cannot predict this damping is of any 
use in predicting the peak potentials. 

On the other hand, in some matters the theory gives 
results which are in general agreement with observation. 
Thus the relations between 7 and C, or C,’ shown in fig. 2 
are not very different from those predicted ; the values for ¢’ 
are approximately constant and not very different from the 
value of c determined experimentally or the value to be 
expected from the form and arrangement of the circuits. 
Again, the changes in the inductances which result from 
removing the armature from its housing are in the expected 
direction, and the primary and secondary inductances are 
reduced in approximately the same ratio (0°30 and 0°25 
respectively); while removal from the housing is found to 
reduce the coupling, as it should. Indeed there is only one 
considerable discrepancy. When the armature is removed 
from its housing, the secondary capacity C, should be 
reduced ; but if we put L,=L,' and calculate C, from T., we 
find C,=30°8 mmf. in the housing and C,=51'5 mmf. out of 
the housing, a difference which can hardly be accounted for by 
an error introduced by identifying L, and L,’. Itis probable 
that the second value is the more nearly correct. 

It is not surprising that the success of the theory should 
be so very different according as it is applied to the deduction 
of the constants of the circuits, or to the prediction of the 
peak potential. For in the former application we are only 
concerned with the periods of the oscillations, and the general 
theory of oscillations indicates that these periods will not be 
very greatly affected by damping, so long as it not so great 
as to reduce the oscillations to subsidences. On the other 
hand, the prediction of the peak potentials involves the 
amplitudes and the phase differences of the components of 
the oscillations, and these will be greatly affected by the 
presence of a source of damping which the theory does not 
contemplate. 

Accordingly, in spite of the general failure of the theory 
to predict absolute values for the peak potential, it is worth 
while to inquire whether it can predict how those values vary 
with alterations in the constants of the circuits; for if it is 
successful in this respect, its value in the design of machines 
(the purpose to which the investigation was primarily directed) 
will scarcely be diminished. 

The most remarkable and interesting feature of the theory 
is the relation which it predicts between the peak potential, 
the primary capacity ©,, and the coupling or the associated 
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quantity c. For itis the peak potential which alone is of 
much practical importance, while C, and ¢ are the quantities 
which are most completely at the disposal of the designer. 
According to the theory there is for each value of ¢ an 
optimum value of C,, which gives the greatest peak potential. 
The value of this peak potential with optimum C, does 
not vary very greatly with c; so long as ¢ lies between 0 
and 0°5, the greatest peak potential obtainable does not vary 
by more than 5 per cent.; but the optimum value of C, varies 
greatly. [£ c=0, the value is 0; but it can be increased 
considerably by increasing c. Now in practice a lower limit 
is set to ©, by the necessity of avoiding sparking at the 
break in the primary cireuit ; indeed, until an adequate 
theory of the machine was produced, it was thought that the 
only purpose of inserting a condenser in parallel with the 
primary terminals was to suppress such sparking. It is 
therefore clear that, since this lower limit is set to C,, the 
optimum value of ¢ will not be 0, but will be some higher 
value such that the optimum value of C, is not less than the 
lower limit set by the necessity of avoiding sparking ; and 
the theory indicates that the attempt, which seems to have 
been made in the design of most actual instruments, to make 
the coupling as close as possible and ¢ as small as possible is 
mistaken, and that better results would be obtained by de- 
creasing the coupling and increasing c. The second part of 
this paper will be devoted to examining how far this pre- 
diction is correct. But it should be noted that evidence is 
already available that the theory may fail in this respect also. 
For the relation predicted by it between the peak potential, 
(,, and c is intimately connected with the occurrence of 
“arches” (such as are shown in the full-line curves of figs. 4 
and 6) in the curve relating the peak potential and C,. Now 
the experimental curves do not show these arches ; there are 
indications of very shallow maxima and minima which scarcely 
exceed the possibilities of experimental error, but there is 
nothing whatever corresponding to the sharp cusps which are 
so notable a feature of the theoretical curves. It must, 
therefore, be doubtful from the outset whether the theoretical 
relation is fulfilled. [ To be continued. | 

Summary. 

1. The object of the experiments is to investigate more 
nearly the applicability of the theory of the high-tension 
magneto which has been given by Prof. H. Taylor Jones ina 
recent paper. 
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2. The application of the theory to the experimental 
measurements is described. 

3, 4, 5. The experimental methods for tracing the wave- 
form of the magneto are described. 

6, The values of the constants of a certain machine obtained 
by these methods are given, and the values of the peak 
potential calculated from them by the theory. ‘The observed 
values are very much less than those calculated. 

7. The damping of the oscillations is investigated. It is 
shown that the main source of damping is one not contemplated 
by the theory, namely, the losses in the iron core due to 
hysteresis and eddy-currents. 

8. ‘the calculated peak potentials are corrected for the 
observed damping and values obtained which, though in 
much better agreement than before with the observed 
values, are still considerably greater than the observed 
values. 

9. Some further experiments in which the iron losses are 
greatly reduced are described, but the same discrepancies as 
before are noted. 

10. It is pointed out exaetly in what points theory and 
experiment agree and in what points they differ. It is 
suggested that it is still possible that the theory may 
provide a useful guide to design of magnetos, and the con- 
siderations underlying the experiments to be described in a 
second part of the paper are stated. 

XXVI. Note on the Measurement of the Peak Potential of an 
Alternating Source. By CuirForp C. Paterson, M.J.L.E., 
and NorMAN CAMPBELL, Sc.D.” 

HE method of measuring the peak potential of an alter- 
nating source hy means of a thermionic valve is now 

familiar, but the conditions necessary for accuracy do not 
seem always to be appreciated. 

Hie 1. 

ne Hetil c 
The connexions are shown in fig. 1. A is the source of 

alternating potential, V the thermionic valve with its heating 
* Communicated by the Authors. 

Phil. Mag. 8. 6. Vol. 37. No. 219. March 1919. Y 
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battery well insulated from earth, EH an electrostatic volt- 
meter, and C a condenser connected across the terminals of 
the voltmeter. A separate condenser C is not always in- 
serted ; if it is not, the capacity of C represents simply the 
capacity of the voltmeter and its connexions. A is shown 
connected to the valve so that the negative peak potential is 
measured ; if the positive peak potential is required, the leads 
from the valve to A and H must be interchanged. 

The following are the conditions necessary for accuracy :— 
(1) The valve must pass no reverse current. 
(2) The insulation between the terminals of E must be so 

great that the potential between them does not fall appre- 
ciably in the interval between successive occurrences of the 
peak potential. 

The necessity for these two conditions is obvious. 
(3) Condition (2) could always be fulfilled by making C 

sufficiently large and sufficiently well insulated. But the 
insulation must fulfil a further condition; it must be so 
great that the amount of electricity which the source of 
potential has to supply at successive occurrences of the peak, 
in order to make up the loss occurring between them, is not 
so large as to alter the peak potential obtained. Suppose, 
for instance, that the source of potential can be shunted by a 
resistance of 1 megohm without affecting appreciably its 
peak potential ; then, if the interval between successive 
occurrences of the peak potential is x times the duration of 
the peak potential, the least resistance which can be placed 
as a shunt across E will be of the order n megohms and not 
of 1 megohm. Thus, when the source of potential was a 
magneto, it was found that a resistance of 10,000 megohms 
across E reduced the peak potential recorded by nearly 
10 per cent., although a resistance of 1 megohm placed 
across the terminals of the machine did not affect it more 
than 2 per cent., and although the potential recorded by E 
did not fall by as much as $ per cent. between successive 
occurrences of the peak potential. | 

It may be noted that it is a sufficient criterion that con- 
ditions (2) and (3) are fulfilled that the peak potential 
recorded is independent of the temperature of the filament 
of the valve. It will always be found that there is a lower 
limit to the temperature below which the peak potential 
recorded decreases: but unless (3) is fulfilled, there will be 
no well-defined upper limit above which the temperature of 
the filament is without effect on the recorded potential. 

(4) The capacity C must be a sufficiently large multiple 
of the capacity of the valve. The necessity for this condition 
appears to be often overlooked. 
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Let C, be the capacity coefficient of the anode and cathode 
circuits of the valve; and let at any time H, be the potential 
difference between anode and cathode; H, the potential 
difference across the voltmeter E; KE the potential given by 
the source A. Then 

E = KE, aim E,. 

Since the anode of the valve is insulated, the charge on it is 
constant, that is, 

C,E, —CE,= const. 

The constant is determined by the condition that, when 
H=E,,, where E,, is the peak voltage, H,=0 owing to the 
action of the valve. Hence | 

(C, + C)H,= C,H + CEH,,. 
The voltmeter reads the R.M.S. value of H,. Denoting 
average values by a bar, we have 

(C, + C)?H,? = CH? + 2C,CE. EL + C’E,2. 

So that H,, is not equal to “ W2, even if E=0 (as is usual), 
unless C; is very small compared to C; if an accuracy of 
1 per cent. is required, C must be 200 times C, unless a 
correction involving a knowledge of the R.M.S. voltage of 
the source is applied. C, will not usually be less than 2 or 
3cm.; hence C, must be several hundred cm., which is much 
more than the capacity of most electrostatic voltmeters, so 
that the addition of a condenser in the position C is required. 
A well-insulated leyden-jar will usually meet the purpose, 
but if still higher insulation is found to be necessary, con- 
densers for the purpose may be made readily by wrapping 
an external conductor round rubber cable, such as is used for 
connecting magnetos to their sparking-plugs. Such cable 
usually has a resistance of at least 10° ohms per metre; the 
7 mm. variety will stand up to 20,000 volts (direct). . 

If these conditions are fulfilled—and they are easily 
fulfilled so long as the peak potential is not greater than 
15,000 volts—the only limit to the accuracy of the method 
is the accuracy of the voltmeter. And here a warning may 
be inserted. There are types of electrostatic voltmeter which 
do not give the same reading with alternating and direct 
current; that is to say, an alternating current of R.M.S. 
voltage E will not give the same reading as a direct current 
of steady voltage . It is not safe therefore to calibrate 
the voltmeter by alternating current ; it is best calibrated 
by means of the valve with an alternating source of which 
the wave-form is known. 

Dec, 1918. 
V2 



XXVII. Vhe Lateral Vibration of Loaded Shafts in the Neigh- 
bourhood of a Whirling Speed.—The Effect of Want of 
Balance. By H. H. Jerrcorr™*. 

SE VW a shaft whose centre of mass does not lie 
on its axis of figure (the shaft then being said 

to be *‘ out of balance ’’), is rotated, its geometrical axis ceases 
to remain straight and in coincidence with the axis of the 
bearings, but becomes bent and rotates round the latter axis. 
The amount of this bending depends on, among other things, 
the relation of the speed of rotation to that of any of the 
free lateral vibrations of the shaft. So long as the speed of 
rotation is not too near that of any of these vibrations the 
shaft remains nearly straight unless it is badly ** out OL 

balance.” If, however, the speed of rotation increases so as 
to approach t that of any transverse vibration the bending 
becomes noticeable,—sooner or later according to the per- 
fection of balance of the shaft—and increases rapidly ; and 
the shaft bends in one or more loops according to the 
particular transverse vibration whose speed is being ap- 
roached. 
If the speed is maintained constant at such a value the 

bending may become excessive and is ultimately restrained 
by the action of the bearings. And if the speed changes 
from one slightly below to one slightly above that of the 
transverse vibration the character of the motion changes. 

In particular, for the slowest transverse vibeaeeal of a 
shaft put out of balance by a single mass, the motion changes 
from one in which the centre of mass is nearer to the axis 
of the bearings than is the elastic centre to one in which the 
reverse is true. In this change the shaft appears to shiver. 

Well above the speed of the transverse vibration the shaft 
settles down again to more or less steady running with the 
axis nearly straight until the speed approaches that of 
another transverse vibration. 

When the shaft is considerably bent it is said to ‘‘ whirl.” 
The speeds of transverse vibration are spoken of as the 
‘“‘ whirling speeds.” 

In the foregoing when the shaft is horizontal, the straight 
form, or the axis of the bearings, is to be understood to refer 
to the gravitationally deflected form. 

It is proposed in this note to discuss to some extent how 
want of balance causes these phenomena, and to what extent 
in good practice balancing should be carried. It should be 

* Communicated by the Author. 
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pointed out, however, that an adequate mathematical treat- 
ment of the general case of a loaded shaft is a matter of 
considerable difficulty, and that the discussion which follows 
does not pretend to be more than illustrative. 

2. For the sake of simplicity in illustrating the character 
of these vibrations we will consider the case of a light 
uniform shatt supported freely in bearings at its ends and 
carrying a mass m at the centre of its span, the mass centre, 
however, being slightly eccentric by a distance a from the 
elastic centre of the shaft. 
We will suppose the load to be of the nature of a thin 

pulley or disk of negligible moment of inertia. Accordingly 
we are dealing with simple lateral vibration, and are not 
concerned with oscillatory vibration about a diameter. 

The conditions given permit a statement of the problem 
in a simple form. The motion of the cross-section at the 
centre of the span in its own plane need alone be considered, 
subject to (a) a restoring force varying as the distance of a 
point known as the elastic centre from the axis of the 
bearings, (b) a damping force, and (c) the disturbing effect 
produced by an impressed rotation in its own plane combined 
with the fact that the centre of mass is placed eccentrically 
with respect to the elastic centre. Thus the problem may be 
viewed as the motion in the plane XY of a disk on which is 
impressed a constant augular velocity a. 

AM 

In the cross-section in fig. 1, let O be the intersection of 
the axis of bearings with the plane XY. Let x and y be the 
co-ordinates of E the elastic centre (which is also supposed to 
be the centre of figure) of the shaft at any instant ; and let 
M be the position of the centre of mass at the same instant. 

It is given that the shaft rotates with angular velocity o. 
This angular velocity determines the angle (wt) which any 
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line in the disk such as EM makes with a line fixed in space 
such as OX. It would not be correct in the statement ot 
the problem to assume that the inclination of the radii 
vectores OE or OM changes as wt. It will be shown later 
that the path of HK, when steady motion is established, is a 
circle described with angular velocity ». Hence O is the 
instantaneous centre, and the inclinations of the lines OH 
and OM change as at. 

The equation of motion of m parallel to OX is 

ee j dx 
m Faw +acos wt) + aa ce=0, 

where d is the coefficient of damping due to viscous resistances, 
and c is the elastic force of restitution at unit displacement. 

Hence 
me + ba +cx=maw? cos ot. 

The solution of this equation is well known to be 

hs Ae maa? 
w=Ae 2™sin (qt+a) + VCE 5 F2¢p2 COS (wt — 8), 

where ah Gat oom : _ Vv 4me—b?- 
ye ae 2m 5 

and A and @ are arbitrary constants. 
In like manner the equation of motion parallel to OY is 

2 

mM dt? 

and the solution is 

Ysad maw ‘ 
= f 2m gj t é ————————. sIn (wi— y=Ale sin (gt+a)+ /(e— mo)? + be? ( 8), 

where A’ and 2’ are new arbitrary constants. 
The first term in the solution represents an oscillatory 

motion of amplitude 

Ae 2 or Ale 2”, 

(y+asin cr) +00 +cy=0, 

- This amplitude diminishes with increase of ¢, so that the 
term becomes negligible. 

The second term persists, and is a vibration of amplitude 

Maw" 

/ (e—mo*)? + Bo? 

This forced vibration is caused by the disturbing action of 
the eccentric mass during rotation. 
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It is seen from the foregoing values of « and y that the 
terms representing the forced motion satisfy the relation 

xv’ +y?=constant. 

Accordingly the path of the elastic centre, when the 
oscillatory motion subsides, is a circle round the axis of the 
bearings of radius 

MEO) 

V/ (c—mo?)? + Bw? | 

The co-ordinates of M being «+acosq@t and y+asin of, 
and x and y having the values corresponding to the forced 
motion as already given, it follows in the same way that the 

path of M is also a circle round the axis of the bearings 
when the steady motion is established. Thus 

maw 
a! = - cos (@t—) +acos wi 

V/ (c—mo?)? + ba? (\ p) 

rae” : : 
y= st sin (ot —8)+<a sin at, 

/ (c— mo”)? + bw" 

OM?= 2? +y?=2?+y'? + a? + 2a(a# cos wt 4-y sin wt). 

Now 
: maa” 

x cosat+y sin wt= ee ey ar ae B 

and , bw 
tan B= aa 

Hence OM =a ry ce? + bw? 

(a mo”)? + bw?" 

If all the quantities save are given the amplitude is 
maximum, or 

maw 

/ (¢e— mo")? + 67a” 

pes 2c 

/ 4me — 207 

This value of » approximates to the speed 

/4me—b 
2m 

corresponding to the free period, when 6 is small. 

is maximum, when 
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At speeds in the neighbourhood of this value of w the 
vibration, caused by a given eccentricity of mass centre, 
a be excessively great. This is the whirling speed of the 
shalt. 

3. Looking next at the value of 8 which determines the 
phase of the displacement of the mass centre relatively to 
that of the elastic centre, we see that since 

bw 

an ars c—mo’ 

the value of 8 is 0 when @ is zero. The value of @ changes 

with increase of w, until when me’=c, B= e or the phase 

of the mass displacement has now shifted by a from that 
corresponding to very slow rotation. 

Above this value of , the phase changes further, and at 
very high values of o, B=7. 
Now the value of 6 is usually small, and on closer exami- 

nation it will be seen that the whole phase-change through 
an angle aw takes place practically entirely between a speed 
very slightly below and another very slightly above the 
critical speed. In other words, this change of phase takes 
place mainly within a comparatively small number of . 
revolutions per minute on either side of the critical speed. 

Thus at speeds appreciably below the whirling speed the 
shaft rotates with the mass centre farther from the axis of 
rotation than the elastic centre, while at speeds appreciably 
above tlie critical speed the mass centre is closer to the 
axis. 

4, This result can easily be obtained directly by considering 
the steady motion in these extreme cases and omitting the 
damping altogether, as is well known. 

E 4 en ee re, 
ode 

geass Nes EC A had IRI GS SE Seles) 969 Tees ed 
; Fig: 2. : 

Thus in fig. 2, let OH=2, EM=a, where O, E, M repre- 
sent the axis of rotation, the elastic centre, and the centre 
of mass. Hquating the centrifugal force to the restoring 
elastic force acting on min the assumed steady motion, we 
obtain , moa 

mo (c+a)=c#z, or £= 
€—meo?’ 
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so that while mw? is less than c, we have the condition 
illustrated in fig. 2. 

When mw’?=c we have z indefinitely great, and the value 
of @ is a critical speed. 

When mo’ is greater than ec, we have the condition 
illustrated in fig. 3. Then 

9 

mora 
mo? (e¢—a)=ce and a= 

mo? —¢ 

The transition from one condition to the other in passing 
through the critical speed is clearly brought out above when 
the damping is included. 

5. The phenomena observed at balancing, as to the relation 
of the (marked) point of maximum deflexion on the shaft’s 
periphery to the position of the mass centre, at speeds below, 
in the neighbourhood of, or above the whirling speed are 
well known to concord with the above phenomena due to 
damping, and a reversal of the direction of rotation gives 
results confirmatory of this. 

Thus in machines designed for testing the dynamic balance 
of rotors, the part to be balanced is revolved in bearings 
which are free to move to and fro between controlling spring 
or rubber buffers which limit the amount of their motion in 
a horizontal plane when the shaft vibrates. 

A scriber or pencil is held near the shaft at the section 
being examined, and thus it is marked at that part of its 
circumference that is most deflected. 

It is observed that at all speeds below the critical speed 
an unbalanced body wiil be marked on the heavy side ; and 
conversely above the critical speed it will be marked on the 
light side. 

The mark, however, is nol, at the exact heavy or light 
spot, but it is displaced angularly round the shaft, more or 
less according to the proximity to the critical speed. The 
direction of this angular displacement depends on the 
direction of revolution of the body, and if displaced in one 
direction by revolving clockwise, it will be equally displaced 
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in the opposite direction by revolving counter clockwise at 
the same speed. Thus the true heavy or light spot lies 
midway between the centres of the markings in these two 
cases. 

In most cases, when balancing, the machine is operated 
by running above the critical speed, thereby marking on the 
light side. 

It is to be noted, however, that the cases of balancing met 
with in practice are usually complicated by having several 
masses along the shaft instead of only one as considered 
above, so that the resultant displacement at any section then 
depends on the joint action of all the loads, according to 
their several effects at that section. 

6. It should be pointed out that, at speeds appreciably 
below the critical value, the phase-change due to damping 
is small. The introduction of the coefficient } in the equation 
of motion is mainly of interest in showing how the mass 
centre changes from being outside to being inside the 
elastic centre, relatively to the axis of rotation, as the speed 
rises from a little below to a little above the whirling speed ; 
and also that the amplitude of vibration at the critical speed 
in the ideal case under consideration, in which no restraint 
to excessive vibration is assumed to be imposed by the 
bearings, would not become indefinitely great. 

Returning now to the amplitude of the vibration, which is 

maw" 

its value is not seriously altered by the omission of b except 

in the close neighbourhood of the value w= =. 

At this critieal value of w, the effect of bis to diminish 
the amplitude and prevent it increasing to an indefinitely 
great value, as has just been stated. 

7. If b=0, and also mw?=c, the equation of motion 1s 

&+o72=aw’ cos at, 

of which the solution is 

a=A sin (wt+«)+4awt sin ot, 

where A and «@ are arbitrary constants. sae 
The amplitude of the forced vibration would in this case 

increase continually with ¢. But the damping 6 is not zero, 

and the amplitude therefore does not increase indefinitely. 
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It is worthy of note, however, that if a shaft be run 
quickly through its whirling speed to a higher working 
speed, there may not be time for serious vibration to take 
place ; in fact, the value of ¢ may be so small that the 
amplitude of this forced vibration amt may never be great. 

8. Apart from a knowledge of the numerical value of 6 in 
any particular calculation, we cannot obtain the exact value 
of the amplitude of vibration ; but, as we have seen, it is 
only in the close proximity of the whirling speed that the 
damping seriously modifies the amplitude, and we may omit 
it at all except such speeds. 

Also when not too close to the whirling speed we may 
regard the displacements of the mass centre and elastic 
centre as taking place along the same radius-vector from 
the axis of rotation, which likewise may be obtained from 
the general solution by putting b=0. 

Let w be the ultimate amplitude of the vibration at the 
elastic centre, then 

maw : maw? 
es OF” 

/ (e—mo?)? + bw? © +(c—mo’) 

Put k= ane = speed of free vibration. 

If w<k, we have 

as @” ke? 

The centrifugal force is 

Se ka] o's ae F=mo?(u+ a) ait mk*u 

w he 

If w>k, we have 
a 

ke 
1 1 

hk? w? 

and F=me*(u—a)= i ya 7 =mku. 

Bo 
Plotting these results against the speed , we see that, 



Value of u (also value of F/. 

EEE 

oO 
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with a suitable alteration in scale, the same curves represent 
both u and F. 

The curves (fig. 4) have not been drawn close to the 
position w=k, as in that region the damping prevents the 
values becoming indefinitely great, as would appear to be 
the case if the formule used for wu and F were fully plotted. 

w> wrk w:Z2k 

The curves exemplify clearly how that the critical speed 
is one that is particularly favourable to vibration, or one at 
which the shaft is very sensitive to lateral disturbing forces. 

If in the choice of the working speed the critical speed is, 
avoided by 10 per cent. on either side, 2. ¢. if w does not lie 
between °94 and 1:1k, then the amplitude of vibration will 
not be more than about five times the eccentricity of the 
mass centre. 

If the shaft is in good balance this choice of working 
speed wiil therefore give good results and sufficiently steady 
running. 

The better the balance the closer to the critical speed may 
the shaft be worked. For while keeping the amplitude of 
vibration uw within a definite limit, we may approach & the 
more closely the smaller the value of a; and further, the 
damping will keep the amplitude rather lower than that 
plotted. 

On the other hand, if the balance is bad the critical speed 
must be avoided by a large margin, and it may even be 
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dangerous to run through the critical speed to a higher 
working speed. 

9. If we include damping we have the displacement of 
the shaft w=OH, and F=me?. OM; see fig. 1. 

But OR = ea 

VAC — mo”)? + bw? 

Cay e 
d Maa 4 

cg - Cae (¢ —m@”)? + 67a” 

So that we now have after putting ae as before, 
m 

maw 
WS eS 

J m2(K? —@*)?+ bw? 

74) pal mkt + b?w 

m*(k? — w*)? + bw 

It will be noticed that the previous results are a particular 
case of this. i 

On assuming a particular value for — these results may 
be plotted similarly to those in fig. 4. 

10. Reverting now to the formule for centrifugal force 
written above (§ 8) we may compare the forces and vibrations 
due to a given eccentricity of mass at speeds above. and 
below the whirling speed. 

Consider the design of a shaft for a given duty and 
operating at a given working speed. 

Then the preceding formule indicate that it is better from 
the vibration point of view to design the shaft with its 
critical speed below the working speed rather than to have a 
critical speed the same proportion above the working speed. 
In the latter case the shaft will of course be thicker and 
somewhat heavier. This result, indeed, is well illustrated in 
the behaviour of the De Laval steam turbines. 

Thus comparing the centrifugal forces in the two cases in 
the particular example with which we have been dealing, 
let F be the centrifugal force when the critical speed & is 
greater than the working speed w; and let F’ be the 
centrifugal force when the critical speed k’ is less than the 
working speed ; the eccentricity of mass centre a is supposed 
to be the same in two cases, but the masses m and m’ are 
not quite the same, the former being somewhat greater 
owing to the shaft being heavier. 
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2 POL maoyk 
Then we have Pee 

k?—@? 

and P= 4.0 

yom | kh? (RP —o*) 
sO that no Pe as nx FE 

If now k=(1+p)o, k'=(1—p)o, we find 

KE’ om’ | 2—p(3—p’) 
Pwo ee + cag —p*)’ 

which is less than 1. 
Hence F’ is less than F, or the centrifugal force is less 

when the whirling speed is below the working speed rather 
than the same amount above. 

11. To get a numerical idea of the degree of balance 
desirable in any machine, we will consider the case of a 
rotor consisting of a single heavy mass of 5 tons concen- 
trated at the span centre. 

Further, suppose the working speed to be 1000 r.p.m. 
and the critical speed 1250 r.p.m. 

Pe ee |) 
ier eae 1 

Then eee 1G 

thus w=1'8a. If, therefore, the amplitude is to be limited 
to say ‘0001 inch, a must be not more than about half that 
figure. 

5 x 2240 12502 es ; kaa fc) Mah aes Also F=mk?u= 39 x | Gen x a 

where a is inches, and F is lb. Putting a=:0001 inch, we 
find = 90 Tb. 

If the rotor be out of balance to the extent of 3 oz. at a 
radius of 10 inches, this corresponds to an eccentricity of 
the mass centre of ‘00003 inch. Good balancing would realize 
this figure. 
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XXVIII. Note on A’ther and Motion. 
By Sir Oviver LopGe”. 

eae to Dr. Houstoun’s paper in the February 
issue of the Phil. Mag., the supposition that the Afther 

of Space can be in any sense attached to the body of the 
Earth involves so many fundamental difficulties that it 
cannot be considered an attractive hypothesis, and to m 
mind it has been definitely negatived by a series of rather 
elaborate experiments which I made at Liverpool in the years 
1892-7. See Phil. Trans. 1893, vol. 184, p. 727, and 1897, 
vol. 189, p. 149. 

Possibly these papers have escaped Dr. Houstoun’s attention. 
Taken in conjunction with the great experiment of Messrs. 
Michelson and Morley, the combined result definitely drives 
us to the view that the FitzGerald-Lorentz contraction—so 
probable on an electric theory of matter—is a reality. 

Dr. Houstoun seems inclined to think that to admit this 
contraction is equivalent to admitting in full the negations 
of the Principle of Relativity—not merely as a practically 
convenient summary for dealing with phenomena which 
otherwise would need detailed consideration, but as a law of 
nature. I do not myself feelin the least compelled to admit 
such a limitation, and hope that before very long some 
method of detecting and measuring the dritt of our solar 
and stellar system through the stationary ether of space will 
beforthcoming. At any rate the door ought not to be pre- 
maturely shut on attempts in that direction, though the 
problem is admittedly a curious and unexpectedly difficult 
one: the compensations being so numerous and apparently 
so complete. 

Incidentally I am glad to see, from his method of tackling 
the matter, thatDr. Houstoun agrees with me in holding that 
Fizeau’s experiment does not establish any motion of the 
eether of space inside a moving transparent medium: Fizeau’s 
result, anticipated by Fresnel, definitely proves that the main 
body of Aither does not so move. All that moves with a 
stream of illuminated water is the etherial modification or 
loading which is responsible for lessening the velocity of light 
when travelling through a region occupied by matter. In 
other words, the thing that travels is the extra Kw which 
belongs to the matter, over and above the value of the product 
of these two fundamental etherial constants in free space. 

Would that it were possible to determine the ratio or some 
other function of these two constants, as well as their 
product! Then our knowledge of the Alther would indeed 
begin to forge ahead. 

* Communicated by the Author. 



paeeis. | 

XXIX. Notices respecting New Books. 

The Theory of the Relativity of Motion. By Professor R. C. 
Touman. University of California Press. Pp. ix4+225. 

rQXHE writer of a book on relativity has a double task, firstly to 
explain clearly the nature of the assumptions on which the 

theory rests and their experimental justification, and secondly to 
develop mathematically the characteristic transformations and their 
consequences. Of these the first is the harder, since, while the 
mathematics of the simple theory are straightforward, and 
present no difficulty to the student furnished with the necessary 
technical equipment, the fundamental concepts are rather in 
seeming contradiction to, than a natural development of, what 
he has already learntin mechanics. That the mass of a moving 
body depends on its velocity and the length of it on its orientation, 
that the result of compounding any two velocities (even collinear) 
less than that of light gives a velocity still less than that of light— 
to make these things even reasonable demands a very careful and: 
logical exposition of the bases of the theory. We do not think 
that Professor Tolman has devoted enough care to the preliminary 
explanations. The ideas of Fresnel and his successors receive a 
bare mention, yet it is by explaining these, and describing the 
difficulties solved and the fresh ones encountered that the mind 
ean be gradually led to the staudpoint of the relativists. Con- 
sidering that the book is intended as an introduction to the 
subject, the difficulties presented to the mind trained in the older 
electrodynamics have been handled somewhat perfuncetorily. 

The order in which the subject is presented is the reverse of 
the historical. The electrodynamic equations, in which the theory 
originated, are not presented until Chapter XII., the previous 
chapters being devoted to the relativistic dynamics of particles and 
elastic bodies. The historical order is the more natural one, and the 
more convincing for the physicist, since, after all, the only expe- 
rimental confirmations of the theory are to be found in the realm 
of electromagnetic phenomena (including, of course, light). ‘The 
scope and nature of the experimental results in question might 
have been made clearer. 

The chapter on chaotic motion of particles contains no reference 
to the work of Jiittner, and that on the dynamics of elastic bodies 
no reference to Herglotz, Born or Lamla. The book, being in- 
tended as an introductory treatise, does not handle the generalized 
theory of relativity. The last chapter contains an interesting 
exposition of four-dimensional analysis, based upon the work of 
Wilson and Lewis, and elsewhere the work of the American 
relativists is well represented. 



WE regret to announce the death on February 9th of 

Protessor Carey Foster, one of the conductors of this 

Magazine. For many years previous to 1911, when he 

was persuaded to allow his name to appear on the wrapper, 

the Philosophical Magazine was indebted to him for 

invaluable advice and counsel. For this help, continued 

until within a few weeks of his death, we wish to record 

our deep sense of gratitude. 

W.& R. T. Francis. 

GEORGE CAREY FOSTER. 

GEORGE CAREY Foster was one of the most lovable of men. 

He was also a man of remarkably sound judgement, so that 

his opinion, when he would give it, was always welcome ; 

he had an instinct for discriminating between wise and 

toolish schemes or policies, and always lent the weight of 

his influence in what experience showed to be the right 
direction. 

Originally a student of Chemistry, and of the more 

chemical side of Physies—his first paper was a purely 

chemical one—he trained himself to deal accurately with a 

wide range of physical knowledge, and to apply mathematics 

to it rather after the German model. 

He was never a fluent lecturer: he thought too carefully 

over his sentences, and delivered them with a hesitancy 

that made him difficult to follow ; yet, when taken down, 

his lectures were a model of cautious exact exposition,— 

accurate and well-formed, like his hand-writing. 

Phils Mage s6. Vol 320. 219, March 1919. °° 2 
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By senior and painstaking students he was much appre- 

ciated ; and, though he made no claim to encyclopedic 

knowledge, his acquaintance with German treatises enabled 

him to direct enquirers to original sources, and to stimulate 

a certain type of research ; while his natural bent led him 

to encourage exact measurement. He gave constant and 

conscientious attendance in the physical laboratory where 

the students worked ; indeed in early days he allowed the 

more advanced ones to work in what should have been 

his private room, which he had fitted up with benches and 

glass cases, since no otber place was available ; and here he 

practically initiated a students’ physical laboratory which 

must have been a pioneer institution in this Country—at 

any rate south of the Tweed. 

He was very modest about his own work, and sometimes 

seemed rather surprised at the importance attached by 

physicists to his Paper before what was then the Society of 

Telegraph Engineers (now the Institution of Hlectrical 

Engineers) on the Wheatstone Bridge. But, at the time 

it was written, it was a most ingenious and instructive piece 

of work, and displayed a number of special features which 

anyone less critically thorough than himself would have 

overlooked. Undoubtedly he therein devised the method— 

not at all an obvious method—tfor extremely accurate 

comparison of standards of resistance, turning the bridge 

into an instrument for the measurement of differences instead 

as previously only of ratios, and thus importantly supple- 

menting Wheatstone’s or Christie’s original design. 

The principle of the Carey Foster Bridge was also used 

by him for a very accurate and convenient method of 

plotting the equipotential lines of a current flowing 

between electrodes situated anywhere in a plane conducting 

sheet. [See Phil. Mag. December 1875, a sequel to papers 

in May and June of the same year. A further paper in the 
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1876 volume was also the outcome of the work, though in 

that portion Foster did not join. | 

His treatment of Thermodynamics, as in the Article 

‘Heat’ of Watts’s Dictionary of Chemistry, contained 

several interesting and suggestive features —at a time when 

that subject was comparatively in its infancy. 

His interest and useful work in connexion with the 

Hlectrical Standards Committee of the British Association 

must be well known. 

Many other things he did: but after all his desire to 

help senior students, and those members of the Staff who 

came under his personal influence, was perhaps the most 

prominent feature of his life and the one I have most 

pleasure in remembering: his house in the Hilldrop Road, 

Camden ‘Town, was a centre of simple and kindly 

hospitality. Not at all likely to be deceived by mere 

plausibility, and of a very critical and shy disposition, 

he formed his judgement of men, and when it was favourable 

nothing that he could do to help them was too great a cal] 

upon his time. 

Further details of his life and work are contained in an 

Article—presumably by his colleague and collaborator 

A. W. Porter, F.R.S.—which appeared in ‘Nature’ of 

Feb. 20, page 489. 

Long and well did Carey Foster serve The Philosophical 

Magazine, and he must have acted as referee for an 

immense number of papers. Of Dr. William Francis senior 

he was an intimate friend, and gave him the benefit of counsel 

and support through difficult negotiations at a time when 

the policy of the Conductors of the Magazine was passing 

through what might have been a revolutionary period. He 
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regarded the Magazine as one of the bulwarks of serious 

Physics in this Country, and exerted himself to preserve it 

practically in its ancient form. 

He also took a leading part in the formation of the 

Physical Society of London: he and Professor Guthrie 

together were in my opinion its real founders. I was 

present at some of the preliminary discussions, and heard a 

good deal of what was going on. Both had apparently been 

co-students in Germany, and some of their reminiscences 

were very humorous. 

Through the period of the seventies of last century it is 

not too much to say that Carey Foster was the leader of 

Physics in London ; and a wiser, more cautious, and yet 

earnest and indefatigable man could not readily have been 

found. 

He has lived to a good old age, and seen generations of 

his pupils take their place in the world of science. I for 

one gladly pay my tribute to the work and character of my 

old Chief. OuiveR J. Lopes. 

22nd February, 1919. 
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XXXI. On the Problem of Random Vibrations, and of 
Random Flights mm one, two, or three Dimensions. By 
Lord RayueieH, 0.M., F.R.S.* 

47 HEN a number (n) of isoperiodic vibrations of unit 
amplitude are combined, the resultant depends upon 

the values assigned to the individual phases. When the 
phases are at random, the resultant amplitude is indeter- 
minate, and all that can be said relates to the probability of 
various amplitudes (r), or more strictly to the probability 
that the amplitude lies within the limits rand r+dr. The 
important case where n is very great I considered a long 
time ago{ with the conclusion that the probability in question 
is simply 

2 
= 2/2 a a CE OPE ak Ee, ake ee 

The phase (#) of the resultant is cf course indeterminate, and 
all values are equally probable. 

The method then followed began with the supposition that 
the phases of the unit components were limited to 0° and 
180°, taken at random, so that the points (7, @), representative 
of the vibrations, lie on the axis @=0, and indifferently on 
both sides of the origin. The resultant «, being the difference 

* Communicated by the Author, 
+ Phil. Mag. vol. x. p. 73 (1880) ; Scientific Papers, vol.i. p. 491. 

Phil. Mag. 8. 6. Vol. 37. No. 220. April 1919. 2A 
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between the number of positive and negative components, is 
found from Bernoulli’s theorem to have the probability 

i —x?/2n * aay © dt.) a4 1 

The next step was to admit also phases of 90° and 270°, 
the choice between these two being again at random. If 
we suppose 4n components atrandom along +2, and 3n also 
at random along +y, the chance of the representative point 
of the resultant lying within the area dw dy is evidently 

it > pn tetty?yin ane dedy, . ) =e. 

or in terms of r, 0, 

1 
eet 9p me : oe rand’. \\.:.a. ia (4) 

Thus all phases are equally probable, and the chance that 
the resultant amplitude lies between 7» and r+ dr is 

9 
= e-Pity dr.  « «Gare 7 e ray (1) 

This is the same as was before stated, but at present the con- 
ditions are limited to a distribution of precisely $2 components 
along # and a like number along y. It concerns us to remove 
this restriction, and to show that the result is the same when 
the distribution is perfectly arbitrary in respect to all four 
directions. 

For this purpose let us suppose that 4n+m are distributed 
along +z and 4n—m along +y, and inquire how far the 
result is influenced by the value of m. The chance of the 
representative point Jying in rdr d@ is now expressed by 

I — e—nrt/(n2—4m2) g—2mr? cos 26/(n?— 4m?) » dn dQ, 
mV (n?— 4m?) 

Since r is of order /n, and m/n is small, the exponential 
containing @ may be expanded. Retaining the first four 
terms, we have on integration with respect to @, 

2r dr Se on ce mrt 

V (2 — 4m?) au i+ (2 —4m?)? on J} 

as the chance of the amplitude lying between r and r+dr. 
Now if the distribution be entirely at random along the four 

* See below. 
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‘directions, all the values of m of which there is a finite pro- 
bability are of order not higher than “n, n being treated as 
infinite. But if m is of this order, the above expression 
becomes the same as if m were zero; and thus it makes no 
difference whether the number of components along + and 
along +y are limited to be equal, or not, The previous 
result is accordingly applicable to a thoroughly arbitrary 
distribution along the four rectangular directions. 

The next point to notice is that the result is symmetrical 
and independent of the directions of the rectangular axes, 
from which we may conclude that it has a still higher 
generality. If a totai of n components, to be distributed 
along one set of rectangular axes, be divided into any number 
of large groups, it makes no ditference whether we first 
obtain the probabilities of various resultants of the groups 
separately and afterwards of the final resultants, or whether 
‘we regard the whole 7 as one group. But the probability 
in each group is the same, notwithstanding a change in the 
system of rectangular axes; so that the probabilities of 
various resultants are unaltered, whether we suppose the 
whole number of components restricted to one set of rect- 
angular axes or divided in any manner between any number 
of sets of axes. This last state of things is equivalent to no 
restriction at all; and we conclude that if n unit vibrations 
of equal pitch and of thoroughly arbitrary phases be com- 
pounded, then when n is very great the probability of various 
resultant amplitudes is given by (1). 

Tf the amplitude of each component be J, instead of unity, 
as we have hitherto supposed for brevity, the probability of 
‘a resultant amplitude between r and r+ dr is 

agen hr dr. sr Bide ed Rad EMS AS (5) 

In ‘Theory of Sound,’ 2nd edition, § 42a (1894), I indi- 
cated another method depending upon a transition from an 
equation in finite differences to a partial differential equation 
and the use of a Fourier solution. This method has the 
advantage of bringing out an important analogy between 
the present problems and those of gaseous diffusion, but the 
demonstration, though somewhat improved later*, was in- 
complete, especially in respect to the determination of a 
-constant multiplier. At the present time it is hardly 
worth while to pursue it further, in view of the important 
improvements effected by Kluyver and Pearson. The latter 

* Phil. Mag. vol. xlvii. p. 246 (1899); Scientific Papers, vol, v. p. 370. 
2A2 
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was interested in the “ Problem of the Random Walk,” which 
he thus formulated:—“‘A man starts from a point O and 
walks J yards in a straight line; he then turns through any 
angle whatever and walks another / yards ina second straight 
line. He repeats this process n times. I require the pro- 
bability that after these n stretches he is ata distance between 
yx and 7 +dr from his starting point O.” 

‘The problem is one of considerable interest, but I have 
only succeeded in obtaining an integrated solution for two: 
stretches. I think, however, that a solution ought to be 
found, if only in the form ofa series in powers of 1/n, when 
n is large’’*. In response, I pointed out that this question is 
mathematically identical with that of the unit vibrations with 
phases at random, of which I had already given the solution 
for the case of n infinite+, the identity depending of course: 
upon the vector character of the components. 

In the present paper I propose to consider the question 
further with extension to three dimensions, and with a com- 
parison of results for one, two, and three dimensionst. The 
last case has no application to random vibrations but only to 
random flights. 

One Dimension. 

In this case the required information for any finite n 2s. 
afforded by Bernoulli’s theorem. There are n+1 possible 
resultants, and if we suppose the component amplitudes, or 
stretches, to be unity, they proceed by intervals of two from 
+n to —n, values which are the largest possible. The pro- 
babilities of the various resultants are expressed by the cor- 
responding terms in the expansion of (§+4)". For instance 
the probabilities of the extreme values +n are (1/2). And 
the probability of a combination of a positive and b negative: 
components 1s 

n! at) 
in which a+b-=n, making the resultant a—b. The largest 
values of (6) occur in the middle of the series, and here a 
distinction arises according as n is even or odd. In the. 

* ‘Nature,’ vol. Ixxii. p. 294 (1905). 
+ ‘Nature,’ vol. Ixxii. p. 318 (1905) ; Scientific Papers, vol. v. p. 256. 
t It will be understood that we have nothing here to do with the 

direction in which the vibrations take place, or are supposed to take. 
place. If that is variable, there must first be a resolution in fixed 
directions, and it is only after this operation that our present problems. 
arise. 
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former alternative there is a unique middle term when 
a=b=4n; but in the latter a and 6 cannot be equated, and 
there are two equal middle terms corresponding to a=in+4, 
b=jn—4, and to a=tn—4, b=tn4+4. The values of the 
second fraction in (6) are the series of integers in what is 
known as the “arithmetical triangle.” 
We have now to consider the values of 

n! ° Bee eae aig aM) 

to be found in the neighbourhood of the middle of the series. 
If x be even, the value of the term counted s onwards from the 
unique maximum is 

n! 
(An—s)! (dn+s)! . . . e si (8) 

Tf » be odd, we have to choose between the two middle 
terms. Taking for instance, a=}n+3, b=}n—}3, the sth 
term onwards is 

n! 

e=G-bl Gesespy 
The expressions (8) and (9) are brought into the same form 
when we replace s by the resultant amplitudex. When n is 
even, c=—2s; when s is odd, 2 is —2(s—4), so that in both 
cases we have on restoration of the factor (4)” 

! ns 

2”, (En—$a)! Gnt gay (10) 

The difference is that when n is even, « has the (n+1) values 

0, +2, +4, SeOay ss hae ees 

and when z is odd; the (x +1) values 

+1, eels TE hy bee! oi oh ae We 

The expression (10) may be regarded as affording the 
complete solution of the problem proposed; it expresses 
the probability of any one of the possible resultants, but for 
practical purposes it requires transformation when we con- 
template a very great n. 

The necessary transformation can be obtained after Laplace 
with the aid of Stirling’s theorem. The process is detailed 
in Todhunter’s ‘History of the Theory of Probability,’ 
p- 548, but the corrections to the principal term there exhi- 
bited (of the first order in x) do not appear here where the 
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probabilities of the plus and minus alternatives are equal. On 
account of the symmetry, no odd powers of w can occur.. 
I have calculated the resulting expression with retention of 
the terms which are of the order 1/n? in comparison with 
the principal term. The resultant « itself may be considered 
to be of order not higher than Vn. 

By Stirling’s theorem 

nl=V(Qr)n"*te "OC, . 2. 
iL lg 

where n=lt 75 (ai 288n? 
TM) 

with similar expressions for (n—$a) ! and ($n4+4)! For 
the moment we omit the correcting factors C. Thus 

1 e” ee u2\ —2"-2 (1 — a/n\3* 
Ya ST ie ea aes TH CPE MEP ETDS TE Gl 1— “> ) e 

(gn—42)! (Gn+ $a)! 2m \2 ( n Ll+a/n 

For the logarithm of the product of the two last factors, 
we have 

Bb ee Ri) Bink: yae 

x? ip x? wats il wx 1 -—2) 

Qn 2n*®  47BN3B > on bn? n oan 

and for the product itself 

— 12/2n 1 an? ine ) 1 on 308 

. {14 sa  6n2 Pioal aac age wee he (13) 

The principal term in (10) is 
a re , 

/ (277) nro n ei cP Re Wi o eure 

Qn ? aa (5 NT : 

There are still the factors C to be considered. We have 

Bn A 7 Li aaa 
x2 BCA Gna) 12n 288n?7 

1 1 aie : a} Pig 

jie 6(n—«) 4; 72(n— a * O(n + «) * (2(n+u)7) 

by hee 

or +t tome tila +5a(g— 4) f 
20 =1-[+ 2 (82) Lit onl ier 

= 414 
ui 

d2n7 3n 
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Finally we obtain 

2 oy i eM is ad —x2/2n ~ Rae rt) Seep ee 
w/ () ‘ : 4n ( n =) 

1 TAT eee Nee | a 

sara 2a Bn? Bn ira) f ve? 

as the probability when n is large of the resultant ampli- 
tude #. It is to be remembered that z is limited to a series. 
of discrete values with a common difference equal to 2, and 
that our approximation has proceeded upon the supposition 
that x is not of higher order than Vn. 

If the component amplitudes or stretches be /, in place of 
unity, we have merely to write w// in place of z. 

The special value of the series (15) is realized only when 
nm is very great. But it affords a closer approximation to 
the true value than might be expected when n is only 
moderate. I have calculated the case of n=10, both directly 
from the exact expression (10) and from the series (15) for 
all the admissible values of 2. 

TaBLe I. 

n== LO. 

| 
ap | From (10). From (15). 

i ones | ‘24609 | = 24608 | 
rea i, te pate B eh. 20609). «J 
Be ee, | aia metas Wyre 

Bi ievie. | -04994 | -04392 
Biren vias, yas POUR E7 | 00975 a 

i 0e09s |’ -60102 | 

The values for «=0 and twice those belonging to higher 
values of x should total unity. Those above from (10) give 
100001 and those from (15) give 1:00008. It will be seen 
that except in the extreme case of v=10, the agreement 
between the two formule is very close. But, even for much 
higher values of n, the actual calculation is simpler from the 
exact formula (10). 

When /is very small, while » is very great, we may be 
able for some purposes to disregard the discontinuous. 
character of the probability as a function of «, replacing the 
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isolated points by a continuous representative curve. The 
differeuce between the abscissze of consecutive isolated puints 
is 21; so that if da be a large multiple of /, we may take 

es (je dail, a 
ana 

as the approximate expression of the probability that the 
resultant amplitude lies between x and w+ dx. 

Two Dimensions. 

If there is but one stretch of length l, the only possible 
value of 7 is of course l. 

When there are two stretches of lengths 1; and (,, 7 may 
vary {from /,—J, to /,+/,, and then if @ be the angle between 
them 

7? = 1,7 +1,? — 21, eos 8, . . ° . (17) 

and snOde=rdr/il,. . 

Since all angles @ between 0 and vw are deemed equall 
probable, the chance of an angle between 0 and 0+4d6 is 
d@/m7. Accordingly the chance that the resultant 7 lies 
between 7 and r+ dr is 

rdr 
myly sin 0” . . . . . . (19) 

or if with Prof. Pearson * we refer the probability to unit of 
area in the plane of representation, 

1 Te Onan ell orb ae 
a fa 2771, l, sin O 

1 
= VGA 

2(r*)dA denoting ihe chance of the representative point 
lying in a small area dA at distance r from the origin. 

If the stretches /,; and /, are equal, (20) reduces to 

ee 
ey Ae lp aa ae! eae (21) 

Prof. Pearson’s expression, applicable when r<2/, When 
p> Bl, dolrt)=C. 

When there are three equal stretches (n=3), $3(r’) is 

* Drapers’ Company Research Memoirs, Biometric Series III., London, 
3906. , 
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expressible by elliptic functions * with a discontinuity in 
form as r passes through J. 

For values of n from 4 to 7 inclusive, Pearson’s work is 
founded upon the general functional relation t 

Pry (0") = 7A, fal +i?—2rlcos@)d0.. . (22) 
0 

Putting *=0, he deduces the special conclusion that 

ate (Dae a in ae SY (-E) 

as is indeed evident a priort. 
From (22) the successive forms are determined graphically. 

For values of » higher than 7 an analytical expression 
proceeding by powers of 1/n is available, and will be further 
referred to later. 

A remarkable advance in the theory of random vibrations 
and of flights in two dimensions, when the number (2) is 
finite, is due to J. C. Kluyver ft, who has discovered an 
expression for the probability of various resultants in the 
form of a definite integral involving Bessel’s functions. 
His exposition is rather concise, and I think I shall be doing 
a service in reproducing it with some developments and slight 
changes of notation. It depends upon the use of a discon- 
tinuous integral evaluated by Weber, viz. 

{res o(ax)da=u (say). 

To examine this we substitute from 

Gael (OL) == 2(" cos 0 sin (ba cos @)dé §, | 

and take first the integration with respect to x. We have || 

{ dx sin (ba cos 0) J o(ax)=0, if a? >b? cos? 6, 
0 

or = (l? cos? 0@—a?)~, if b? cos? A >a’, 

asst) a? > 07) Se, Ibs ba Ora 

2 dé cos @ 2 a Ee 
u ——sin ~ a) V(b? cos?0—a?) 7b / (b?—a?) * 

* Pearson (J. c.) attributes this evaluation to G. T. Bennett. 
+ Compare ‘Theory of Sound,’ § 42 a. 
{ Amsterdam Proceedings, vol. viii. p. 841 (1905). 
§ Gray and Matthews, ‘ Bessel’s Functions,’ p. 18, equation (46). 

- || G. and M. p. 73. 
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The lower limit for 6 is 0, and the upper limit 1 i: given by 
cos*9=a?/b?. Hence u=1/b, and thus 

b ii Ji(bx)Jo(ax)dv=1, (v? >a’) ; 9 
0 i z (24) 

or = 0, (a? > b?) 

A second Jemma required is included in Neumann’s. 
theorem, and may be very simply arrived at. In fig. 1,. 

Fig. 1. 

G and E being fixed points, the function at F denoted by 

Jo(g), or Jow (e?+/?—2e7'cos G), 

is a potential satisfying everywhere the equation V?+1=0,,. 
and accordingly may be expanded round G in the Fourier 
series 

AoJo(e) + AyJi(e) cos G+ AgJa(e) cos2G+..., 

the coefficients A being independent of e and G. Thus 
ir 

| Jov (e? +7? —2ef cos G)dG=AjJ,(e). 
a9 

By parity of reasoning when E and F are interchanged,, 
the same integral is i ee tional to J,(f), and may therefore 
be equated to Ap Jo(e)Jo(/), where Ao’ is now an absolute: 
constant, whose value is at once determined to be unity by 
making e, or 7, vanish. The lemma 

{Sov tp 2efeos G)dG=2rJy(e\Jo(f), (25) 

is thus established *. 

* Similar reasoning shows that if D.(g) represent a symmetrical 
purely divergent wave, 

\ "Dow (4p? —2efc0s @)dG = 2rJo(e)Do(f); 0 

provided that f>e. 
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We are now prepared to investigate the probability 

Pir; by, t 99 +6 LP) 

that after stretches J,, l5,... 1, taken in directions at random 
the distance from the starting-point O (fig. 2), shall be less. 

Fig. 2. 

than an assigned magnitude vr. The direction of the first 
stretch J; is plainly a matter of indifference. On the other 
hand the probability that the en @ lie within the limits. 
0; and 6,+ 46), 0, ae 6,+d6,, Je 6,,— as and Oi it dé,,-1 1S 

= =; 40, d0,..... FE ia Mae AK Genta 65) 

which is now to be integrated under the condition that the 
nth radius vector s, shall be less than 7”. 

Let us commence witli the case of two stretches J, and /,. 
Then ; 

Pars by b)= 5-| dB, 
the integration being taken within such limits that se<7r, 
where 

s=1,7 £17 = 21,1. cos 63. 

The required condition as to the limits can be secured by 
the introduction of the discontinuous function afforded by 
Weber’s integral. For 

rf J1 (7x) J o( sox) dx 
0 

vanishes when s,>r, and is equal to unity when s.<r. After 
the introduction of this factor, the integration with respect 
to 0, may be taken over the complete range from 0 to 27. 
Thus 

Qr ee 

Pees ie t= mal i6,{ da J ,(1rx)Jo(sev). 
0 0 
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Taking first the integration with respect to 0,, we have 
by (25) 

1 ‘On é 

ral AO, 39 (so%) =Jo(l,a) Jo(laa), 

wo 

deT (ra) To(ha)To(lge). . (27) and thus Pron i) =r| 

2/0 

The method can be extended to any number (7) of stretches. 
Beginning with the integration with respect to 6,_; in (26), 
we have as before 

iB be yp (27 ee 
Due | db, \= nal 7, dd \(1rv)J o( Sr) 

ws 

= di Jy (rv) J (rx) J o(Sn—12). 
e/ 0 

The next integration gives 
* oO 

aes 
(Qa) (| ad@,,-5d0,_.=r : Ji(rx)JI (lax) Jo(ln—1%)J0(Sn—ou da, 

and soon. Finally 

uC Ene Se Oe am { 1/d0 06 qs aga 

=r) Ty(r@)To(y)To(lot) ... To(lnee)de, . (98) 

—the expression for P, discovered by Kluyver. 
It will be observed that (28) is symmetrical with respect 

to the l’s; the order in which they are taken is immaterial. 
When all the /’s are equal, 

Pur; Dar Iy(ra){To(le)}rae. 29) 
2/9 

If in (29) we suppose r=, 

P(t; = ( {Jo (la)}"d J o(lx) 
2/9 

eno?) }" "|| aamuaagre 
ie m+1 |, n+l’ (30) 

so that after » equal components have been combined the 
chance that the resultant shall be less than one of the com- 
ponents is 1/(n+1), an interesting result due to Kluyver. 
The same author notices some of the discontinuities which 
present themselves, but it will be more convenient to consider 
this in a modified form of the problem. 
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The modification consists in dealing, not with the chance 
of a resultant less than v, but with the chance that it lies 
between r and r+dr. It may seem easy to pass from the 
one to the other, as it involves merely a differentiation with 
respect tor. We have 

d d va ap tPd1ez) $= — Fe irdo (re) f 

=—J,)(re)—raJo" (rz) =reJI,(r2), 

in virtue of the differential equation satisfied by J). Thus, 
if the differentiation under the integral sign is legitimate, 

— = Qarr $,(7") ae { « de Jo(rx) Jo(h.x)J (lee) Ke IJ (Lyx) yea (31) 

2/9 

and, if all the /’s are equal, 

ores eacdyer) plete )t® <>... 0(32) 

the form employed by ee whose investigation is by a 
different method. If we put ABs (32), 

b= 5 {) ededo(r)Si(le), ae rapa 

and this is in fact the equation from which Pearson starts. 
But it should be remarked that the integral (33), as it abate, 
is not convergent. For when z is very great, 

Jol= 4/ (=) cos (j7-2), a MeN A) 

so that (749) 

1 sf rdeT (ra) Tyla) = 5-3 onl 

{sin (r+1)x+ cos(r—l) 2}, 

and this is not convergent when c=. 
The criticism does not apply to (29) itself when n=1, but 

it leads back to the question of differentiation under the 
sign of integration. It appears at any rate that any number 
of such operations can be justified, provided that the integr als, 
resulting from these and the next following operation, are 
finite for the values of 7 in question. But this condition is 
not satisfied in the differentiation under the integral sign 
of (29) when n=1. For the next operation upon (32) then 
vields 

( vdxJ,(rx) J, (la). 
eID 
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When we substitute for Jo(/v) from (34) and for J,(ra) 
from 

aes NE a 
Ji(ej=4 / (=) cos (= ~#); 

¥ . on a : 7) 7 ny { vax cos ( Taam wv) cos @ le), 

which becomes infinite with 2, even for general values of 
yr and J. 

So much by way of explanation ; but of course we do not 
really need to discuss the cases n=1, n=2, or even n=3, 
for which exact solutions can be expressed in terms of 
functions which may be regarded as known. 

For higher values of n it would be of interest to know 
how many differentiations with respect to » may be made 
under the sign of integration. It may be remarked that 
since all J’s and their derivatives to any order are less than 
unity, the integral can become infinite only in virtue of 
that part of the range where w is very great, and that there 
we may introduce the asymptotic values. 

We have thus to consider 

dP sey ied 
Fpothlet) = 5 dx xP TS 9? (rx) {Jo(la) }”.

 ‘ (35) 

we get 

For the leading term when = is very great, we have 

wwid= as {4/ Gomer) } 
= a/ (z)eo% (Gr—<- 5PT), Rae es), 

{Jo(z) "= (22) cos (:7-2), . + «> ee 

so that with omission of constant factors our integral becomes 

{ du aft?" cos G TTL — 5b) cos” (| T ~ ln) . (38) 

In this cos*(47—lz) can be expanded in a series of cosines 
of multiples of (Ja—lx), commencing with cosn(tar—Iz) 
and ending when n is odd with cos (ta3—Jz), and when n is 
even with a constant term. The various products of cogines 
are then to be replaced by cosines of sums and differences. 
The most unfavourable case occurs when this operation 
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leaves a constant term, which can happen only for values 
of ry which are multiples of /. Weare then left with 

To p+i-in | 

\ dxa?t? 
= HS 

« 

The integral is thus finite or infinite according as 

p< or >d(n—8). 

If, however, there arise no constant term, we have to 
consider 

a ae. 
dx xs COS Mk = —SIN MH 

1% 

(9) ¢ «0 

—— 4 dea’ sin mz, 
m 

where m is finite ; and this is finite if s, that is p+3—4n, 
be negative. ‘The differentiations are then valid, if 

p<t(n—1). 

We may now consider more especially the cases n=4, &e. © 
When n=4, s=p+$—}n=p—8. 

If p=1, s=—4, and the cosine factors in (38) become 

cos (la+ rz) cost (47—Iz), 
yielding finally 

- 

O17 3a 
cos = +re— Alu), cos ‘oe —ra—Ale), 

cos (= +r2— ala) , Cos a —re — 21), Cos (= + re) : 

‘so that there is no constant term unless r=4l, or 21. With 
these exceptions, the original differentiation under the 
integral sign is justified. 

We fall back upon @, itself by putting p=0, making 
s=-—3. The integral is then finite in all cases (r0), in 
agreement with Pearson’s curve. 

Next for n=5, s=p—2. 
When p=1, s=—1, and we find that the cosine factors 

yield a constant term only when r=3/. Pearson’s curve 
does not suggest anything special at r=3/; it may be 
remarked that the integral with p=1 is there only logarith- 
mically infinite. 

If n=5, p=0, s=—2; and the integral for @; is finite 
for all values of 7. 
When n=6, s=p—23. In this case, whether p=1, or 0, 

no question can arise. The integrals are finite for all values 
-of r. 

A fortiori is this so, when n>6. 
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If, we suppose p=2, s=}(5—n). Thus n=7 makes: 
s=-—1, and infinities might occur for special values of 7.. 
But if n>7, s< 43, and intinities are excluded whatever may 
be the value of 7. 

Similarly if p=3, infinities are excluded if n>9, and so on. 
Our discussion has not yielded all that could be wished ; 

the subject may be commended to those better versed im 
pure mathematics. Probably what is required is a better 
criterion as to the differentiation under the integral sign. 

We may now pass on to consider what becomes of 
Kluyver’s integral when n is made infinite. As already 
remarked, Pearson has developed for it a series proceeding 
by powers of 1/n, and it may be convenient to give a version 
of his derivation, without, however, carrying the process: 
so far. 

The evaluation of the principal term depends upon a 
formula due, I think, to Weber *, viz. 

e Linie? in 2/4 2 
).—o—_— ad eae pert yTlr— ——. a v rp A ° : u at Jy(raje  edxe= Bye ; (3a) 

making TF 

du ae Lees, ; 
- . == 72 —n2 

—_— = Jo (rae ee = Jo (ra)ade FP” 
dy ea 0 Zp 0 

WANS) ee 
= Dp eo PSS (ra) +rado (re) dex 

=P" Jo 
) Hee Pp a me 

=——.| Jij(rrje?" «ada=— su. 
aE alr) 2p? 

Hence a GO aaa 

To determine C we have merely to make r=0. Thus 

eee 1 
Cn e-* ada=x~; 0 { 2? 

by which (39) is established. 
Unless lv is small, the factor {Jo(lx) }” in (32) diminishes 

rapidly as n increases, inasmuch as Jo(/«) is less than unity 
for any finite lz. Thus when n is very great, the important 
part of the range of integration corresponds to a small lz. 

* Gray and Matthews, loc. cit. p. 77. 
+ I apprehend that there can be no difficulty here as to the differ- 

entiation, the situation being dominated by the exponential factor. 
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Writing s for 3nl?, we have 

a sat 

By eotie) = l08 a(1-3 oy 16n2 58808 7S ) 
“2 2 Shee er Ue se s7a* Sa 

iy Dr eens ter owe! oF 

so that 

ee ee ee fey lon 12n? 51 2n? 

making 

4 36 
. 9 ‘i —isz? S72 S°L Sa 27,7") =| vdudo( PiU NON (C-iE- Tn? oi asi): (40) 

Calling the four integrais on the right I, I, I, and I, 
~we have by (39) 

Bo 1 

a LL OIE 
=| vdado(ra)e Bese pie aetna) 

0 

Se lass af Dk aos 

es a ds? = gals ), ender, 

Oe a eee 
en =F alse ). AA 

st @ Pitty eae Gl lea 2/28 "-/28 , 4 

+ 32n? dst ~ 32n? dst At; : ): ) 

‘Thus 

De: 4 pate 1 Dip ae 

ce fe ee. tia) 
it O24 Gat. 6 

mre (6 et ) 
1 aor Lort 2x8 or’ 

Dy ies fal SEED 
a 32n? (24 S a3 s? 3 rs iss :) 

ares ) it 6r? 
= eter Seas peek 

=u nC + oe es s 

1157 ae 

+ ae ~ 128 * ne bet) 
in agreement (so far as it goes) with Pearson, whose o” is 
-equal to our s. The leading term is that given in 1880. 

Phil. Mag. 8. 6. Vol. 37. No. 220. Aprii 1919. 2B 
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Three Dimensions. 

We may now pass on to the corresponding problem whem 
flights take place in three dimensions, where we shall find, as 
inight have been expected, that the mathematics are simpler. 
And first for two flights of length /, and 1. If w be the 
cosine of the angle between /, and /, and r the resultant, 

Y — Mes + hae — 2h lou, 

giving rdr= — liladp. ° 5 . ° . (46): 

The chance of r lying between + and r+ dr is the same as 
the chance of w lving ‘between wand w+dy, that is —}dy, 
since all directions in space are to be treated as equally 
probable. Accordingly the chance of a resultant between 
rand r+dr is 

rdr 

Re Ca 

The corresponding volume is 47r7’dr, so that in the former 
notation 

1 ? 
gor; =a, . 2 ee 

l, and /, being supposed equal. It will be seen that this is 
simpler than (21). It applies, of course, only when r< 2I. 
When r>2/, ¢.=0. 

In like manner when J, and 7, differ, the chance of a 
resultant less than rv is zero, when 7 falls short of the- 
difference between /, and J,, say 1;,—l,. Between J,—1, and 
l,+1, the chance is 

if We oe | (iL bye 

\" 52 = ae eae s 6 ‘ (49). 

When 7 has its greatest value (/,+1,), (49) becomes 

(1, +4)?— (1, —)? 
Alls =l) fo ae 

The “‘ chance” is then a certainty, as also when r>/,+/,. © 
In proceeding to the general value of n, we may con- 

veniently follow the analogy of the two- dimensional investi- 
gation of Kluyver, for which purpose we require a function 
that shall be unity when s<r, and zero when s>r. Sucha 
function is 

ne a a 
2(° . sinse sinrx—re cos rx 

dx amie Ss 2 
5 sx x 
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for it may be written 
2 9 . mn » mB We 0} 5 

ar : gin rx 2 sin 7” 
— — sin sxd = cos svw@dax 

0 Ts \, TL T 2 

1 (° sin(s+r)e2—sin(s—r)x 
== 4) (Seen) de = 1 or U. 
TN a 

according as s is less or greater than r. 
In like manner for a second lemma, corresponding with 

(25), we may reason again from the triangle GFE (fig. 1). 
Jo(g) is replaced by sin g/g, a potential function symmetrical 
in three dimensions about E and _ satisfying everywhere 
V?+1=0. It may be expanded about G in Legendre’s 
series * 

e e 

sin é sine cose 
Ao eect Ap ( ) 

p being written for cos G, and accordingly 

Hsin W(e +7?—2efu) _y sine 
err ga) a bole 

When EF and F are interchanged, the same integral is 
seen to be proportional to sinf/f, and may therefore be 
equated to 

,sin é sin ft 
Ao ee 

Cs ay 

where A,’ is now an absolute constant, whose value is deter- 
mined to be unity by putting e, or /, equal to zero. We 
may therefore write 

+1) sin VW (e?+/?—2efu) sine sinf i ‘ : — 2 
fd v (e? +f? — 2efp) as PN ved, 

As in the case of two dimensions, similar reasoning shows 
that 

ah 7 COS MG go —2efp) _ sine cosy 

eg ee 
provided e</f. 

With appropriate changes, we may now follow Kluyver’s 
argument tor two dimensions. The same diagram (fig. 2) 
will serve, only the successive triangles are no longer 
limited to lie in one plane. Instead of the angles @, we have 
now to deal with their cosines, of which all values are to be 

* §Theory of Sound,’ § 3380. 

2B2 
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regarded as equally probable. The probability that these 
cosines shall lie within the interval gw; and w,+dpy, fe and 
fg t+ dpto,..... fo, and pw, _,+dyu,., is 

1 
on Aft Opty s+ Ut cin, 4. a 

which is now to be integrated under:the condition that the 
nth radius s, shall be Jess than 7. 
We begin with two stretches 7; and 7,. Then, in the same 

notation as before, we have 

Po(r 3 h, &) =$3\dp, 

the integration being within such limits as make s.>7, 
where 

Sola el ee 

Hence, by introduction of the discontinuous function (51), 

1+ ° | Sin sow SIN 1 — 7H COS 1a Pairs ts h)=_ | du) deer ane 
Ty orl «/0 

Soh a 
But by (52) 

? . 

14 7', sins,e sind, sin low aA pean 
=i] Sok le low 

and thus 
Pee 2 (*a sin re —rxr cos rz sin 1,a sin loz (55 

r = ae . 

A simpler form is available for dP,/dr, since 

—_ (sin r#—re cos rx) = rx? sin re. 
dr 

Thus 
dP, 2r e ax . e . 

——=——}| —sinrersiniasinia, . . (56 
des) Sables Vai) Bt ; sii (36) 

in which we replace the product of sines by means of 

Asin re sin l,@ sin l,v=sin (r+l,—1,)a 

+ sin(r—l,+1,)a— sin (r+l,+1,) a—sin(r—l,—],)a. - 

If r, 1, 4, are sides of a real triangle, any two of them 
together are in general greater than the third, and thus 
when the integration is effected by the formula 

ea 

sin u 
{= du=tr, 

0 
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we obtain three positive and one negative term. Finally 

Cd BN 

dr 2hile : 

in agreement with (47). The expression is applicable only 
when the triangle is possible. In the contrary case we find 
dP/dr equal to zero when 7 is less than the difference and 
greater than the sum of /, and dj. 

This argument must appear very roundabout, if the object 
were merely to obtain the resalt forn=2. The advantage 
is that it admits of easy extension to the general value of n. 
To this end we take the last stretch /, and the immediately 
preceding radius s,_; in place of /, and 1; respectively, and 
then repeat the operation with /,-1, s,-2, and so on, until 
we reach /, and s, (=/,). The result is evidently 

2(° , sinra—re cos re y=) he) el Ce SETS og Sd NI SP 
ae Ry 

sin (4,2 sin loa sin lw ne 
——— =... rs, etetitwsCSGSTN 
Lo loa bei ; 

or if we suppose, as for the future we shall do, that the /’s 
are all equal, 

24° sinra—rz cos ra,sinla\ Sey A pel do: eee eS 58 
Bat) a oF \ la (58) 

This is the chance that the resultant is less than vr. For 
the chance that the resultant lies between 7 and r+dr, we 
have, as the coetticient of dr, 

dP, 2r s dv 
“0 

=—_| ——.smrersin®le . . . (59) z ) . : di ml”. ae 

Let us now consider the particular case of n=3, when 

dP Ir bear ey . . » ‘e 

ie Sirs —sinrvsinelz.. . » .» (60 } 
7 Th ~ 0 & 

Tn this we have 

sin re sin® le =2{3 cos (r—l)x—3 cos (r+l)x 

— cos (r—3l))a+ cos (r+ 31) x}. 
And © dex 

{ —- {cos (r—l).e— cos (r+l)x} 
0 a” 

ad. 02 (ae ele ; 2(r—Ha 
=2f rl a sin ge j 

=tr{r+l—|r—il}; 

and in like manner for the second pair of cosines. 

_ 
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Thus 

st gplti—3\r—l) + |r—3i| 

expresses the complete solution. When 

Pak aR sidr= 72h: 

3l>r>l, dP3/dr= (3lr— 1?) /4B, 

> ol, dP;/dr=0. 

It will be observed that dP,/dr is itself continuous ; but 
the next derivative changes suddenly at r=/ and r=3l from 
one finite value to another. 

Next take n=4. From (59) 

Gey Leh ae x se 
i , sin re sin* la, 

x dr one 
and 

rue dl ae 2 
wre (- oa ye, = all, “sin re sint le 

eh es 
= cant ne {sin(r+4/)7+sin(r—A4l)e 

—4sin(r+ 2/))e—4sin(7— 21) 2+ 6 sinra} 

1 
= igi {1+1— 4446} = 72,{8+1F4}, 

the alternatives depending upon the signs of r—4/and r—21. 

When r<2l, —16l!'—,; a “(= aBs ==ib, 
OTT OF 

41>r>21, —16l'— ie o(- aM 7A) —2, 
dr?\yr dr 

and when r> 4, the value is zero. In no ease can the value 
be infinite, from which we may infer that 

es ae 1 dP, 
dT Nt a, r dar 

must be continuous throughout. 
From these data we can determine the form of dP,/dr, 

working backwards from the large value of r, where all 
derivatives vanish. 

Bee ae 9 (Al >1>20) —16r 5 (7 F4)=—2(r—40, 

(21>7) eee 2) = 6(r— 21) + 4d= 6r—8l, 
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giving continuity at *=4/ and r=2l. Again 

(4i>r>21) —1l6é- se — (7? —162) + 8l(r—4l) 

== —(r—A4l)’, 

(21>r) — 1614 yet =3(7?—41?) —8/(r— 20) —4? 
y ia 3 & 

= dr? — Srl. 
Finally , 

dP s r (81—3r) A 
ar =471° hy (7; i) == Saat (r< 21) | 

a anne p> (62) 
r(4l—r)? fe 

or —— anh 07 ail (41> 7 > 22) 
16/ J 

and vanishes, of course, when 7 > 4. 
From (61), (64) we may verify Pearson’s relation, 

(0) =¢3(/). 
From these examples the procedure will be understood. 

When n is even, we differentiate (59) (n—2) times, thus 
obtaining 

gael dF Ahh aa. : , 
5 “)=—1 —sinresin™lr, . (63) 

1 x dr®-2\" dr at" \. 

in which sin” /z is replaced by the series containing cos nlz, 
cos (n—2)lz,.... and ending with a constant term. When 
this is multiplied by sinrz, we get sines of (r+ni)a, 
{r+(n—2)lhe,....sin rv, and the integration can be effected. 
Over the various ranges of 2/ the values are constant, but 
they change discontinuously when 7 is an even multiple of 1. 
The actual forms for dP,/dr can then be found, as already 
exemplified, by working backwards from r>nl, where all 
derivatives vanish, and so determining the constants of 
integration as to maintain continuity throughout. These 
forms are in all cases algebraic. 

When » is odd, we differentiate (n—3) times, thus obtaining 
a form similar to (60) where n=3. A similar procedure 
then shows that the result assumes constant values over 
finite ranges with discontinuities when 7 is an odd multiple 
of 7. On integration the forms for dP,/dr are. again 
algebraic. 

I have carried out the detailed calculation for n=6. It 
will suffice to record the principal results. For the values of 

pit dP __ 9676 6 
Mer, ( = 



344 Lord Rayleigh : Problem of Random Vibrations, 

we find for the various ranges : 

(r< 20), —20 (2l<r<A4l), +10; 

(4l<r<6l), —2; (6i< 7), 0. 

And on integration for 

LP en eyeles 8 (? a i 

(0—21) —" a Abella. 

Aad 
(Op zeagy! <5. ae — 6 + 3027? — 562 r+ 2014, 

at 

(4/—61) aa it + 2h — 1827? + 722 —1080, 

(7 > 61) 0. 

We may now seek the form approximated to when n is. 
very great. Setting for brevity /=1 in (59), we have 

sin w\” x 
log( jy =n {- - + haat + hea? + We , 

where 

1 ik 

raMdts 8 BB oes oo) 
and 

sip a\” —n2x2/6 
( Sas ) = ¢ {1+ nhga* + nhgat + tnt eax +. 5, 

so that 

Lid heitts Eu) saa 4 6 oe ae xdx sin rae {1+ nhya* + nhea 
0 

+ 3v7hee'+...}. (66) 

The expression for the principal term is a known definite. 
integral, and we obtain for it 

LP, 4/6 r Peers . ee 

which may be regarded as the approximate value when n is 
very large. To restore 1, we have merely to write r// for r 
throughout. 

In pursuing the approximation we have to consider the 
relative order of the various terms. Taking nw? as standard, 
so that x? is regarded as of the order 1/n, na is of order n~* 
and is omitted. Butn#*is of order n~? andis retained. The 
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terms written down in (66) thus suffice for an approximation 
to the order n~? inclusive. 

The evaluation of the auxiliary terms in (66) can be 
effected by differentiating the principal term with respect 
ton. Hach such differentiation brings in —a*/6 as a factor, 
and thus four operations suffice for the inclusion of the term 
containing a*. We get 

oS Yar eae 2 
ep SAL ON | Nay. ae S 
dr Pe Pe in” 

UN a’N Nee wer ELE ar el ea , hig. 8 + ght . 6 ae (68) 

where ner tak oa Oy aCe 
Finally 

AEs. da f Be. 77e Tos ey a ORS OTe 

iy ec era 
Bee) noone edr> Lala a | (70) 

T 40n2\ 4 nl?" 10n'lt = 35n2l® * 20n48/) f° 

Here dP,,/dr .dr is the chance that the resultant of a large 
number n cf flights shall lie between 7 and r+dr. In 
Pearson’s notation, 

dori? =dP, dr. 

The maximum value of the principal term (67) occurs 
when r//=,/(2n/3). 

Jt is some check upon the formule: to compare the exact 
results for n=6 in (64) with those derived for the case of n 
great in (70), although with such a moderate value of n no 
precise agreement could be expected. The following ‘Table 
gives the “numerical results for /dP,/dr in the two cases :— 

! rfl. From (64). | From (70). 

oye eeias Pear poe tein | wee Meas are Or AS 

fot 250072/2 | 2483 72/22 
(yee 05900 05886 
eet 2005 +2007 
pL. “4167 4169 
| Se -2930 Pe 2998 
: Rae 0833 ‘1055 
Big ‘00652 | 00716 
“6 rad We 00600 h feta. 
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So far as the principal term in (70) is concerned, the 
maximum value occurs when 7//=2. 

It will be seen that the agreement of the two formule is 
in fact very good, so long as 7// does not much exceed 4/n. 
As the maximum value of r// for which the true result 
differs from zero, is approached, the agreement necessarily 
falls off. Bey ond r/l=n, when the true value is zero, (70) 
yields finite, though small, values. 

Terling Place, Witham, 
January 24th, 1919. 

P.S. March 3rd. 

In (45) we have the expression for the probability of a 
resultant (7) when a large number (x) of isoperiodice vibra- 
tions are combined, w hose representative points are distri- 
buted at random along the circumference of a circle of 
radius /, so that the component amplitudes are all equal. 
It is of interest to extend the investigation to cover the case 
of a number of groups in which the amplitudes are different, 
say a group of p,; components of amplitude /,, a group 
containing py of amplitude /,, and so on to any number of 
groups, but always under the restriction that every p is 
very large. The total number (Sp) may still be denoted 
by n. The result will be applied to a case where the number 
of groups is infinite, the representative points of the com- 
ponents being distributed at random over the area of a circle 
of radius L. We start from (31), now taking the form 

mg,(r2) = | a ded (r2)iJo(hyx) {J o(lor)i™2..., . CA) 
Jo 

The derivation of the limiting form proceeds as before, 
where only one / was considered. Writing s;=p,h’, 
S3=4Dol,”, &c., we have 

log [ {J o(dx) $2 {J o(Loa) $72. Ban | 

ee a’ (8? 2 . (38 

me 3 20)—7g2(=)— 72a) 
and thus 

e ee v! 2 

20 bl”) = {, vdx J {rae > E ra2(-) 

$268)+i (2) 2 « 0 
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As before, the leading term on the right is 

Tee OO, ueedaldaais, (73) 
and the other integrals can be derived from it by ditter- 
entiations with respect to X(s). So far as the first two 
terms inclusive, we find 

—ip2/s i ; Petia ol) _ &(8"/p) 
») ae 1 pase 
AONE Varia , 4 (sp 

A qt )t 

SOFT REO S’ 
from which we may fall back upon (45) by dropping the > 
and making p=n. In general >(p)=n. The approximation 

could be pursued. 
Let us now suppose that the representative points are 

distributed over the area of a circle of radius L, all infini- 
tesimal equal areas being equally probable. Of the total n 
the number (p) which fall between J and J+di/ should be 
uw. (2ldl/L?), and thus Ss 

fis Dim 
we 

3()=}3(pl")= "Fs | (ila ACR ES 

(74) 

4 ? 

isd n LA 

>(s"[p) = 42 (pl) = va Pdl=">. . . (76) 

Introducing these values in (74), we get 
Aor orn 

2? 4? 274 
2 2) EE iad eee dha Ses es a 
a Pulr es nL? 41 = I? ua as} ae 

A similar extension may be made in the problem where 
the component vectors are drawn in three dimensions. 

XXXIT. On the Fundamental Law of Electrical Action. By 
Merc Nap Sana, .Sce., Research Scholar in Mathematical 
Physics, Sir T. N. Palit College of Science, Calcutta f. 

: ie the present paper an attempt has been made to 
determine the law of attraction between two moving 

electrons, with the aid of the New Electrodynamics as 
modified by the Principle of Relativity. The problem is a 

a 

* The applicability of the second term (in 1/n) to the case of an 
entirely random distribution over the area of the circle L is not over 
secure. 

+ Communicated by Prof. D. N. Mallik. 
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rather old one, and seems to have first occurred in 1835 to: 
Gauss *, from whom the title of the paper has been borrowed. 
Before explaining my methods, I shall give a short history 
of the problem. 

About the year 1826 Ampére published his celebrated 
laws of electrodynamie action, which enable us to calculate,. 
with strict mathematical exactness, the action between two 
closed electric currents. If we assume that a current of 
electricity consists of streams of positive and negative 
charges moving in opposite directions, this action between 
two closed otirrents is seen to be com posed of the elementary 
actions between the moving charges, taken two and two. 
The moving charges, therefore, c sannot attract or repel in. 

Dashie ee’ 
the same manner as two stationary charges (viz. force= =) 

for in that ease the total action would be zero. The: 
natural assumption is that the law of attraction in this 
case is quite different, and it depends not only upon mutual 
distance between the two electrons, but also upon their 
velocities. This is the problem which Gauss set himself 
to answer; he does not of course speak of electrons, but of 
charged particles, which mathematically amounts to the same 
thing. 

Gauss and his followers adopted a deductive method for: 
solving this problem. Ampére had given the law which 
should subsist between two elements of current, 7, e. the 
currents flowing through an element of length of a circuit 
in order to account for the action between two closed 
currents. This law was derived partly from the Geometry 
of lines, partly from experiments, and besides, involved a 
number of acca aoe ge The solution was therefore not 
quite convincing, and, indeed, as Grassmann ft and Stefan f 
subsequently proved, was not a unique one. Three other 
expressions were found to be as good as Ampere’s expression 
for the action between two elements of current. Still, 
Ampére’s solution seemed to be most likely, because the 
assumptions were simpler in this than in other cases. 

Starting with Ampére’s expression for the action between 
two elements of current, and introducing the further 
assumption that the current consists of discrete charged 

* Much of the Introduction is taken from Maxwell's ‘ Electricity and. 
Magnetism, Chaps. u. and XxIII., see especially pp. 483 et seq. 

t+ Loe. cit. p. 174. 
* Populdre Schriften- Boltzmann, pp. 95 & 96. 



Fundamental Law of Electrical Action. 349 

particles in motion, Gauss deduced the following expression 
for the mutual attraction between two charges : 

ee! 1 dv 

B= % [1+ 9("-3() J], 
where e, e’ are the charges, r=mutual distance, w=relative 
velocity. 

But the law was found to be inconsistent with the principle 
‘of conservation of energy, and naturally fell through. 

Other physicists in turn took up the problem. “The most 
celebrated formula is that of Weber *, according to whom 
the mutual potential of two moving char ges is given by the 
‘expression 

es ee ay 
a =| ae He 

This formula is consistent with the principle of conser- 
vation of energy, but was nevertheless found by Helmholtz f 
to lead to improbable results. 

These laws were all based on the idea of action at a distance. 
But in 1845, Gauss { again returned to the problem (which 
he now calls the real keystone of electrodynamics), with 
the idea that the action, instead of being propagated instan- 
taneously, may be propagated with a finite velocity in a 
manner similar to that of light. But he did not succeed, as 
he himself tells us, in forming any consistent mental picture 
‘of the manner in which the action is propagated, and seems 
to have given up the attempt. 

Three other mathematicians, Riemann, Neumann, and 
Betti§, followed in the wake of Gauss, and suggested 
‘solutions, but these also have been no more successful than 
their predecessors. According to Riemann ||, the force 
components between two chargesare given by the Lagrangian 
derivatives of the function 

v=%[1- ee C2 

where (u, v, w) are the velocities of the one particle, (u’, v’, w’) 
care the velocities of the other. 

* Maxwell, loc. ezt. pp. 484 & 485. 
7. Phil Mag. December 1872. 
t Maxwell, loc. cit. p. 490. 
§ Maxwell, loc. cit. p. 490. 
|| Clausius, Phil. Mag. 1880. 
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According to all of these theories, the action depends on the 
relative velocity of the two particles. This can be at once 
perceived by a reference to the formule of Gauss, Weber, 
and Riemann. It both particles move with the same velocity, 
the action would be the same as that between two stationary 
ones, and there would not be any electrodynamical action. 
This is a very objectionable feature of these theories, and. 
attention to this fact was first drawn, I believe, by Clausius *. 
Clausius is also the author of a series of elaborate investi- 
gations on this point. According to his theory, the com- 
ponents of the force between two electrified particles are- 
the Lagrangian derivatives of the funetion 

ee’ uu’ cos O 

oF R ES eh ae i} 

wand w’ being the velocities of the two particles, 6 being 
the angle between their directions of motion. The force: 
components are given by the expressions 

(a OF Bane OP) Hay Boag: Egy On), Wats ae yr) sell Aas 
3 dt OF 

06 _ 4d /dd 
De ae € dz}° 

dt: 

It will be observed that the action depends not upon the: 
relative velocity, but upon the absolute velocities of the two: 
particles. Clausius indeed proceeds to show that his formula, 
besides leading to Ampere’s laws of Electrodynamic action, 
is remarkably free from the objections which were raised 
against the other formule. 

Clausius’s formula may be said, in a way, to have been 
confirmed by the investigations of J. J. Thomson. Thomson 
investigated, from Maxwell’s theory of moving tubes of force, 
the action between two spheres of radii a and a’, moving 
with the velocities u and w’ and carrying the charges e and e’. 
The kinetic energy was found to be 

1 Ae G p 2 pe®\ ee Cosio am 
Gti a )¥+G oe 3h ae 

* Journal fiir Mathematik (Crelie’s Journal), vols. xxxil. & Ixxxiii.; 
Phil. Mag. 1880. 

+ Phil. Mag. 1881. ‘Application of Dynamics to Problems of Physics. 
and Chemistry,’ Chap. Iv. 
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Neglecting the terms due to the Mass-motion, the 
Lagrangian Function T-U, for the two charged particles, is 
easily seen to be equivalent to 

ee “) nee 
kR- 

The similarity of this form with the Clausius form is 

apparent. There is of course discrepancy in the (4) term. 

These formule are all limited to the case where the 
velocities of the moving charges are small compared with 
the velocity of light. 

From what has been said before, it will be seen that the 
problem is still an open one. The investigations hitherto 
given are largely empirical, and not based on sufficient 
theoretical basis. In view of the recent extraordinary 
development of electronic physics, it cannot be said that the 
importance of the problem has been in any way diminished. 
On the contrary, a knowledge of the laws of electronic 
attraction and a clear formulation of the dynamics of the 
electron are necessary before we can satisfactorily handle 
any problem on electronic physics,—such as the atomic 
model, or radiation from atoms and electrons. 

In the present investigation I have throughout used the 
New Electrodynamics (7. ¢., as modified by Lorentz, Einstein, 
and Minkowski according to the Principle of Relativity). 
I have particularly used the method of four-dimensional 
analysis which was first initiated by Minkowski*. A large 
amount of work in this line has been done by Born7y and 
Sommerfeld {, though not always with the same specific 
purpose which I have in this paper. Sommerfeld in 
particular, in connexion with his development of four- 
dimensional analysis, has investigated the law of attraction 
between two moving electrons; but the result obtained is so. 
cumbrous as to make further progress almost impossible. 
This is due to the fact that for the scalar and vector potential 
of the field produced by a moving electron, they arrived at 
an expression which is only a partial statement of the com- 
plete result (see remarks at the end of §8). When this 
complete result is introduced, the electric and magnetic 
forces as well as the ponderomotive force acting on an 

* H. Minkowski, Mathematische Annalen, vol. lxviii. p. 472 et seq. 
+ Born, Ann. d. Physik, vol. xxviii. p. 571. 
~ Sommerfeld, Ann. d. Phystk, vol, xxxiil. pp. 649 e¢ seg.; vol. xxxli. 

pp: 749 eé seq. 
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electron come out in very elegant forms, enabling us 
ultimately to. write out the equations of motion of two 
electrons round each other in a Lagrangian form. When 
one electron is at rest, the equations lead to Darwin’s results 
(Phil. Mag. 1915). 

3. Notation. 

The notation used in this paper is identical with that used 
by Minkowski and Sommerfeld in the memoirs just men- 
tioned, and is to be found in any one of the general treatises 
on Relativity (Cunningham or Silberstein). However, for 
the convenience of the reader, it is explained below. 

The unit of time used in this paper is — times the ordinary 
C 

unit (c, velocity of light measured in ordinary (.G.S. units), 
so that, with this notation, the velocity of light becomes 
unity. 

We shall, in most cases, use 1=1/—1t, so that (a, y, 2, /) 
denotes the space-time POnbaine tes of a world-point (Welt- 
punkt). 

The quantities 

(wy, We, W3, Wy) = apne “(Ty Wp.) Uy. nf Ne 

where (u,, U,, U3) are the ordinary space components of the 
velocity of a material point, will denote the space-time com- 
ponents of the Velocity-four-vector. It should be noticed 

' ie 
that (ny, Us, Us) == (a, y, 2), and if by rt we denote the 

proper-time (Higenzeit) of motion of the material point, we 
-shall have dr=dt,/(1—u’), and 

d 
(1, Wa, W3, Ws) = ae (2 Meee). 

a will denote a four-vector of which the space components 
care equivalent to the vector-potentials used in EHlectro- 
dynamics, the time-component =/—1¢, where ¢ is the 
ordinary scalar-potential. This is known as the Potential- 
-four-vector. 

The operator 

fe) Oe 

(is, ea a): 
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which plays the same role in four-dimensional analysis as 
the familiar operator V in three-dimensions 

(v aif tj 2 +22), 

was called by Minkowski “ Lor,” in honour of H. A. Lorentz, 
the discoverer of the Principle of Relativity. 

It is denoted by O. 
The operator 

“ Bot hone OO, 
(s2+ 39 +52 32): 

which corresponds to the three-dimensional operator 

Dae. — 
(S32 t Spt ga): 

is generally denoted by []’. | 
The set of four quantities p(u,, U2, Us, 7), where p=density 

of electricity at a point, isa four-vector according to Lorentz 
and Hinstein. It is known as the Stream-four-vector and 

will be denoted by 8s. 

A, 

The potential-four-vector a satisfies the equations * 

Eras tess ors (EP aa Ooi. UD) 

according as the world-point at which [?a is taken is 
occupied by a stream-four-vector or is empty, 

@ satisfies also the equation | 

: Tore a, iste da 2 et | ee eae a 2) 

at all points of the world-space. 
Now the fundaméntal solution of equations (1), due to a 

single stream-four-vector 8, occupying the world-point 
ye 3 U'):is 

As Ss a 

we AGcaPey—yPtG—tee 
where (x, y, z,/) is the world-point at which a is to be 
estimated. 7 
A can be proved to be equivalent to oa 

* Born, Ann. d. Physik, vol. xxviii. p. 571. 

Phil. Mag. 8. 6. Vol. 37. No. 220. April 1919. 20 
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Therefore the potential-four-vector at a world-point 
(x, y, z, !) due to a distribution in the world-space of the 
stream-four-vector S$ is 

ue | ii) _sda'dy'de'dl! ee 
la I (a—a')? + (yy)? + (2-2)? +0)” ) 

N.B. In modern methods of treating problems on EHlectro- 
dynamics, the usual practice is to choose a unit of current 
which is “4 times smaller than the ordinary unit, thereby 
instead of having 0)?a=—47rs, we have G’a=—s. I have 
stuck to the older method, because this is more convenient 
for our purpose. 1 

The fundamental solution 72 Seems to have been first 2 

obtained by Poincaré *. It corresponds to the solution f 
, 

in three-dimensional problems on Potential, and is a parti- 
cular case of the following general result first obtained by 
Poincaré Tf. 

If (a,, #, ... x,) be the coordinates of a point in space of 
n-dimensions, the fundamental solution of the generalized 
Laplacian 

ros Co” oO ‘ Bt 

(m2 t dat t dea) V0 
: where 7?=(x,—2,')? + (@g— 29)? +...(@n—an')*. (4) 

5. Potential-four-vector at an external point due to the 
motion of a point-charge. 

By a point-charge is meant a charge having no extension 
in ordinary space. In four-dimensions, however, it has 
extension in one direction, viz. in the direction of the time- 
axis if the electron be stationary, or along an axis making 
an angle of (tan~‘w) with the time-axis, if u be its velocity 
of motion. 

Let (2, y, z,1) be the coordinates of the point-charge, 
which we suppose to have started from the origin at time 
t=0. Then we have (a, y, 2) == N/ Sing, Ug, U3). Let 
(a, b, c, X) be the coordinates of the external point at which 
the potential a is sought. According to the general theorem 

* Sommerfeld, Ann. d. Physik, vol. xxxiii. p. 663. 
Tt Théorie du Potential Newtonien. 
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~ in the previous section, the potential-four-vector a is given 
» by the integral . | 

; po(w)dl' 
_» (w—a)? + (y—b)? 4+ (2-6)? +(l—~A)?’ 

where po(w) =p(u,, Us, U3, / —1), 

and therefore pyo=p,/(1—u’), the rest-density, which 
is an invariant according to Lorentz and Einstein, 

dl'=an element of length along the axis of 
motion ; dl' is easily seen to be equivalent to dl,/(1—u’). 

Now (e—a)?+ (y—b)? + (e—c)? + (1—A)? 

= 2?(1—u’) + 22l(uya + ugh + ue +2r) +07? +0?+ + 

=1'? + 2il'(wya+ wob + w3e+ wr) +0746? +0? +2?. 

Putting l’=1,/(1—u’), 

this integral is easily seen to be equivalent to 

Po (w) } (5) 

[a+ B+ +N? + (aw, t bw + ces + avy)? ]*” 
With the aid of four-dimensional geometry, we can give 

an interesting interpretation to this expression. The direction 
of motion of the charge (p) is given by the line 

Pieper) Bit 

Wie x) Da. 0 Wy 

P (a,b,c,A) 

0 Ss 

(xy,z,L ) 

Let P be the point (a, b, c, A). Them we have 

PN?=OP?— ON? 

= (a? + 0? + 6? +27) + (aw, + bw. + cw3+AwW,)’, 

for ON=projection of OP on OA=i(w,a+ wb + wye+ wr). 
Thus the denominator in the expression (5) is seen to be 

equivalent to R, where R is the perpendicular distance from 
the external point on the axis of motion. 

2C 2 
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The result can also be easily proved if we introduce a 
Lorentz-transformation, by which the axis of motion becomes 
the new-time-axis. Then in the expression (4), the four- 
vector po(w) becomes 

Po(9, 0, 0, /—1), 

and the problem is reduced to one at rest. The denominator 
becomes equivalent to R?+/’, where R is the perpendicular 
from P on the axis of motion. 
We have therefore 

q'= ue (" Po(i)al’ oY pol 9, 0, 0, 2) 

Towra cg Rea ta see ae 
Now (0, 0, 0, a,') are the components, in the transformed 

system, of potential-four-vector a’, whose components in the 
original system are (@), @, A, @,). Re-transforming to the 
original system, we have 

[a,, Ao, As, a. ot Pol 1, ae We, Wa) ae (6) 

Otherwise— When by means of an orthogonal Lorentz- 
transformation, we transform from the system (a, y, 2, /) to 
the system (a’, y’, 2’, 1’), the generalized Laplacian [7a is 
transformed to 

0? a tA ns shea ip 

In the present case, the distribution on an infinite line is 
along the l’-axis, Therefore a must be independent of 1’, 
from which 

a! 

a= SUE UEEEeER 
7h ‘ 5 . V wy? + 2" 

V2'*+y'?+2'? is easily seen to be equivalent to. what we 
have called R previously. 

Thus accerding to this method of investigation also, the 
potential-four-vector 

Po(W1, We, Ws, 4) ae 2 

where R=perpendicular distance from the external point 
(a, 6, c, X) on the axis of motion of the point-charge :— 
direction cosines / —1 (201, wo, wa, Ww). 
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6. The Ponderomotive Force *. 

If a be the potential-four-vector in an electric field, and p 
be the electric space-density at a point, the force acting on 
this point is given by the matrix 

Poy Uns 2), Wass gy 2 

fa fa) fo) fe) 
5 5 TAC) ~\7/e . ° ° e 7 Sa car be 8! (7) 

a1, A, Az, ay 

It should be noticed that the word “ Force” is used in a 
generalized sense. The components of this four-vector are 
(X, Y, Z) the ordinary space-components, and 

L=i(Xu, + Yu, + Zus), 

i. ¢., V —1 times the rate of doing work. The four com- 
ponents are connected by the equation 

Xw,+ Yw.+ Zw;+ Lw,=0, 

t. e., the force-four-vector is always normal to the velocity- 
four-vector. ath | 

Writing (¢, F, G, H) for W/ 2 lay ai. ay, a3) and intro- 
ducing the ordinary C.G.S. units, it can be easily verified 
that this expression is identical with Lorentz’s expressions 
for Ponderomotive Force. 
We shall now write (w,, w2, ws, ws) instead of (uj, Us, 

u3, Y—1). Then 

[2X We 7: L]=po W, Wo W3 W, | 

Om Vomnco oO 
Ol Oey Oe. Ol 

&, yg As ay | 

Po=P,/(1—u’) is an invariant, and is generally known as 
the rest-density, 

orf 
go W 

and (a, Ao, Az, a.) = a . 

R’ = perpendicular distance from the external point 
(a, y, 2,4) on the axis of motion of the charge p’, which 
produces the field. 

* Minkowski, Joc. cit. § 11. 
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The coordinates here refer to the coordinates of the point- 
charges*. 

7. Law of Attraction between two Point-charges. 

We have now . 

Co die et ap Oe 4) ROE ene X=Ppo; is ims aa + wy Ae + Ws <= 

she 3 3 3 3 \ 
. {wv On aay AY ha ay; 

1s 

X= pope! [wry + wees! + W3Ws + wy,’ ) o (ez ) 

a (2 +1052 +02 — 1045; ) a 

for in the expression for a, R is the only term explicitly , 
involving the coordinates (w, y, 2, /), (po’, w’) being indepen-. 
dent of them. ‘ 

Now let dr=proper time (Higenzeit) of motion of A. 

Then dt =dt,/(1—u’), 

d 
and (wi, We, W3, Ws) aa dtr (a, Yy l). 

We have therefore 

@_0 d@ 0 wy, 9 &,3a ad 
dry) Qaeidt« Dy (dt. “Oc dt. Ole 

Merde, fe 0 fe 
a Oe + Ua ha tars 

If we now put 

WW)! + WoWs! + wesw! + ww, Tiss ed ice : 3%3 4 * pope's Ate. (8) 

then, since 

Popo Wy’ re od 

ye a Ow,’ 
we have : 

ee ee 
Poi dtr Ow, 

Similarly for the other components (Y, Z, L). 

* The matrix used for expressing the Ponderomotive Force (X, Y, Z, L) 
has not been used in the conventional sense (Sommerfeld, Ann. der Physik, 
vols. xxxlil. & XxXxili.), as can be easily observed. 
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The form is Lagrangian, and the expression for (X, Y, Z, L) 
comes out in the form originally pointed out by Clausius. 
We therefore prove that the force-four-vector on (A) can 

be put into the Lagrangian forms 

x0 d coat 
~ Qa dr\du, | 

Y= 3y~ alba) | i 

i= Se) 
Similarly, if R=perpendicular distance of the point 

B(a, b, c, X) from the axis of motion of (A) (, y, z, 1), 

1¢@, R?=(#—a)’?+(y—b)?+ (e—c)?+(I—dr)? 

+[ (w—a)w, t+ (y—b)wet (e—c)w3+(l—A)w4]?, 

and ®’ denotes tae expression 

/ 

PORO to ! ! / Rp! (WyWy + WyWe + w3W3 + wWywy'), 

the forces exerted by A on B are given by the equations 

x Of ee yin. Of io) 
ee 

~ Qa ar’ Ow, ‘s 0b dt\ QWs! | (10) 

poe ¢- fom" eC? Aa OO 
= Oc. (dz (S=,) Le Or ir(Swy) | 

8. Two Electrons in Motion. 

In the foregoing sections we treated the case of two point- 
charges. We shall now take the case of two electrons when 
these are in a state of motion. It will be shown that the 
same equations would hold if instead of the rest densities 
Po, Po We substitute the invariant charges (e, e’), and suppose 
the whole charge to be concentrated at the centre of each. 

The electron occupies the space | 

(w@— 2x)? + (y—Yyo)? + (2 —20)? & 13 

where (x, y, z) are the space-components of any point within 
the electron, (2, Yo, 29) the corresponding quantities for the 
centre, and r is the radius. | 
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In three-dimensions this equation represents a sphere, but 
in four-dimensions this represents a spherical cylinder having 
infinite extension along the time-axis. The equation shows 
that the electron is at rest. 
We shall now write down the equation of a spherical 

electron moving with a uniform velocity (uj, ug, us). 
In three-dimensions, the equation of a circular cylinder 

having the line 

EP IR ALS a 
Rr caer icc: 

as the axis is given by the equation 

(2 —2%)? + (y—Yo)? + (e—20)? 

— [l(a— ay) + m(y— yo) +2(2—2) |? = 7. 

Similarly, in four-dimensions, since the axis of motion 
is given by 

hs Pye RL asta bak ly is! 
1W 1We, 1W3 ww,’ 

therefore the equation of the cylinder having this as axis is 

(2—2%)’ + (y—Yo)’ + (2-20)? + (L—L)? 
+ [w1(#— 2X) + We (y—Yo) + W3(2—Z) + W4( (lL—1o) |? =r”. 

That this is so can easily be observed by introducing a 
Lorentz-transformation in which the line of motion is the 
new time-axis, and the velocity is equivalent to the moment 
of transformation. Thenif (&, 7, €,v) be the new coordinates, 
we have 

(e= £5)? + (n— iG) ay + (v—v9)? 

= Wana (y— Yo)? + (2—z))? + (l—1,)? 

and 

a| W1(&— xy) + Wo(y — Yo) + W3(z — 20) + Ws (L—Lp) ] =v — V9. 

*, the equation of the electron becomes 

(E-8y) A = 90)? + (C—) r 

We shall now calculate the potential-four-vector due to 
the motion of electron at an external point (a, 6, ¢, d). 

We have 

= AN ex G OS eT Uaapy 209 
the integration being extended over the whole world-space 
enclosed by the electron. 
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We shall now introduce again the above-mentioned 
Lorentz-transformation. Then we can write 

d&dnd€dv for da dydzdl, 

po(0, 0, 0,2) for po(wy, Wo, W3, W4), 

and (EE)? + (n— a) + (C0)? + (0-1 
for (w—a)?+ (y— 6)? + (e—e)? + (1-A)*. 

Now a’, the transformed of a becomes 

AN ree seca ea exc 
integrated over the world-space 

(E— Fo)? + (n—1)? + (€—H)? Hr? (A). 

We shall first integrate over the new time-axis. The limits 
are then from —x toa. 

= Weare a REE 
over the Spherical Volume (A). This is a three-dimensional 
potential problem, and is easily seen to be 

cas e(0, 0, 0, 2) 

MV (Eo—&')? + (mo—1')? + (G—£')?” 

where © e= VV po dE dy df, 

integrated over the spherical volume (A). 

Now M (Eg E+ (to 7')? + (6 — So)” 

is the perpendicular distance from the external point 
(E',7', €', v’) on the axis of motion ; we can denote this by R. 

Then abs (0, 0, 0, ze 
<7 

Now a’ is what the potential-four-vector a with the 
components (8, &g, &3, &4) becomes when the tr ansformation 
is introduced. Retransforming to the original coordinates, 
we have 

[ ay, Ae, a3, A, =< (ws, See Pale . ° (11) 
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We can now express R in terms of the original system of 
coordinates. 

R? = (x — a)? + (yo—b)? + (20-6)? (lpr)? 

+ [ (xo a a)wy + (Yo b)ws + (co—¢) Ws + (lo —A)w, |”, 

where (2, Yo, 20, 49) are the coordinates of the centre of the . 
electron, (a, b, c, X) those of the external point. 

N.B. The Scalar and Vector potentials due to the motion 
of an electron were first obtained by Lienard and Wiechert * 
about 1898. They were expressed in the forms 

é 

Pee r(1—u,/e)’ 
ape __ e(uy/c, us/e, ug/c): 
| , G, H | ote r(1—u,/c) ? (12) 

where 7 is the distance of the external point from the 
point occupied by the electron at a time (¢—u,/c), ete. 
(uy, Wy, Us) are the velocity components at the time (t—7/c), 
u, is the component of this velocity along the line of r. | 

The expression (11) is in fact equivalent to the expression | 
(12), as the following reasoning will show. Suppose the 
time-coordinates are so chosen that | 

(wp—a)? + (Yo— 8)" + (zo— 0)? + (yA)? =, 

eres c(ty—t') =—7, 

Bs 
or t=to+ e 

We are in fact estimating the effect at the external point 
r/c seconds after the electron had been in the position 

(xo, Yoo 29). 

Then, since 

R? = (@—a)?-+ (y—b)?+ (2—c)2 + (I-20? 
ue [ (2—a)w, + (y —b)w, a (2— C)W3-+ (J—Y) ws] , 

we can, denoting by R! the four-vector with the components 

(4a). (y—b), Ge A) I, 

write WR? + (Rw), 

where (R’w) denotes the scalar product of the four-vectors 
R’/ and w. 

* DL) Eclairage Electrique, vol. xvi. (1898); Wiechert, Ann. d. Physik, 
vol. iv. 
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With the above assumption, we have R’=0, 

a / _ u,(@—a) + u(y —b) +u3(z—c) — 7 

*, we can write 

ew , : 
[ ay, As, az, Qs] — (R’w) = r(1—u,) [ w, Ug, Us, ae 

\ ” 

Using the ordinary time-coordinate, we have | 

b= scale at ie se e(M1, SC OMEE TS | (12) 
3 

Hi r(1— =) 
, C \ Cc 

This result has been obtained in various ways by Herglotz*, 
Sommerfeld +, and other workers. Sommerfeld effects the 
integration of equation (10a), with the aid of Cauchy’s law 
of residues, and confirms the result (previously obtained by 
Herglotz), : 

ew Dora Sa HGR y 
But a comparison of the methods of arriving at the two 

formule will show that the expression (11') is but a partial , 
statement of the result, it being assumed from the very 
beginning that the time-coordinates are separated by the 
interval r/c, where r=three-dimensional distance between 

the points. The result a=s is perfectly general, and in 

full agreement with the requirements and the spirit of the 
principle of relativity. This reduces to the expression (11’), 
when for the purpose of forming an idea of the result in 
three-dimensions, we make the particular assumption just 
mentioned about the time-coordinates. Hence it is apparent 
that when we apply the result to the determination of the 
magnetic and electric forces, and the ponderomotive force, 
we must use the expression (11), and not (11’). 

9. The Ponderomotive Force on an Electron due to the jield 
produced by the motion of another electron. 

In §6 we investigated the action of a point-charge on. 
another charge ; in the present section we shall investigate 
the action of an electron (B) [ coordinates of centre (a, b,c, X), 

* Herglotz, Gott. Nach. Heft 6 (1904). 
+ Sommerfeld, Ann. d. Physik, vol. xxxiil. p. 666. 



364 Mr. Megh Nad Saha on the 

velocity components (%. v2, v3) | upon another electron A 
[charge e, coordinates of centre (a, y, 2, /), velocities 

(in, up, a) | 
The components of the ponderomotive force upon a point 

(x’, y’, <', U') of the electron A are given by the four com- 
ponents of the matrix 

Po | Wy We Ws W4 

ey 8 ean 
Be w0e).. Ose coe 

a ad ay’ Be it, iia 
fect e'w 

where a'= Rr 

R?=(x#—a)?+(y—b)? + (e—¢)? + (1--A)P 

+ [wy'(a—a) + we! (y—b) + w53\(2—c) + m,'(I—A) ]? 

! I ! ] . 

and [wy', We’, W3', Wy |= Wi teae) [ v1, Vey Ug, 2]. 

The total force is obtained by integrating each of these 
four expressions over the whole volume of the electron A. 
The X-component of force 

= Po oe or w(So)) 

where dt’ if (1 =u"): dt, 

and WwW, = es aa 
ice GN: aM ad 

for all points of the electron move with the same velocity, 

e / 
and p= RB [1 + WoW,’ + wW3W3/ + ww, |. 

The total force 

x= f\Joo[ SP ~ se Sun)] 2 
dQ being the contents of the normal seibies of the cylinder 

(a — a)? + (y—yo)? + (2-4)? + U—h) 
+ [ (2 — ty), + (y' Yo) 2 + (2! — 293 + U —ly)a4 |= 2”. 

(13) 
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It can be easily proved that 

32/() = 3n(R) 
for the points ) and w are rigidly connected. Accordingly 

ae iG Sf, ~ ade) 22 
Let Spo’ dQ=®. 

Then Se 
Oxy dt Bad : 

To evaluate ® we need only find out the value of the 
integral 

[ — . es, == | pe 

Introducing the Lorentz-transformation, in which the axis 
of motion of the cylinder (13) becomes the new time-axis, 
we have now 

fis fi (eens, 

over the volume 

(€ — &)? + (n—m0)? + ($—&)? Hr; 

and R! is expressed in terms of the new-coordinate system. 
Let (&, 7’, €', v’) be the new coordinates of B. 
oe 

R2=(E-E) + (gn! + (C-8)?+ 0—0'P 
[ERE ty" + (ga rod! + (E—O)ael + @v'yeoP 

where (w," , We'', ws'', wy’) are the direction cosines of the 
axis of B in the new system. R’ is therefore of the form 

R?= A#?+Br?+CE? + 2HE'n’ + 2G7'0’ 

+ 2Fn’C' + 2U@ 4+ 2V7'+2WE'4+D. 

Let (R) be the same function of (Eo, 7, 0), 7. e. R is now 
the perpendicular distance of the centre of A from the 
axis of B. 

Then it can be proved that approximately 
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Neglecting terms of higher order than the first, we have 

QO 
R° 

(In view of the fact that the radius of the electron is 
extremely small, the second term must be infinitesimal of a 
higher order compared with the first.) 

Therefore as a first approximation, 

e! 

es (2 201" + WyWe' + w3Ws' + Wy2w,'). 

x=3-1@°)) ~ Oa Ow, | 

r= BL 0) | iis 
= an (Se) | 

Fe ee 
dropping the subscripts 0 (a, y, <, 1), now denoting the co- 
ordinates of the centre. 

10. Laws of Electrodynamical Action. 

We shall now reduce the Lagrangian function to three- 
dimensions. We have 

ee! (wyw,' + Wo, + WW) + w,W,' ) 

© {ermal + (yb)? + (ee ++ [eal +. PE 
Putting («—a)? + (y—b)?+ (z—c)?+(l—X)?=0 just as we 

did in the interpretation of the potential-four-vector, we have 

_€ "(vy + Ug) + 13v3—1) 

r(1—v, s/(1—u*) Neh era 9) 

with the same interpretation for r and v, as before. 
Excepting for the factor [(1—v,)/(1—u’)] in the 

denominator, the form for P is identical with that assumed 
by Clausius for explaining the laws of electrodynamic action. 
The occurrence of these terms need not cause us any con- 
fusion; following in the wake of Clausius, we can easily 
prove that this formula leads to the laws of electrodynamical 
action just as well as any one of the formule mentioned in 
the introduction. We have to take terms up to the second 
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order, and instead of using 7, we shall have to introduce the 
instantaneous distance 7, which differs from 7(1—v,) by 
terms of second order only. The second-order terms arising 
out of r(1—v,) and ,/(1—u’) affect only one electron ; 
while the term (u,v,+Ugv9+U3v;) affects both of them. 
Remembering that current consists of equal quantities of 
positive and negative charges moving in opposite directions, 
there will be no difficulty in realizing that in the final 
process of summation, terms affecting only one electron 
would cancel out, and only terms involving both of the 
electrons would remain in the final result. For further 
particulars, I would refer the reader to the above-mentioned 
memoir of Clausius’s, where the whole thing is worked out 
in a most elaborate and convincing manner. 

HL. 

While the main object which I had in view when the 
work was undertaken has been achieved, viz. the deduction 
of the laws of electrodynamical action between two closed 
eurrents from the theory of electrons, I wish to point out 
certain other consequences to which this investigation may 
lead. With the help of Minkowski’s four-dimensional 
analysis, I have succeeded in recasting the imjortant result 
of Lienard and Wiechert (on the field produced by a moving 
electron) in an entirely novel form, and as I believe, the 
only form consistent with the principle of relativity. The 
potential-four-vector has been proved to be equivalent to 

& , where e=total charge, w=velocity-four-vector of the 

electron, and R is the four-dimensional perpendicular distance 
of the external point from the axis of motion of the electron. 
By applying the theorem in this simple form to Lorentz’s 
equations for the ponderomotive force acting on an electron, 
it has been found possible to deduce a Lagrangian function 
controlling the motion of two electrons round each other. 
It has been shown that for small velocities, the result is 
practically identical with that tentatively assumed by Clausius 
in 1880 for explaining the laws of electrodynamical action 
on the atomistic hypothesis. There is one important dis- 
tinction to which attention should be drawn. 

In the usual form of Lagrangian equations of motion, we 
express the force X in the form 

oa id 7 0d oes as (; ae): 

| dt 
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But here we have 

Naor (a) oz. at ue 

dt 

i. e. in place of the time ¢, we have to use the proper-time 7, 
where dt=,4/(1—u’) dt. 

The name proper-time for the function 7, suggests that it 
has some special relation with the time-coordinate, whereas 
in fact it is perfectly symmetrical, and similarly related to 
each of the four coordinates. To dispel any such false 
notion, it is now usual to designate dr as an element of length 
of the world-line of motion. Thus 

dr=ds=\/dt? — dz? 2— dy” — dz” 

and (wy , we, ws, w,) becomes \/—1 times the direction 
cosines of the element ds. 

In a system consisting of two electrons only, the forces 
controlling the motion are due to electronic attraction only ; 
the gravitational field, being 10-* times smaller than the 
electronic field, can be entirely neglected. Following 
Minkowski * , the equations of motion can be written in the 
forms : | 

, ve _dp 47 06\) Ha _0d6'_ @ /d¢'y | 
CM ds? ~~ Oa ds & in) ds* Qa ds é da 

He a) a OP. d o¢ ie he pa , _ o¢' d ,Od' 
Co Mpo 7 7 Snare FT sale es 

ds* Oy nce ( iy) Te ie” tds ( db 

Gli | fr) As! ) 
(Ve. Ob! 49 er 

) 

r 

bee ie OP es ee m | 
Mods! Oz ds ( a) dss Oc... .ds' | de | 

fe) ee 
ds | as | 

. dl im o¢ a d Le _ 0¢' luke: 0¢’' 

MOTs Ol ds (5 i) ("a rer dwiels, (Sia 

ate! 

These equations are a particular case of the general 

* Minkowski, loc. cit. Appendix. 
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equations of motion of an electron 

moc” dx iH 2 dr? = Wy his + W3/43 5 Wat y4 

Moc? = —- 
= WwW fo + W303 + W4 fs 

B 
4) 24 (17) 

moc? d?z ; Pr = as =W, Tai + we Tae + W4) 34 

moc? dl ; 
ares ene he + We f49 + W343 

LL ——— + 

These equations can be deduced from the Principle of 
Least Action in the following manner. The ordinary form 
of the Principle of Least Action is 

2 (Te 8 ee aa Mappa A) 

Instead of dé we write dt =/ dt? —dx" — dy? — dz’, and for 
T we write mc”, where m)=rest-mass of the electron. 
We have then 

dV = X6a+ YSy+ Zz + Lol, 

where (X, Y, Z, L) are the components of the Pondero- 
motive Force-four-vector, (6x, dy, 5z, 6/) are the variational 
displacements. 

Instead of the form, we have now 

8 { mc*dr — J 8V Se ONG) ie he RR) 

Now dt = — (wydz + wody + w3dz + wydl), 

and 6Vdr=—| Xdx+ Y by+ Zdz+ Ldl lds 

= —¢[fin(dady —de Oy) + fos (By dz — dy8z) + fz, (Ozda —dzd2) 
+ fis( da dl— da 61) + fos (Sy dl— dy 61) + fgg (62 dl — dz 62) ]. 

Now we shall prove an auxiliary theorem*; the (** X,Y, 
Z, L”’) used in this proof have no connexion with the force- 
eomponents. 

Wee have 8\Xdw«+ Ydy +Zdz+ hdl 

=3\dXd a+ fX8d. v 

aa {(@ 20428 ape 05 Bl) de 

0 6a ..° — 062 +2 [x( ae tt et a}. 

* Vide Cunningham, ‘ Principle of Relativity,’ Chap. viii. 
» Phil. Mag. S. 6. Vol. 37. No. 220. April 1919. Si) 
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After partial integration, the second term equals 

By: imide eek O17) One wees Ss : es bates pass Ge yee : 

Hence 6\Xdx+YVdy+Zdz+Ldl 

= X$x+ Y$y4+Z82+L8l 
initial +{(F he 8%) 

final Ow Oy 

(dvdy—dzxdy)+5 other similar terms. 

Now for (X, Y, Z, L) substitute moc? (w1, wo, wg, ws) and, 
let us denote , ) 

Then we have 

6 | age" s= 8\ me*(wyda + wody + w3dz + w,dl) 
: initial 

= m0? (w, Oa + wedy + w3d2 + w,8/) 
fina, 

_ \ [ Qyo( ba dy — da Sy) + Qy3(dy dz —dy6z) + Qs; (6zda — dz6.w) 

+ Qy,(Sxdl — dx Sl) + 1.,(8y dl — dy8l) + Os4(8zdl — dz 8!) ]. 

Putting the first term =0 as usual, we have from 
equation (18') 

J [Ome Qs + ef io) (6a dy —dxSy) +5 other similar terms |=0. 

The six-components of the six-vector (6sxds) are not 
independent, hence we cannot put their coefficients indi- 
vidually =0. If this were possible we would have obtained 
the system of equations 

since (dx, dy, dz, dl) represent the actual displacement, 
(dx, dy, dz, Ol) the variational displacements. 
We shall have to collect the coefficients of (6a, dy, 52, 01) 

separately and put them individually equal to zero. In this 
way we obtain the four equations 

ae MC? Bs FigWo + fisw3 + fiat, a for, + fostvs + fos, | 
(Bag Oye. + Oy3wW3+ Oi, Qo: w, + o3203 + Dog wy \ (17 

_ _ fas t faze tfass fart + fartea + fas 
O31, + Oz2We > ogy Qgaw, + Oy2We + OQ 43W3 
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Of these, only three are independent. 
It is easy to see that 

2 Be 
MC? [| WeQiy + W3Qy3 + WiOQ44] = me? 72? 

s 

2 OU» Ou, 
for w.Q): O43 O14 = We (<2 | oS2yo + W3hlis + Wah 214 = We Seu Oy 

(03 Ow Ou, OW 

tn Se = oe) t( Se — Sr) ; | 

— 5 2 [ w,? == Wa? + Ws" aa w,? | 

= (w,2 + we + ws 2. ar oS) wy 

LE 
ds ds? 

for w,? +uer+ ws +w2=—l, .. the first term =0. 

The system of equations (17') are thus practically identical 
with the equations (17), but for practical purposes this form 
may be more convenient than the Minkowskian form. 

The six-vector ] may be styled as the “acceleration” 
six-vector, (Qz3, 31, Qi) being connected with the three 
components of rotation, and (Qys, Qos, Oz) with the three 
components of acceleration 

AN 
dt?’ dt?’ dt?]° 

In conclusion, I wish to express my thanks to Prof. D. N. 
Mallik, and my friend Mr. Satyendra Nath Basu for their 
kind help and encouragement *. 

* The paper was communicated about two years ago, but owing to 
irregularities of the mail service caused by the war, the publication has 
been rather delayed. Meanwhile much work has been published on the 
subject, especially several important papers by Crehore in the ‘ Physical 
Review. The author takes this opportunity of expressing his regret 
that he has not been able to compare his results with those obtained by 
Crehore and other workers. 
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XXAILIT. Haperiments on the Migh-Tension Magneto.—ll. 
By Norman CampsBeELL, Se.).* 

(Continued from p. 301.) 

11. S was explained in the last paragraph of the first 
part of this paper, the object of the experiments 

about to be described was to discover whether the relation 
between the peak potential, the primary capacity, and the 
coupling is in accordance with that predicted by the theory 
of Prof. Taylor Jones. 

Plan of the Kaperiments. 

In most commercial magnetos the circuits are so 
con that the coupling is as s great as is consistent with 
the mechanical limitations of the design; any modifications 
introduced must be in the direction of a reduction of the 
coupling. Further, a little consideration will show that 
the only method of reduction which would be possible in 
practice, is that of placing in series with the secondary 
windings, which are coupled with the primary windings, 
a secondary windings which are not so coupled ; if it 
s desired during the change to keep the total secondary 
ashes constant, the addition of uncoupled secondary 
windings must be accompanied by a decrease of the windings 
coupled with the primary. A reduction of the coupling by 
adding uncoupled primary windings is impracticable, because 
such a change would certainly decrease the primary current ; 
while separation of the primary and secondary windings 
(such as is easily possible in the induction-coil) is precluded, 
unless the general design of the machine is completely 
altered. 

The machine selected for investigation was of the ‘ In- 
ductor ” type made by the British Thomson-Houston Co. 
It has the advantage that the circuits are easily altered ; 
since, moreover, it “differs in important features from all 
machines of the rotating armature type, experiments made 
on it would give evidence of the generality of the con- 
clusions already attained. Jhe arrangement of the machine 
is shown diagrammatically in fig. 7. The primary and 
secondary circuits are wound on the portion aa’ of the 
laminated iron yoke AA. ‘his yoke is fixed relatively to 
the permanent magnet M and the frame of the machine. 

* Communicated by the Author. 
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The excitation of the primary current is effected by the 
rotation in the gap of the yoke of the laminated iron 
inductor I, which connects magnetically the ends of the 
yoke to the poles of the magnet and reverses the connexion 
twice in each revolution. The portion aa’, carrying the 
circuits, is easily detachable, so that one set of windings 
may be easily replaced by another. 
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SECTION 
THROUGH pp’ 

Through the kindness of Mr. A. P. Young, of the British 
Thomson-Houston Co., special experimental armatures were 
wound to fit the standard machine. No. 1 had 160 turns in 
the primary and 10,000 in the secondary; No. 2 160 primary, 
8000 secondary; No. 3 160 primary, 6000 secondary ; 
No. 4 no primary, 4000 secondary ; No. 5 no primary, 
2000 secondary. A second housing was also provided. 
One of the armatures with primary windings was fitted into 
one housing (A), and one of the other armatures into the 
other housing (B) ; the secondaries of the two armatures 
were then connected in series. Thus only the part of the 
secondary circuit wound on the first armature was coupled 
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with the primary, and by different arrangements of the 
armatures different couplings could be obtained. The 
various combinations will be represented by symbols such 
as 10,000/0 or 8000/4000; the first number gives the 
number of secondary turns coupled with 160 primary turns 
in housing A, the second the number of secondary turns 
uncoupled with the primary in housing B. 

Prelinunary Measurements. 

13. The inductances of the circuits were first measured 
at a frequency of 100 cycles per sec. by determining the 
impedance and the ohmic resistance; the primary inductance 
was determined with a current of 0°5 amp. (which was used 
in all subsequent measurements), the secondary with 100 volts 
between the terminals. The inductances were measured with 
the armatures both in housing A and in housing B, for most 
of them were sometimes used in one housing and sometimes 
in the other. The following results were obtained :— 

TaBue I. 
Lis 

Armature, LD —- Hw —~ 
In A. In B. 

WO. bose ss 000664 henry. 28°6 henry. — 

INGE ex noas ens 000691 22°7 23°9 henry. 

INO eee Sete 000688 19 138 

NOTA ee eeaatne —- er 6°32 

Nia x p.careee _- — 1:68 

An attempt was made to measure the mutual inductance 
L,, in Nos. 1, 2, 3, by determining the voltage across the 
secondary when an alternating current of known magnitude 
and frequency was passed through the primary. But from 
the values so obtained the calculated value of the coupling 
was greater than 1. This discrepancy is only an expression 
of the well-known fact that this method of ‘determining 
a mutual induction is only applicable strictly when the 
circuit is non-magnetic, but the failure of the method makes. 
it difficult to find a simple method for determining the 
mutual induction in the conditions of current and frequency 
which obtain in the measurement of the self-inductances. 
Accordingly, no further attempt was made to determine. 
the mutual inductance, but it was clear that the coupling 
was not very different from unity. 
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Oscillation Measurements. 

14. The next step was to measure the constants of the 
circuits by the methods, depending on the determination 
of the periods of the oscillations, described in the previous 
part of the paper. Such measurements were made on the 
following combinations :—10,000/0, 8000/2000, 8000/6000, 
6000/4000, 6000/8000. The results are given in Table IL., 
the figures derived from Table |. being given in brackets 
where they are available. The self-inductance of the 
primary is assumed to be independent of the uncoupled 

Taste II. 

Combination. L, (henry). L,' (henry). O,(mmf.).* 

10000/0 ‘00623 (00664) 28:2 (28°6) 43°5 0:040 

8000/2000 *0U599 (00691) 23°3 (24°4) 52 0-062 (106) 

8000/6000 ‘00591 (-00691) — (36:5) _ 0°360 (:378) 

6000/4000 "00573 (00688) 19°0 (18°25) 45 0:271 (:373) 

6000/8000 00552 (:00688) — (35°8) 0°760 ('663) 

* Calculated from T,, assuming L,=L,’. 

secondary turns in series, while the secondary self-inductance 
is taken to be the sum of those for the coupled and uncoupled 
turns which are in series. The values of ¢ in brackets are 
calculated in this manner. It is assumed that the coupling 

and the value of s for armatures 1, 2, 3, when there are no 
uncoupled turns in series, are the same and equal to that 
determined by the oscillation method for No. 1. Since 
both s and k? are nearly 1, the precise choice of their values 
will make little difference. The coupling of any other 
combination will then bear to the coupling of 10,000/0 the 
ratio of the self-inductance of the coupled turns to that 
of the coupled and uncoupled turns in series. 

The agreement between the secondary self-inductances 
determined by the two methods is within the limits of 
experimental error; it is certainly surprising that this 
quantity does not vary more rapidly with the frequency. 
On the other hand, the primary self-inductances are smaller 
(as would be anticipated) when determined by the oscillation 
method at the higher frequency. In tke previous part 
it was noted that L, appeared to increase with the period of 
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the oscillations, but the increase found here is considerably 
less than that found by Prof. Jones *. 

The agreement in the value of ¢ is not very close in most 
cases, but the variation of ¢ found by the oscillation method 
is always in the right direction ; as the uncoupled secondary 
inductance increases, ¢ increases also. ‘The measurement of 
Cz is not capable of much accuracy, and the differences 
between the various figures can hardly be said to exceed 
experimental error. The values shown include the 11°8 mmf, 
added to the circuit for measuring purposes. It is perhaps 
rather surprising that the difference between C, for these 
armatures and that for the armature previously used is not 
greater ; for in the inductor machine the windings are 
not surrounded on all sides by earthed conductors. On the 
other hand, it is to be expected that the addition of un- 
coupled turns should not increase C, materially, for the 
housing in which those turns were contained was ‘insulated 
from earth, and the capacity to earth of the windings in it 
should be less than that of the housing, which was estimated 
to be 4or 5 mmf. In what follows it will be assumed that 
C, may be taken the same for all the combinations. 

In general, then, it may be said again that the oscillation 
method gives results which are consistent among themselves, 
and agree, as well as can be expected, with the values obtained 
by other methods. The theory which is involved in the 
measurements is reliable so far as the determination of 
the constants is concerned. 

The Damping Coefficients. 

15. Fig. 8, corresponding in all particulars to fig. 5 of 
the first part, shows y plotted against 7. The full line refers 
to the oscillations in the secondary circuit; the dotted line to 
oscillations in the primary circuit. The suspicion previously 
noted that the damping in the two circuits is not strictly the 
same is thus confirmed. The lines refer equally to all 
the combinations examined; it could not be established 
that, at the same frequency, w was different for different 
combinations of the armatures. 

It was found, again, that, for the same frequency, p’ is 

* For the larger values of ¢ the estimate of L, by the oscillation 
method may be too low. Tor that method involves the substitution of 
(1:1) for (1), which is only legitimate when 7 is very large—a condition 
which is not fulfilled when c is as great as 0-4. An error of 10 per cent. 
might arise in this way. 
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much less than w. Points corresponding to pw’ are denoted 
by +, and against each is marked the value of ¢ for the 
combination to which it refers. It will be seen that the 
difference between w and pw’ decreases with the coupling, 
and at the smallest coupling investigated the two are near ly 
equal. These relations, again, are suggestive for a theory 
which would take into account the effect of the losses in the 
iron cores. 

Fig. 8. 
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As is to be expected, the damping coefficients are smaller 
for the inductor machine than for the Thomson-Bennett 
armature in its housing, although they are greater than 
those for the latter out of its housing. It cannot be imme- 
diately concluded that the difference is due to the better 
lamination of the magnetic circuit of the inductor machine, 
for if any part of the loss is due to hysteresis it will decrease 
rapidly with the flux density in the iron. This flux density 
is doubtless greatest in the Thomson-Bennett armature in 
its housing, and probably least in that armature out of its 
housing. The superiority of the inductor machine in this 
respect is of considerable practical importance, whatever 
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may be its cause; but it should be noted that the rotating 
armature machine had unlaminated pole-pieces ; in most 
modern machines the pole-pieces are laminated. 

The Peak Potential. 

16. So far the experiments have been preliminary. The 
main object of the investigation is to determine the peak 
potentials given by the various combinations of armatures. 
These were determined as in the previous part, a primary 
current of 0°5 amp. being broken ; the capacity added to 
the secondary circuit for purposes of measurement was 
37°4 mmf., in place of 11:8’mmf. 

In fig. 9 the resulting peak potentials are plotted against 
C, for the following combinations :—10,000/0, 8000/0, 
6000/0, 8000/2000, 8000/4000, 8000/6000, 6000/4000, 
6000/8000. On each curve is given the corresponding 
value of c, calculated as explained in § 14. 

It should be noted at the outset that the divergence 
of the experimental points from the smooth curves drawn 
through them exceeds greatly the possible experimental 
error of a measurement; it is due to a real variability of 
the peak potential being measured, and not to a deficiency 
of the method of measurement. The best proof of this 
statement is to be found in figs. 12, 13 (which will be 
discussed presently), in which the method of measurement 
was exactly the same but the divergence of the points 
from a smooth curve very much less. Again, while the 
general shape of the curves, and even such minor features 
as could be detected with certainty, could be repeated at 
successive trials, the absolute values of the peak potential 
were found to vary considerably. Thus experiments were 
made six times on 10,000/0; the extreme values differed 
5 per cent. from the mean, although on each occasion the 
variation of the peak potential with C, was almost exactly 
the same. ‘The series of measurements selected for fig. 9 
are believed to be closely comparable, but the ratio between 
the absolute values for any two curves cannot be relied upon 
to less than 3 per cent. 

The reason for this variability of the peak potential has 
not been discovered, but it is clearly connected with the 
losses in the iron core. It has always been noticed in 
all experiments on magnetos, and was not mentioned 
in the previous part because the method of measurement 
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had been less highly developed when those results were 
obtained, and it was less certain that the apparent variability 
was real. 

8900/4599 C=0-106 =: 

8COO/, N99 C=0-378 

Volts. 

9 (mf) Sp 
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Comparison of Theory and Euperiment. 

17. In fig. 10 the relation between the 
and u which is predicted by the theory is 
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values of c. In the Appendix tables are given showing the 
numerical values of V>,, and also of 7 from which the curves 
are plotted ; these tables may possibly be of use to others 
pursuing aie investigations. When all constants but C, 
are unchanged, uw is proportional to C,; and accordingly 
the experimental curves of fig. 9 should each resemble 
one of the theoretical curves of fig. 10, or a curve inter- 
mediate between those drawn for some intermediate value 
Tie ie 
It is evident at once that the theory is not applicable. 

In the experimental curves there is no trace of the sharply- 
defined minima which are so characteristic a feature of the 
theoretical curves. Minima can be traced in the experi- 
mental curves, and they appeared always to be accompanied 
by, a variability in their neighbourhood greater than the 
average; but the minima are always shallow depressions 
and not sharp cusps. Further, if we neglect the subsidiary 
minima and consider only the general trend of the curves 
no better agreement is found. All the theoretical curves 
have main maxima at values of w which are markedly 
different from 0, and the value of w at which the maximum 
occurs varies notably with c. But all the experimental 
curves have maxima at or very near 0, and there is no sign 
of a variation of the position of the maximum with ec. 

In particular, the expectation in which the experiments 
were undertaken is completely falsified. There is nu sign 
that by increasing ¢ and decreasing the coupling the 
optimum value of Gi ean be increased, or even that the 
decrease of the peak potential with increase of C, can 
be diminished. Indeed, if the curves are donmpamel for 
two combinations which have the same number of coupled 
turns but different numbers of uncoupled turns (e. g. 6 and ¢ 
or ¢ and A), it will be seen that the addition of uncoupled 
turns, which decreases the coupling, always makes the curve 
fall off more steeply as C, is increased. 

And when we turn our attention from the general shape 
of the curves, and compare merely the maximum peak 
potentials given by different combinations with the optimum 
value of C, in each case, no better agreement is found. 
Tt Ji, and, C, are constant (as they are very approximately 
in these experiments) then the theory predicts that the 
relation between the peak potential with optimum (, 

* The abscisse are so chosen that the scale of w in fig. 10 is nearly the 
same as the scale of C, in fig.9. Differences between the two figures are 
not simply due to a wide difference in the scale of the abscissz. 
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should vary with c in the manner shown in fig 11. The 
experimental curves show no such relation ; the maximum 
peak potential decreases with the number of turns coupled 
with the primary, even if the coupling is unaltered, and 

Fig. 11. 
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it decreases steadily as the coupling is decreased by the 
addition of uncoupled secondary turns. ‘The best result 
is obtained by using as many secondary turns as possible 
and coupling them as closely as possible with the primary. 

In all particulars, therefore, the theory proves false, and 
it provides no guidance whatever to the design of the 
armature. The methods which have been adopted in 
practice as a result of mere empiricism seem the most 
satisfactory, and it seems unlikely that any considefable 
improvement in the efficiency of the magneto can be pro- 
duced except by reducing the iron losses in the core. 
Until these losses are made as small as they are in the 
induction-coil, an application of the theory which neglects 
those losses is useless. 

But before passing on it is interesting to notice one feature 
in which the experiments just described agree with those of 
the previous part. The maximum peak potential calculated 
by the theory (neglecting damping) for the combination 
10,000/0 is 4750 volts ; if this is corrected in the manner 
explained in § 8 for the observed damping, it becomes 
3090 volts. The observed maximum peak potential is 
2560 volts, and the ratio of observed to calculated is 0°83. 
It is worthy of remark that this ratio is not very different 
from that found for the totally different armatures examined 
previously, namely 0°76 and 0°78. It is possible that the 
constancy of this ratio has some theoretical significance. 

Liffect of an Air-core Coil in the Primary. 

18. In his paper, on which the present work is based, 
Prof. Jones described measurements of the peak potential 
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of a magneto in which results much more concordant with 
his theory were obtained. The curve which he gave showing 
the relation between the peak potential and C,; was marked 
by well-defined minima such as are characteristic of the 
theoretical curves. The discrepancy between his results and 
those just described has to be explained. 

At first it was thought possible that the discrepancy 
might arise from the methods adopted for measuring the 
peak potential ; Prof. Jones employed a method depending 
on a spark-gap. Buta few experiments were sufficient to 
show that tie two methods gave precisely the same results 
within the limits of their respective errors. It was then 
noted that, in order to bring the frequency of the oscil- 
lations within the limits of the instrument which he had’ 
employed for measuring the wave-form, Prof. Jones had 
inserted in series with the primary of the magneto a choking 
coil with an air-core. Accordingly, the measurements which 
had been made were repeated with a choking coil with an 
air-core and a self-inductance of 0-001 henry inserted in 
series with the primary. Curve A of fig. 12 shows the 

Fig. 12. 
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relation that was then obtained between the peak potential 
and the primary capacity. The sharp minimum character- 
istic of the theoretical curve is now clearly shown: the 
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points lie much more closely to a smooth curve, and they 
could be repeated on successive trials very nearly within the 
limits of observational error. The nature of the result was 
thus entirely changed and observation brought much more 
closely into concordance with theory. 

It was, of course, suspected at once that the great difference 
was due to the fact that the external choking coil was free 
from hysteresis and eddy-currents, and not merely to the 
presence of the external coil; but it was thought desirable 
to establish the fact by substituting for the air-core coil a 
coil of the same self-inductance wound on an iron core. 
Fig. 12 B shows the results which were then obtained ; the 
sharp minimum has not altogether disappeared, but it is 
much reduced, while the whole curve is depressed some 
12 per cent. Now the iron losses in the external coil must 
have been very much less than they would be in a coil of 
similar self-inductance constructed like the armature of a 
magneto, for the core on which the coil was wound con- 
sisted of a straight laminated bar and not of a nearly closed 
magnetic circuit. Accordingly, the difference in the curve 
introduced by the substitution of such a coil for one strictly 
free from iron losses is sufficient to indicate that the main 
reason for the complete absence of sharp minima in the 
curve taken without the external coil is to be found, as has 
always been suspected, in the iron losses. On the other 
hand, it is by no means clear immediately why the mere 
addition of an external coil, even if it is free from iron 
losses, should change so completely the character of the 
results ; some further investigation into the matter seemed 
desirable. 

The first step was to discover whether the damping of the 
oscillations had been greatly diminished by the air-core 
choking coil. The logarithmic decrement was found to be 
reduced, but only by about 10 per cent., an amount much 
too small to account for the great difference in the peak 
potential. But at the same time a remarkable feature 
appeared. The primary self-inductance without the choking 
coil in series was ‘00623 henry, and it was accordingly 
suspected that with the choking coil in series it would be 
about *0072 ; it was actually found that the self-inductance 
was only ‘00578, less than that of the armature without any 
external coil. It is clear that the presence of the external 
coil modifies profoundly the oscillations in the rest of the 
primary circuit. 

Phil. Mag. S. 6. Vol. 37. No. 220. April 1919. 2K 
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Deduction of the Constants from the (Vom, Cy) Curves. 

19. Measurements of the relation between the peak 
potential and the primary capacity were also made with 
other air-core coils in series with the primary. The results 
of these measurements are shown in fig. 13, where the self- 
inductance of the external air-core coil is denoted by Ly’. 

Fig. 18. 

C, (af) 

It will be seen that, even when Ly’ is as small as -00025 and 
only 5 per cent. of Ly, the self-inductance of the primary of 
the armature itself, the presence of the external coil makes 
marked minima appear in the (Vom, C,) curve, though they 
are absent when it is not there. Since the appearance of 
these minima indicates that, in one respect at least, the 
predictions of the theory are fulfilled more accurately than 
before, it is worth while to inquire how far the agreement 
of theory and observation extends in the new circumstances. 

Perhaps the best way to investigate the matter is to 
altempt to calculate from the experimental curves the con- 
stants of the circuits ; the general consistency of the values 
obtained will show how far the theory used in their deduction 
is applicable. The attempt will also have some intrinsic 
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interest, for, if it is successful, it will show a new method for 
deriving the constants of the circuits and one that has some 
advantages over methods which depend on the determination 
of wave-forms. Jor the tracing of wave-forms of such high 
frequency as is characteristic of magnetos and induction-coils 
must always involve rather elaborate apparatus, whereas in 
order to obtain (Vom, C,) curves only the simple apparatus 
for measuring the peak potential is required (see page 301 
of the March number) together with variable inductances 
and capacities. 

In the deduction of the constants of the circuits from the 
experimental curves, it is probably best to use only the 
positions of the various maxima and minima, and to base no 
conclusions on the relative height of these points; for the 
latter are likely to be more affected by slight imperfections 
of the theory than the former. But even when the inquiry 
is so limited, the best method of procedure requires a little 
consideration. For it must be remembered that the experi- 
mental curves give Vom as a function of C,, while the theory 
gives it as a function of uw ; wis proportional to C,, but the 
factor of proportionality is not known at the outset; to 
discover this factor must be the first step in the process. 
We may proceed thus: 
Hach of the curves in fig. 13 applies to a different value 

of Ly,’ and therefore to a different value of the ratio u/C; 
and of c. The first step, then, will be to calculate from the 
theory the values of wu at which maxima and minima occur 
for different values of ¢. According to Prof. Jones’s theory 
(see (40), (41) of his paper), maxima occur when u and ¢ are 
(very nearly) such that r=4m—1, and minima when they 
are such thatr=4m-+1,m being any integer. In fig. 14 the 
values of uw at which minima occur for various values of m 
are plotted against c; fig. 15 gives the corresponding curves 
for the maxima. In the latter figure the portions of the 
curves which are drawn full instead of dotted are those for 
which the corresponding maximum is the highest maximum 
of all; the full lines, joined by vertical chain-dotted por- 
tions, give the relation between c and that value of uw which 
corresponds to the optimum value of C; (see § 10). 

From fig. 15 we see that the value of w which gives the 
maximum m=1 is very nearly independent of ¢ within the 
limits e=0°2 to c=0°4 and equal to 0°46. Accordingly, if we 
can find the value of C,, which gives the maximum m=1, 
we shall know that it corresponds to u=0°46 and deduce 
at once the ratio u/C, for the corresponding curve. The 
maximum m=1 will, if it occurs at all, be always that 

2H 2 
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furthest to the right, but if ¢ is too small it may not occur 
at all. A very little consideration will show that in figs. 12, 

Fig. 14. 
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13 it occurs in all the curves except that for L,’=-00025. 
Accordingly, we get the following table :— 

a 
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Tas Le III. 
u/C,. 

iY C, for max. pee ree, Sey 

Ne at m=1. Obs. Calc. 

"00025 3°07 

"00050 0°136 3°38 3°45 

"00075 0:108 4:25 a8 

00100 0-113 4:06 4°17 

“00200 0-082 5°60 5°63 

"00400 0:057 8:07 8:08 

Here u/C, (obs.) is deduced from C; by putting w=0°46. 
If the theory were correct we should have 

u/Cy= 4n?(L,+ Ly! ee a 

Hence if we plot u/Q, against L,’ we should get a straight 
line of which the inclination is T, 2 /4m, the intercept on. the 
u/C, axis 477L,/T.?.. Such a line is shown by A, ae LG: 

Fig. 16, 
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all the points except that for L,’ =:00075 lie well on it ; the 
resulting values are L,=‘00178 henry, T,=0° 000172 sec. 
Both these values are much smaller than those estimated by 
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the oscillation method, and so far the theory does not seem 
to work well; but since the probable error of the deter- 
mination is large it is worth while to proceed. We will use 
the result only to give new “smoothed ” values for u/C, and 
to extrapolate a value for L,’=-00025 ; these values are given 
under u/C, (cale.). 

The next step is to use the minima and the other maxima 
of the curves. The following table gives for each value 
of L,’, first C, corresponding to the various maxima and 
minima, second the corresponding value of m (easily deter- 

-mined by inspection or corrected later if an initial mistake 
is made), third the corresponding value of u taken from 
Table III., fourth the corresponding value of c¢ taken 
from figs. 14 or 15. 

TABLE IV. 
ae C,. Mm. u. c (obs.). c (cale.). 

00025 ‘060 (max.) 2 185 "13 "119 
017 (min.) 2 052 “29% 

3? 13% 
“00050 045 (max.) 2 155 175 185 

‘017 (min.) 2 058 "24* 
119 (min.) 1 410 180 

00075 035 (max.) 2 134 ‘210 240 
‘071 (min.) 1 273 ‘240 

00100 024 (max.) 2 100 ‘240* 288 
"053 (min. ) 1 221 297 

00200 ‘O17 (max.) 2 "096 *245* "429 
"025 (min.) 1 141 337 

There are considerable discrepancies between the values 
of c determined for the same L,’; but all those marked by 
asterisks are very uncertain owing to the shape of the curves 
from which they are determined; if these are neglected 
some of the greatest differences disappear. Further, for all 
the curves except L,’=:00025 the value for the minimum is 
much more certain than that for the maximum and will 
alone be used in what follows. The case of L,’=:00025 is 
peculiar ; c determined from the minimum agrees well with 
that determined from the maximum if m=3, but the form 
of the curve shows that m should =2; but it must be 
remembered that the theory is already known to fail if Ly’ is 
very small. 
We have now obtained ¢ as a function of L,’. According 

to the theory 
pet Lye La, 

(L; + Ly’)L,! ’ 

so that if we plot 1/(1—ces) against L,’, we should get a 
straight line of which the intercept on the vertical axis 
is —L,, the slope L,’/Ly,.L.;.. The points are denoted 
by © in fig. 16, s being taken as 1:025. The point for 

1 
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LL,’ =:00200 lies far from any straight line that can be drawn 
through the remainder ; but if we neglect this point, we 
get the line B, giving L;=°00283 and Ly.lio,/L.’=:00270. 
L, is again smaller than the value determined by the oscil- 
lation measurements, namely ‘00578 — 00100 = :00478. 
Using the line to recalculate ¢ we obtain the figures shown 
under ¢ (cale.) ; it should be noted that for Ly’ =), c (cale.) 
is 0'046, agreeing well with the observed value by the oscil- 
lation method 0-040. 
We may now return to Table ILT., and, using this value of 

I, calculate T, from u/C;. We obtain for the various values 
of L,’, T,="000192, -000182, -000194, -000188, -000182. 
T, determined by the oscillation method is -000258 sec. 

It is clear, then, that the values obtained from the (Vo, C;) 
curves are not perfectly consistent amongst themselves, and 
that different methods of calculation give somewhat different 
results ; further, that these values do not agree with those 
found by the oscillation measurements. On the other hand, 
we obtain values of the right order of magnitude, and it is 
possible that the method, if applied to an induction-coil, for 
which the theory appears much more nearly correct, might 
give the constants with as great accuracy and much less 
trouble than by measurement of the periods. To complete 
the determination L,’ would be required. If the variation 
of the peak potential with C,, instead of C,, were studied, a 
simple extension of the method would give the required 
information ; but it has not been thought worth while to 
pursue the matter further. 

One final point may be investigated. Owing to the 
uncertainty in T, it is not worth while to attempt to com- 
pare measured and calculated values for the peak potentials, 
but we may investigate how the measured values vary 
with L,'. According to the theory, the peak potential ought 

to be nearly proportional to YL,+L,'; applying this 
criterion we obtain the following table according as we 
take for L, the value found from the determination of the 
periods or the method just given :— 

TABLE V. 

Oe L, ="00478. L, =:00283. 

0 37x 104 4°82 x 10+ 
‘00025 3°54 4:53 
"00050 3°83 4°57 

‘00075 3°70 4°61 

“00100 3°69 4°54 

*00200 3°76 4-45 
“00400 3°78 4°27 
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It appears that the ratio is more nearly constant for the value 
of L, determined from the period of the oscillations, but an 
intermediate value would be better than either. The primary 
self-inductance appears to vary with every method used for 
measuring it. 

General Conclusion. 

20. It seems, then, that the theory of the magneto which 
neglects the effects of interaction between the circuits and 
the iron core is not applicable in any important respect to 
machines of ordinary construction. It will predict neither 
the absolute values of the peak potential nor the variation of 
that potential with the primary capacity and the coupling. 

An important improvement in the agreement between 
theory and experiment can be produced by inserting in 
series with the primary circuit a choking coil with an air- 
core ; even with this coil in place the quantitative predic- 
tions of the theory are not fulfilled, but there is a qualitative 
agreement between theory and experiment concerning the 
relation between the peak potential and the constants of 
the circuits. 

These results were very disappointing in view of the pur- 
pose for which the work was undertaken, namely the practical 
improvement of the machine. It seems that the only con- 
siderable improvement which could be obtained would be 
produced by decreasing greatly the losses in the iron core ; 
no alteration of the coupling, the inductances, and the 
capacities which is practically possible seems likely to lead 
to any useful result. The inclusion in the primary of the 
air-core choking coil increases the peak potential obtainable 
with a given primary current, but in practice the decrease 
which it would produce in the primary current would more 
than counterbalance the increase in the ratio of peak potential 
to primary current. In order to avoid the decrease in the 
primary current it would be necessary that the choking coil 
should have a resistance small compared with that of the 
primary in the armature; to attain this condition and at the 
same time make its inductance comparable with that of 
the armature would involve the use of a mass and volume 
of copper which is quite outside the bounds of practical 
possibilities. : 

How far a reduction of iron losses is possible is a matter 
to be determined by further investigation. If hysteresis is 
the main source of loss, little improvement can be hoped for; 
but this alternative is not very probable. If hysteresis were 
the main agent, the loss and the damping should vary rapidly 
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with the total field, and therefore with the primary current ; 
whereas observation shows that the peak potential developed 
is very closely proportional to the current broken. If eddy- 
currents are the main source of loss, finer laminations might 
produce the desired result; but it is impossible to say at 
present whether any lamination which is mechanically possible 
would produce a marked effect. 

In the present state of the investigation hardly more light 
is thrown on matters of theoretical interest than on those of 
practical importance. But it may be urged that several 
of the relations found are extremely suggestive, and may 
help to indicate the path to a more complete theory. It is 
perfectly clear that the effect of the interaction between the | 
circuits and the iron is to change profoundly the relation 
between the two components of the oscillation which are 
predicted by the simple theory; it is possible that other 
components are introduced. If the effect of the iron core is 
merely to alter the relation between the amplitudes, the 
phase angles, and the damping coefficients of the two com- 
ponents, it seems not wholly impossible that a theory might 
be produced which would be as readily applicable to numeri- 
cal computation and practical design, as is the simpler theory 
which Prof. Jones has applied with such success to the 
induction-coil. 

Further progress might doubtless be made on the experi- 
mental side by determining more carefully the exact 
wave-forms of the oscillations, by analysing them into their 
harmonic components, and inquiring in what manner the 
relations between their amplitudes, phase angles, and damping 
differ from those predicted by the theory. Experiments in 
this direction had been begun when the time came to put an 
end to the investigation. They were by no means complete, 
and few conclusions could be drawn. So far as could be 
discovered, there was no sign of more than two different 
periods concerned in the oscillations, but whether the two 
periods which could always be detected were those of two 
harmonic components had not been fully ascertained. 

Summary. 

11. The paper is a continuation of the one in the March 
number. ‘I'he object of the experiments is to discover how 
far the relation between the peak potential, the primary 
capacity, and the coupling of the circuits which is predicted 
by the theory is found in experiment. 

12. The machine investigated is described. 
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13, 14. The constants of the circuits are measured by a 
standard method and compared with those determined by 
methods involving the use of the theory. 

15. The damping of the oscillations is investigated as in § 7. 
16, 17. The peak potentials are measured and compared 

with those predicted by theory. No agreement in any 
important respect is found between theory and experiment. 

18. In accordance with a suggestion arising out of Prof. 
Jones’s work, the effect of the presence of a choking coil 
with an air-core in the primary circuit is investigated. It 
is found that such a choking coil improves in some respects 
the agreement between calculation and experiment. 

19. An attempt is made to use the measurements of the 
relation between the peak potential and the primary capacity, 
when the choking coil is in series with the primary, to deter- 
mine the inductances and coupling of the circuits. A method 
for such a determination is given, but the results show that 
the observations, though qualitatively in agreement with those 
predicted by the theory, are not so completely in agreement 
that consistent values for these constants can be obtained. 

20. General conclusions arising out of the research. 

APPENDIX. 

Values of U, Using, and r for different values of ¢ and u- 

c=0°05. c=0:103 
0. U, ip Usin ¢. U. U, Cie Usin 9. 

“O01 1:017 45 1017 02 1:035 22°6 1:035 
02 1:022 32 1022 ‘O4 1:046 16°71 1041 
03 1-025 26 2 1:025 ‘06 1052 13°3 1:034 
"04 1:026 22:8 1:026 08 1054 12:0 1:047 
"05 1:026 20°5 1:026 “10 1°054 11:0 1054 
06 1:026 18°8 1:025 12 1:054 10°1 1048 
‘O07 1:025 175 1-017 "14 1-053 9°5 1038 
08 1 024 16°4 1016 16 1050 9:0 1°002 
09 1:023 15°5 1:022 18 1047 8°64 1009 
10 1:021 148 1:021 20 1:044 8°35 1-017 
"12 1018 14:2 1:013 "25 1:035 7°84 1:024 
14 1011 13:7 1:001 30 1:025 73 AOzs 
16 1008 128 "988 35 1013 713 1015 
“18 1:005 1271 won “40 1°000 6°80 ‘999 
-20 1-000 11:8 "995 "45 “987 6°71 "998 
30 O74 10-4 "968 50 975 6°56 995 
40 947 SPAT) 932 6 "954 6:37 "990 
50 ‘919 9°34 "890 aT "924 6°28 ‘987 
60 893 9-11 "854 8 "900 6°21 "985 
“70 *869 8°94 828 ‘9 ‘877 618 983 
‘80 *845 8°89 -806 1-0 "809 6:18 983 
“90 823 8°83 788 1:5 “762 6°29 "988 

1:00 803 8:80 "768 2°0 *689 6°53 "994 
2°5 632 6°86 "999 
30 “587 7°14 "999 
39 745 "996 549 
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e=0'°)d: 

U. r. 
1:035 22°4 
1:048 18°4 
1:063 isa | 
1:072 tt 
1:077 9°63 
1:081 881 
1:084 831 
1:085 7°68 

1:085 7°37 
1:084 7-02 
1:082 679 
1:077 6°32 
1:069 597 
1:059 572 
1-048 5°52 

1:036 5°41 
1025 SSE 
1:000 5:13 
‘975 5:06 
"951 4:99 
-926 4:96 
*904 4°96 

c=0:20. 

Uz. r. 
1:042 22:4 
1058 159 
1:070 ier t 

1:078 iz 
1:091 9°55 
1:099 8:43 
1:106 7°65 
oH 7-06 
17114 668 
£496 6°36 
17118 6'03 
1118 581 
1118 5°62 
1116 5°48 
1116 5°35 
1114 5:21 
TVlll 511 
1:104 4°96 
1:095 4:75 
1:085 4°60 
1-074 4°52 

1:062 4°45 
1:050 4°39 
1:025 4°31 
1-000 4:26 
‘976 4°24 
"951 4:24 
"906 427 
"864 4°31 
*825 4°37 
*790 4°44 
"760 4°52 
"692 4:75 
638 4:96 
"538 5°40 
*500 5°80 

U sin 9. 
1-035 
1045 
1-040 
1-072 
1-044 
1-036 
1-057 
1-076 
1:083 
1-084 
1-082 
1-065 
1-040 
1011 
“982 
959 
935 
"888 
855 
"*825 
806 
"786 

U sin ¢. 
1-042 
1:053 
1058 
1-074 
1-068 
1-070 
1099 

e=0°25. 

ae Va 
1:048 20'1 
1067 14°2 
1:080 Tie? 
1-091 10°4 
1:108 8°64 
1:120 7°48 
1:129 6°84 
1°136 6°32 
1143 5:93 
1148 5°63 
1-150 5°38 
1°152 5°19 
1°154 5°00 
1°155 4°80 
1°152 4°52 
1148 4°34 
1°142 4:19 
1°133 4:08 
T1938 3°97 
1:100 3°87 
1:076 381 
1:051 Lire 
1:026 3°74 
1000 Sto 
"952 Se 
"908 3°78 
“794 3:99 

c=0°30 

U. 1. 
1075 13:0 
1110 9°46 
17124 7°84 
17139 6°78 
1°152 6°19 
1174 5:23 
1:187 4°70 
1193 4°38 
1:195 4:09 
1:194 3-20 
1:188 ott 
1:182 3°67 
1179 3°64 
1174 3°60 
1154 3°48 
1:130 3°42 
1°104 3°38 
1-078 3°36 
1:052 3°36 

U sin 9. 
1-049 
1-080 
1 db 2 
1°137 
1:134 
1:059 
1-060 
1:096 
1:127 
1:144 
1-149 
1151 
1151 
1148 
1:138 
1118 
1-094 
1:070 
1:044 
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e=0-40. e=0'50. 
U. U. , Usin ¢. U. LOPS ee Usin ¢. 
02 1-091 11:2 1-091 02 1104 10:0 1-093 
“04 Tag 8:14 1-106 "04 1-149 7:25 1:148 
06 1/155 6°72 1153 ‘06 1184 5:97 1151 
08 L177 5°87 1:138 ‘08 1-213 5°20 1-089 
‘10 1-195 5°32 1:086 “10 1:238 4°71 1:102 
“15 1-229 4°46 1-122 "15 1:289 3°96 1:230 
-20 1-255 3°95 1-199 “20 1328 3°49 1:308 
“25 1:273 3°68 1-240 25 1357 3°26 1:352 
“30 1-284 3°46 1-267 "30 1:380 3°03 1:380 
35 1-289 331 1-281 "35 1398 2°88 1:396 
“40 1:29] 3°20 1:285 “40 1-406 277 1:399 
“45 1:289 310 1-289 "45 1412 2°69 1399 
"50 1:285 3°02 1-285 ‘50 1-414 2°62 1:396 
‘5D 1:279 2°97 1279 "D5 1414 2°57 1:390 
‘60 1-269 2°93 1°268 60. = 1413 2°53 1384 
‘70 1:248 2°86 1:246 40... 1392 2°47 1:356 
‘80 1-222 2°83 1-220 ‘80 1:368 2°44 1°324 
‘90 1195 2°81 1-192 “90 1337 2°42 1:295 

1:00 1167 2°81 1164 1:00 1:306 2415 = 1-260 

XXXIV. Onthe Dispersion of Diamond. By L. SILBERSTELN, 
PhD., Lecturer in Mathematical Physics at the University 
of Rome™. 

HE object of the present paper is to apply the concept 
of electrical interaction of atoms, developed in previous 

papers }, to the refractive properties of diamond considered 
as a known assemblage of fixed “atomic centres,’ each 
containing a single dispersive electron and becoming a 
doublet in presence of an external electric field. The 
assumption of the mutual immobility of the “centres” 
themselves, 7. e. of the whole atoms, need not be given up until 
one comes to contemplate the infra-red free frequencies ; 
the ultra-violet ones, which chiefly interest us for the present, 
can all be thrown upon the electrons. , | 

Consider a space lattice of points, indefinitely extended in 
all directions. let all these points be occupied by the 
centres of equal atoms, each containing a single electron 
whose charge and mass are e, m. Write B=e?/m, and 
denote by the vector p, the electric moment of the doublet 
produced at the 7-th centre by the electric force E of the 
incident light-wave (and by the co-operation of all the 
remaining doublets). Then, for monochromatic light of 

* Communicated by the Author. 
+ For what follows it will suffice to consult the second paper on 

“‘ Refractivity and Atomic Interaction,” Phil. Mag. vol. xxxui. p. 521 
(1917), more especially the general formule (2), (3) on p. 522. 
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Squared frequency y, the equation of motion of the i-th 
electron gives, for any arrangement of equal centres, 

Eek (Yo—7)Bi— 7 2-3 [3u(up;)—p;] = BG, 1 1, 

where yp is the squared free frequency, common to all 
the electrons, u the unit vector drawn from the i-th towards 
the j-th centre (or vice versa), r the mutual distance of these 
centres, and @ the force on the i-th electron, per unit charge, 
due to the external field E and due to all those doublets not 
already taken account of under the sign of summation. 

Tf the sum, in our case a triply infinite series, embraces 
all the centres, that is to say, all “neighbours” of 7, no 
matter how distant, then the force @ reduces simply to E. 
For, according to the opinion generally held, electromagnetic 
phenomena are influenced by particles of matter only so far 
as these contain electric charges. Now, in the case of our 
present problem it will be easy to exhaust all centres. 

Thus, 

aa 1 ey, \ 

According to Bragg, diamond consists of the superposition 
of two face-centred cubic lattices, one of which is obtained 
from the other by translating it rigidly along a cube diagonal 
one-quarter of the length of the diagonal*. Hach point of 
both lattices is occupied by a carbon atom. The result of 
this superposition is that each carbon atom occupies the 
centre of a regular tetrahedron whose four corners are 
occupied by the four nearest neighbours of that atom. The 
relation of this tetrahedron to the original face-centred 
lattice is well-represented in fig. i drawn in perspective 
(for which I am indebted to Mr. EK. Hatschek). The lattice 
points are the centres of the five spheres drawn so as to be 
in contact with one another. The rough sketch, fig. 2, corre- 
sponding to Bragg’s photograph on Plate III. of his work, 
represents a number of centres linked up by straight lines 
to their four nearest neighbours. (The actual] distance of 
nearest neighbours, 7. e. centres, or in usual notation 2d,,,, 
is 154.10°-%cem. This, however, is irrelevant for our present 

* W. H. and W. L. Bragg, ‘X-Rays and Crystal Structure,’ London, 
Bell (1915), pp. 105 e¢ seg. A beautiful construction of the **funda- 
mental domains” of Bragg’s diamond lattice was given by L. F dppl in 
Phys. Zeitschrift, vol. xv. p. 191 (1914). 
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purpose, owing to the ultimate cancelling of all interactions.) 
Details showing the very strong experimental evidence in 

Fig. 1. 

support of the view that such is precisely the structure of 
diamond will be found in Brage’s work. 
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In order to evaluate the vector sum appearing in formula 
(1), fix as the 2-th centre any of the lattice points, say O in 
fig. 2. Call 1, 2, 3, 4 its four nearest neighbours. The 
assemblage being unlimited and homogeneous, all the atomic 
centres are in equal conditions. Disregarding the free 
oscillations of the system, which would soon die away, let 
us take account only of the vibrations of p; forced by the 
external field. Then, in a homogeneous*. field E, the 
moments p; will either be all equal in size and direction, or, 
at the utmost, split into two classes, p’ and p’’. In order to 
see this we can proceed as follows. Let, for instance, E be 
varallel to and concurrent with the vector Ol. Then every 
atomic centre will be either such as O, in which E points 
away from it towards its next neighbour (viz. 1), or such 
as 1, or 2, etc., where E is directed towards them, away from 
their nearest neighbours. Let p’ correspond to the first, 
and p’’ to the second class of centres. Then, denoting by Oo 
the linear vector operator in formula (1), 7. e. writing it, as 
a dyadic, 

Des 
O=7->,4[30.u-1], Sue ee en) 

the vector sum, say P, representing the total action of all 
doublets upon the electron in O will be 

P= 0'p' Op”, : 

where ©’ is as in (2) with u=w!, r=7', and with = extended 
to the first class of points, and similarly for ”’. 

Now, E being along 01, the vectors p’, p’’ can, by reasons 
of symmetry, have only the same or opposite directions. 
Thus, denoting the unit vector from O to 1 by i, 

P—pas pp =sp'i, 

whore s is a scalar (undetermined thus far), and therefore, 

P=p'(0'4+s0")i. 

But if the field E is reversed, the rdles of the two classes 
of centres will be exchanged: the moment for each member 
of the first class will be —sp'i, and for the second class —p’i; 
at the same time the total P will be reversed, so that (the 

* This will also hold with sufficient accuracy in the case of luminous 
oscillations, since their wave-length is very great as compared with the 
mutual distance of neighbour centres. The latter being of the order 
of 107° cm., a wave-length cube of visible, or of not too remote ultra- 
violet light, will contain 10'* or 10’° atomic doublets. 
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geometrical relations of all the centres to O remaining 
the same) 

P=p'(sQ!+ "i, 

and by adding to the last equation, 
: I 

pl Ete? (oom, 
that is, 

P=L(l+s)p'Oi, . . 4) 2 ee 
where Q is the total operator, taking account of all centres, 
as in (2). Thus, in order to show that the resultant inter- 
action is nil *, it is enough to prove that Qi=0. 

Let us introduce as a reference system the four unit 
vectors i, j, k, 1, drawn from a centre, say O, to its four 
nearest neighbours, 1, 2, 3, 4 (fig. 2). Then, first of all, 

i+j+k+1=0, (4) 

and ij=-ik=il=jk, etc. Thus, multiplying (4) scalarly by i, 
for instance, we have 

YHik=....=-4, . . ee 

which, by the way, is a very simple deduction of the cosine 
of the equal angles 102, 103, etc. Using this, any vector R 
can at once be represented by means of its four projections 
upon 1, etc., 

Rij= Bi, y= Ry ig = RK, Re 

In fact, write 
R=a,1i+a.j+ta;k4-a,1; 

then Ry=a,—} (ag +434 a4), 

or R,=4a,—4 5a, ete. 

Of these fonr equations three only are independent, since 
we have identically 

R,+ho+A34+ hy=RG+j+k+)=0. 

Thus one of the four coefficients a; remains arbitrary. We 
can put Sa;=0, so that k;=4a,, and therefore, the required 

* When E falls into i or O1, and therefore also when E has the 
directions O2 er 03 or O04. This being the case, and p being at any 
rate a symmetrical or self-conjugate linear vector function of B, the 
proof that Gi=0O will imply also that the interaction is nil for any 

' direction of E, 
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representation of any vector, 

=#{hi+ A,j+A;k+ Ryl}, 

or written as a dyadic, 

Li ed ea ert ble oc ie (8) 

- This may be a useful formula for various purposes *. 
Returning to our problem, let us substitute in O 

We ee eri iiiabys ce) a 

In the first place, it may be interesting to notice that if 
only the four nearest neighbours are taken into account, 
then 2=0 identically ; in tact, in this case we have, by (2), 

O 234) = -35(3u.1—1)= a {8G.i+...4+1.1)—4}, 

which vanishes identically by (6'}. Next, passing to the 
full operator, with the sum in (2) extended to the whole 
unlimited assemblage, notice that 0 is a symmetrical or self- 
conjugate linear vector operator and will thus have three 
mutually perpendicular principal axes. If the three corre- 
sponding principal values of such an operator are equal, the 
operator degenerates into an ordinary scalar or numerical 
factor. In that case, in fact, every direction is a principal 
one. Now, turning to our operator Q, take i, that is, a unit 
vector along Ol, as operand. Then the result will obviously 
be a vector along +i or —i, ve. 

Oi= On TY bs ‘ 

where Qy, is a scalar, viz.iQi. Again, remembering that 
ij= — i, etc., 

? On =jOiI=Oyji=— 301, 

and similarly Q;3= —30,, ete. Also, by the equivalence of 

1, J; K, ue 

: OR 0.,— etc. 

Thus, summarily, 

= Ss O. — 30,8, “ e : (7) 

where a~B=1,2,3,4. Writing, for the moment, p= —.,, 
Aq 

we have, by (2), 

Oy = = p(8uy?—1) 5 Qy=Dpe(3u,w2—ij) = Fp (Buju, + 4), 

and since 0Q,.= —4Q0y, 

Yp(dujty + 4) = ~e(s —uy"), ete. 

* Similarly, if i,j, k are three unit vectors drawn from the centre of 
an equilateral triangle towards itscorners, so that again i+j+k=0, 
ij=jk=...=—¥4 (=cos 120°), we have, for any operand, 

1.i4j.j+k.k=3/2. 

Phil. Mag. 8. 6. Vol. 37. No. 220. April 1919. 2 F 
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7 Hence, making use of (7), 

Se($ — uy? — ug? — uz? —ug?) =4 2 p(Bujuy +4) 

or dp fey? + uy? + wz? + ug? + 12uyuy} =0. 

Now, by (6), 

Ut... bu? =sujugt+... t18; .. Y16pruytt>+ 16>0=0, 

1. é. Spuyu,= —LXp, 

and therefore, Oy = Zp(—4+4)=9, 

so that, by (7), Qug=OQoa=0 for all values of the suffixes, 2. e. 

O=0; 

for any direction of the operand. 
In plain language, the resultant action of all doublets in an 

unlimited * diamond lattice is nal. 
Equation (1) thus becomes, for any 2, 

Foy 

hate 
as if there were no interaction between the carbon atoms. 

If w is the refractive index and §t the number of carbon 
atoms per unit volume of the crystal, then 

(wW—1)E=MNp;=MNp , 

NB 

ey 

as in the elementary theory of dispersion. 
If X be the incident wave-length (in vacuo) and, similarly, 

AX) the free wave-length belonging to the electron of the 
carbon atom, then 

y=4n? [Myo 4c? /Ao’, 

and therefore I leomd 

¢ being the velocity of light zm vacuo. Thus, with the 
abbreviations 

i KB e?/m 
ae °> Gee age > 7 

* Such an assumption is physically equivalent to the limitation of 
the investigation to portions of the crystal distant enough from its 
surface. Deviations from the said simple behaviour will occur only in 
surface-layers whose thickness is comparable with the elementary 
spacings. It would be interesting to investigate them. 

& 



Dispersion of Diamond. 403 

the dispersion formula of diamond becomes 

a 
pw?=1+ (9) 

that is, the simplest, two-constant formula of the common 
type. 

If, therefore, our assumptions are correct, this simple 
formula should represent the observed refractive index of 
diamond at least for not very long infra-red waves *, and 
also for not too short ones. For, in the latter case, the 
assumption of approximate, comparative homogeneity of the 
external E would break down. 

Now, turning to facts, the best observations on diamond 
are, as far as I can make out, those due to Martens f, who 
measured the refractive index of this crystal from X=0°643 
down to 0°313 microns. Martens himself represented his 
observations by means of a three-constant formula of the 
type p?=A+a/(uy—u) (with A as much different from unity 
as 18755). His wave-lengths, however, attributed by him 
to the cadmium lines, deviate slightly but not insensibly from 
the values obtained more recently. Adopting the new 
A-values, chiefly as they are given in Landolt-Boérnstein’s 
Tables (latest edition, 1912), I find that Martens’ observations 
of w are almost perfectly represented by our formula (9), 
to wit with 

Ug— uw’ 

a=357°40 micr.~ 

uj=716°691_ ,, 

2. €. Ag=0°1142 micr. The values of the refractive index pu 
calculated by means of (9) and (9a) are given in the third 
column of the following Table. The first column contains 
Martens’ short denominations of the spectrum lines used for 
his measurements, the second column gives their wave- 
lengths as here adopted, the fourth column contains Martens’ 
observed pw (at 14° C.), and the last, the differences 
A p= eale.— Hobs. t- Below the horizontal bar three more 
observations are added, due to Walter, Schrauf, and Wiilfing) 
as quoted in Landolt-Bornstein’s Tables. 

* According to Coblentz (“Infra-red,” pt. vi. fig. 80, p. 46) the 
nearest absorption-band of diamond lies at about\=5 microns. Coblentz 
has also observed one at 65 microns. At any rate these long free 
frequencies should not appreciably influence the dispersion in the 
domain here contemplated. 

+ F. F. Martens, Ann. der Physik, vol. viii. p. 459 (1902). 
{ Besides the 10 observations given in this Table there is one more, 

pp=2°4253 observed by Martens; this, however, being for a A uncertain 
within the limits -5338—'5379, is omitted here. 

2F 2 

toe) 
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\. Meale. Hobs. Au. 

| Cdsl3” | /O-Slse 2°5947 2°5254 +:0003 
2) SE) InQSgely 2°5132 2°5130 +-0002 
,, 840 | 0:8403, 2°5003 2-5008 —-0005 
, 346 | 03446, 2-4955 24951 +:0004 
, 361 | 0°3610, | 2:4856 2°4853 +0008 
,, 467 | 04678, 2-4401 2:4410 —-0009 
» 480 | 04799, | 2:4871 24370 +-0001 
» 508 | 05085, | 2°4806 94308 —-0002 

Na 589 | 05890, | 2-417] 2°4172 —0001 
Cd 643 0:6438. | 24107 2°4109 — ‘0002 

2°4100 (Walter, 16° C.) 

24103 (Wiilfing) — 0006 

2:4081 2°4084, (Schrauf) — ‘0003. 

H. 656 | 0°6568, | 24095 { 

Li 670 | 0:6708, 
( 94024. T fo) 

A760 | 07604 | 94016 |{Srooadwanien) | ~ 0008 
| ntl bate o 

With the only exception of Cd 467 (Aw= —:0009), the 
coincidence is almost perfect, and the deviations are, from 
*313 to ‘643 micr., pretty irregular. liven the three values 
obtained by other observers and, of course, with another 
sample of the crystal, although showing a tendency to 
increasing negative Ay, are too small to point to a systematic 
deviation of experiment from theory. 

Future, more precise, measurements of the refractive 
index of diamond may reveal some discrepancies. But for 
tle present we are justified in asserting that the one-term 
formula 

a 
pb wae ee 

represents the observations with all desirable accuracy. 
By (8) we have for the atomic constant of carbon denoted 

previously (loc. cit. p. 527) by &, and whose immediate 
meaning is 

DADOS ele ele ie 
ko = Baki 3¢ um ° ma’ e =e/n/4n, + hata (10) 

the value “FN 
ho= 3 at ° 5 e ° : : (11) 

It will be remembered that if e’ be the charge of an electron 
proper, the numerical value of fo 1s 

edo. 10) ennenr. 
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Now, substituting in (11) the value (9 a) of a, and putting 
M =12, and the density of diamond, d=3°515 (the mean of 
the best measurements *), we find as the atomic coefficient of 

Cree : S aay k 
carbon, entering into its “ atomic refractivity ’? C= — a 

lg 

bo Ue lO ena or, 77) oan hla e) 

This exceeds the nearest multiple (2) of the proper electronic 
value by as much as 0°22, a feature certainly not agreeable 
to the pan-electronists. I do not propose here to attempt 
to bring it down to an exact multiple of ¢ by some artificial 
assumptions. 

The other atomic attribute of carbon, its free wave-length, 
would be, by (9a), i 

Nga eee AU sis Seis ia Aa ELD 

as already quoted. There is nothing unlikely about this 
latter wave-length. Diamond has been known since 1862 
(Miller, Phil. Trans. clii. pp. 861-887, quoted by Martens) 
to be transparent for ultraviolet rays as far down as 
2240 A.U. I do not know whether this crystal has been 
investigated for its absorption below this limit. It would 
be very interesting to undertake experiments in the region 
2240-1000 A.U. with the considerably improved modern 
means. 

It will be kept in mind that the free wave-length (12 6) 
belongs to carbon inasmuch as we accept the absence of 
resultant interaction between the carbon atoms, which after 
what was said above it seems to me we have all reasons to 
accept. On the other hand, if (as we may abstractedly 
assume, for the sake of shedding some light upon the 
problem) there were some interaction, we should ultimately 
obtain a formula which would again be of the type of (9), 
Viz. 

w—l= a PT ROE NEG .atwi GF) 
Ug —w’ 

the only difference consisting in a modified value of the 

“tree wave-length” (Ap =1:./uw’). This statement can 
easily be proved. AN 

In fact if there is some resultant interaction, 2. e. 1 

20, we have, by (1), with © as explained in (2), with 

equal p;=p, 

Mt p=E+ Op. 

* Martens does not quote the density of his piece of diamond. 
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Now, if 0 is a non-vanishing operator (that is to say, not 
an annihilator), it is, at any rate, self-conjugate and has equal 
principal values, at least along our previous i, j, k, and 1. 
But such being the case, can only be an ordinary scalar 
factor, say o. Thus , 

and since, as on p. 402, (u?—1)E=Mp, we have, instead of 

5 eae Ras ! 
27 j= 7? the dispersion formula 

» NB a 
Bim a yy —-Bao-y w-u-aa MN (14) 

which is precisely of the form (13), with the same value 
of a as in absence of interaction, and with uy replaced by 

AG ae (15) 

Notice in passing that w’—1 being of the form 

! 
Up = up 

A 
B-w’ 

where A, B are constants, the same is automatically true of 

pel 
pe+2 

of Lorenz-Lorentz. More generally, if « be any constant 
number, and if 

such refractivity expressions as the much renowned 

ipa Pty 
es B-—w’ 

we have also, identically, 

we—1 A 

we+(«—1) 7 (A+«B)—xw’ 

that is, again of the form const. :(const.—u). This simple 
remark may be useful in discussing critically the Lorentz 
expression (k=3) and similar ones appearing in more recent 
empirical formule. 

Returning to formula (15) notice that (@ being at any 
rate positive) the effect of interaction in such crystals as the 
diamond would consist in lowering the free frequency (the 
latter being proportional to the square root of wu) or in 
shifting it t.wards tne red domain of the spectrum. A more 
detailed discussion of these theoretical relations may be left 
to the reader. : 

February 18th, 1919. 
Research Dept., Adam Hilger, Ltd. 
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XXXYV. aeuek lees of Operational Methods in Mathematical 
Physics. By T. J. Va. Bromwicn, Sce.D., F.RS.* 

ee use of operational methods has been repeatedly 
urged, in electrical and other physical problems, by 

Heaviside t. It does not, however, appear that the method 
has been as widely used as it deserves to be, both on account 
of its simplicity and its elegance; and even when the method 
has been used, some hesitation has been shown in accepting 
the conclusions based upon this process. 

Attacking certain problems by a different method, I was 
led to some “general rules which have confirmed the accuracy 
of Heaviside’s method {; and I have recently developed a 
more elementary treatment of the method (given in §3 
below). 

In order to illustrate the merits of the method a number 
of examples have been worked out in Conduction of Heat and 
in Hlectricity. Some of these will be found in §§ 1, 2 below: 
those in § 1 are suggested by the problem of ther mometers 
carried by aeroplanes. It will be found, I think, that these 
solutions are more direct, as well as being shorter than those 
which have been given previously ; if is easy, moreover, to 
take account of the effect of surface-conductivity without 
adding substantially to the difficulties of the discussion— 
see, for instance, examples (8), (y) in $1. 

$1. Some Operational Solutions in Heat-problems. 

In connexion with recent observations on thermometers 
carried on aeroplanes, it has been suggested that the surface- 
conditions may be represented by supposing the temperature 
in the surrounding atmosphere to be proportional to the 
time t. This represents the assumption of a uniform rate 
of descent and a uniform temperature - gradient in the 
atmosphere; and solutiens of certain problems under this 
hypothesis have been worked out by Mr. A. R. McLeod §. 

It is easy to apply operational methods to solve such 
problems, using an interpretation of the formule which is an 
extension of a known formula due to Heaviside: fairly 
simple direct proofs will be given below (§ 3) both for the 
new formula and for Heaviside’s original result. But in 

* Communicated by the Author. 
+ Electrical Papers and Electromagnetic Theory, passim. 
{ Proc. Lond. Math. Soc. vol. xv. ser. 2, p. 401 (1916). See in 

particular, §§ 3, 4. 
§ Phil. Mag. vol. xxxvii. ser. 6, p. 184 (January 1919). 
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the present section the formula will be used to obtain the 
results given by Mr. McLeod and some extensions of them— 
found by allowing for surface-conductivity. 

The new fornia may be stated as follows :— 
Suppose that we have found, by operational methods, the 

symbolic equation 

(Pa Ronee NS 3a 

where p stands for the operator d/dt and G is a constant ; 
then the solution (1) is to be interpreted as 

F(a) ce ‘ 2=G {Not +Ni+3 FING 

where p=e is any root of A(p)=0, the summation extends 
to all such roots, and No, N, are defined by the algebraic 
expansion 

6:2 ae Sar May et Nop? -+...5 ic 

The solution (2) has the proper ty of reducing to zero at ¢=0. 
Heaviside’s equation * is given similarly in the form 

F(p) P= { T we at i 

where P is a constant. It will be noticed that equation (4) 
can be derived from (2) by differentiation with respect to ¢ ; 
but the reverse step of integrating (4) does not give the 
constant N; immediately. We proceed now to apply equation 
(2) to the heat-problems mentioned. 

(«) The surface of a sphere ts maintained at temperature 
w(t. 

The differential equation for u in the sphere can be written 

3 2 (rn), | 
ag) 5h ee (5) 

where a’ = K/po, 

K being the thermal conductivity, p the density, and o the 
specific heat of the substance of the sphere. 

Now writing symbolically p for 0/d¢ and 

= pela ww ge hee a 

* ‘Electrical Papers,’ vol. ii. pp. 226 and 373. 
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we obtain the solution of (5) in the form 

LS sinh (qr/c) Gh 67) 

¢ sinh g 

because wu must vanish with r, and w==Gé at the surface 
r= ¢. 

It is quite easy to interpret (7) by the aid of equation (2)* ; 
but it seems unnecessary to write the result out at length, as 
the observations refer to the mean temperature wu, which we 
shall proceed to calculate in symbolic form. 

Thus we have the mean temperature 

i= 3 rudr=3 (tooth Ove Gt (8 2S ry , =) g LL P ’ a hide ) 

and this has now to be interpreted by means of equation (2). 
In the first place we know that 

Beas es te geothg=1+ 5 man et es 

and so the expansion corresponding to (3) is 

1 »)= ae a 1 pe? 
3 (-eoth g x i 35d el is qt 

Thus here if 
Jol sb N= at 15 c"/a?. CN aRa EE are bat . (9) 

Again in (8) we can write 

I'(p)=3(q cosh q— sinh q)/q’, 

A(p)=sinh 9/q, 
because each of these functions can be expressed in positive 
integral powers of p. The roots « of A(p)=0 are given by 

: C= nm en aC ae | AD) 

where n is any positive integer +. 
Then we find that ft 

5 eee ot Be . ae as q= 9, cosh 4g 

G 

5 : 
cand by (6) F(«)= <,00sh q= —7 cosh qs 

* It will be found that the operator in equation (7) really involves 
only g? and so can be expressed as the quotient of two series in p; but 
the form used in (7) is more compact and is easier to work with. 
+ Negative integers do not give any fresh values for p: and so should 

not be included because we require only the complete set of values of &. 
t Since A(«)=O it is only necessary to differentiate sinhg, in order 

to evaluate A'(c). 
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Thus Bie) ie ba* 
Ae) eek ae (11) 

Hence we have the interpretation of (8) : 

: : Gat eee 
u=G(t— z S46 aS 5 ao 

1a? Co ee 

ig eae ae Soe i pn tnart|o? (12) 

LOO! (o “rear ones Bn 

and this result agrees with that calculated by A. R. McLeod 
(see p. 136 of the paper quoted). 

(8B) The same problem as («), allowing for 
surface-conductivity. 

The surface-condition is then 

K ot 

ee 

where h is the surface-conductivity, supposed to be the same: 
at all points on the surface of the spherical boundary. 

Substituting in this condition the symbolic solution 

rus sinh (qr/c)A, 

where A is independent of 7, we deduce the formula 

=h(Gi—u), at r=, 

ru ch sinh (gr/e) 
oe 2 

IK cosh ga ‘sinh q) + ch sinh rh ta Nene to) 

Then e mean temperature is given by the symbolic 
formula 

3ch(g cosh g— sinh q) 

~ 92{ K(q cosh q-- sinh g) + ch sinh g} 

and it will be noted that the formula (14) reduces to (8): 
if ch/K->an. 

To obtain the interpretation of (14), we note that 

(Ge), . (14) 

q cosh g— simtig—(5—<4) + (pa —150)0 ee 

=39 + 30g + 
Thus we find, on substituting in (14), and reducing 

Bp) _ ch + 409° +--+) 
Ap) ene io? + Se) 

<1+ (jo 3- 3)? 
1 K \ pe? 

=1-(i5 + 3a) et 
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Hence, on comparison with (3), we have 

Neat: Mi=—(75 +55) ee nea (15) 
We can write, as in (8), 

F'(p) =3(q cosh g — sinh q)/¢° 

and then (14) leads to the form 

A(p) = {d(qeosh g — sinh g) + sinh g}/q, 

where N= Klee. 

The roots « of A(p)=0 are known to correspond to 
purely imaginary values of g*; and they are expressed by 
the formule 

g=lo, p=—w'd/CP=a (16) 

where @ cot@=1—1/N=1—ch/K,; OS 

and as in (10), only the positive values of @ are to be 
retained. 

Tt will now be seen that, since een, 

Aa) = ; TOs sinh g + cosh q) = = (cosa—)A@ sin), 

while 
F(«)= —, (sin®—o@ cosa). 

Thus 

F(a) 6a sinw—acosw 6a sIN @—@ COS @ 

A'(a)  @® cosw—Awsing Cc * w(Awsinw—cos@)’ 

which can be rearranged in various forms, by making use 
of equation (16). The most compact formula appears to be 

Be). Ga? 1. eae eh)? (17) 
Way 1 Ne ch(ch—K) + K20?" 

Substituting in (2) from equations (15), (17) we now 
deduce the mean temperature 

GK Ge? S (ch)?e7 ee 

0=G}e— Ge toalat +a PCG RO) eas 5} (18) 
The formula (18) gives the extension of (12); and agrees, 

as far as concerns the first and second terms, with A. R. 
McLeod’s result (2. c. p. 143). 

* This is a well-known result and has been proved in various ways 
in connexion with problems of conduction of heat in spheres. It is 
deducible from the general discussion given on p. 444 of my paper 
previously quoted (Proc. Lond. Math. Soc. vol. xv. ); in the notation of 
that paper, we have to write p=0 in the general formule there 
established. 
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(y) Problems for a cylinder corresponding to 
those of (a), (8). 

It is now necessary to use the differential equation 

1o (3) _ 1 ou 
ror\ or] a? ot’ 

which leads to the use of the function I,(g7/c) in place of 
{sinh (qr/c)/(gr/c)}, where Ip is the modified Bessel function *. 
We then obtain for the mean temperature 

UP ape 2 Iy'(q) | u=—5) rudr=—-—“- Gt, ... (19 
24 g 10(9) vi 

if the surface-conductivity is treated as infinite ; or 

tet 4 chIo'(q) 
tcc ag peng epee mae eT yi, Er AQ, 

"= 4 chlgq) + Kale) a 
in general. 

On expanding in powers of g we find that 

Io(q)=1l+aq?t+gag +... 

Ig) =390 +39? +...) 

Thus the expansion of the operator in (20) is 

ch(1+4q?+...) (5 Lae : ‘ ae eee : ch(1+49?4+...)+4Kq?+... zt )q 87 wr Ber 
NA ies aR @ 

=1-(g +55 )P eto 
Hence on comparison with (3) we find 

: 1 Re 
Nil; NMi=—(5+ 95) 2 ° ei (21) 

In equations (19) and (20) we can take 

| 2 
F(p)= git (7), 

A(p)=I1o(q) or Io(g) +Aglo (9), 

(where X= K/ch, as before), because each of these functions 
can be expressed in positive integral powers of p. 

Ces 2 * Thus L@=1l+ a+ op tee ee 4°, 6? 
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The roots « of A(p)=0 for equation (19) are given by 

q=to, p=—o'd?/P’=a as 
where J (a) wiki 0, ; ole atte RAS (22) 

and as before only positive values of w are to be included. 
We have then 

ag, ce 
Al (a)= ip (q)= 29a To’(q) 

and so ; 2 
SU tage) Malt aay 
aN CU a 

Similarly the roots « of A(p)=0 for equation (20) are 
given by 

g=t0o, p=—o'd/?=« 

where Jo(@) +A@d,)' (w) = | (24) 

or chJo(@) + KaJo'(w) =0 

and again positive values only are to be used for w *. 
We have then 

dg rs A'(a) = 7 {bg +>91q)} 
and so 

Ha) _ 2 dp I,’ (q) 
A (2) ¢ dq Iy'(q)+Agho(q) 

Tes Jo (@) Rea eel 9 
— ® Jy (w)—A@Jo(w) so c?-_: 1+ Ww”? * >) 

where the final reduction follows from (24). 
Substituting in (2) from (21), (23), and (25), we find the 

mean temperature 

vS r ¢? 4¢? 1 — a2w%t/c2 ‘i 

or | | 
7 A a GNP pee rN (ch)? ~ adw%t/o2 fsa a Se eau eA ite’ Ts Geert ae eS. SRE, U/C 9 

S fi G by =) ete 2 of (ch)? + (Ko)?° J eo) 

where the values of are given by (22) or (24) respectively. 
Of these formule the former agrees with a result given by 

A. R. Mcleod (J. ¢. p. 140) ; and (27) agrees, so far as the 
first and second terms are concerned (I. ¢. p. 143). 

* That the values of o are real in (22) and (24) is well-known: and 
proofs can be obtained from the general discussion given on p. 444 of 
my paper already quoted on p. 411 above. 

. 
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§ 2. Some Applications of Heaviside’s Formula. 

A simple case which can be dealt with at once by the aid 
of the results of § 1 is the following :— 

(6) A sphere is heated to uniform temperature u=up, and 
allowed to cool, the surrounding atmosphere being at 
zero. 

Here uwy—vw is initially zero ; and, proceeding as before, 
we find that 

r sinh (q7/c) 
= (uo) say ae aahg to, 

taking for brevity the case in which the surface- conductivity h 
is tr pated as infinite. 

Then the mean temperature is given by 

aad 1 | 
wii = 3(—coth g pyr Mem i 21) 

To interpret (29), we observe that the operator is the 
same as in (8); and accordingly we need only substitute 
in (4) from equations (9), (10), and (11). The result is 
easily found to be 

oe — n2n2art /c2 
UU = Up 1-5, ie nani } 

ail n 

or = Grp eee —n272Q2t/c2 
Wo yO ig er 

Tw n=1 

It will be noticed that, as might be anticipated, the 
series (30) can be derived from (12) by differentiation with 
respect to ¢. 

Further examples of Heaviside’s formula can be derived 
similarly from the other problems of § 1. 

(e) Problems of induction-balances. 

Hlectrical problems, in which the arms of a balance 
contain inductances and condensers (in addition to fe 
ances) have been considered repeatedly by Heaviside * 
it is hardly too much to say that the formula (4) was con- 
structed with a view to such problems—and Heaviside’s 
own discussion of the formula is based upon electrical 
considerations. 

. For example, see ‘ Electrical Papers,’ vol. i. p. 412, vol. ii. pp. 256, 
280, etc., and many other papers. 
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Nevertheless, it seems to be doubtful if the ease and 
simplicity of the operational method have been fully appre- 
ciated ; and it is hoped that the following ex: umples may 
do something to call fresh attention to the merits of the 
operational method. 

Supposing an H.M.1. applied by a battery of streng th P, 
it is usually easy to express the galvanometer current in the 
symbolic form 

_ Fp) aaa BR 

which is to be interpreted as 

fe) Big 
v= AQ) * = aA'@)” 

repeating the formula (4) quoted above. 
Thus, to produce a complete balance we must have 

12) (1) Ck AnD C9 eo ne a 2) 
for all roots p=e of A(p)=0. 

But, since F'(p) is of lower degree * than A(p), it follows 
from (31) that I'(p) must be identically zero. Hence we 
have the working rule + :— 

To obtain the conditions for a complete balance, put zero for 
the galvanometer current ; this will lead to a certain algebraic 
condition in p which must be satisfied identically, when p ts 
treated as an algebraic variable. 

It may, however, prove to be impossible to obtain a 
compiete balance: then we should make the time-integral 
of the current zero, so that the galvanometer will show no 
ballistic effect. 

Thus we wish to make 

: : { cdt=0 
0 

FO) s F@) ager ry 
A(o) * aA'(c) 

Now, since all the roots a are negative in actual problems, 
this leads to the two conditions 

FO 
A(0) 

* See § 3 below. 
+ Heaviside, ‘Electrical Papers,’ vol. ii. p. 259. 

or 

1 F 
Pier ake A'(a) 

(es 
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But on reference to §3 below, equations (38)—(40), it 
will be seen that 

F(O) _ 1 F(a) 
Na 

where No, N, are the two coefficients defined by the 
expansion 

Ce) mn 
A(p) =No+Nipt+Nop +... 

used in equation (3) of § 1 above. 
Thus we find the supplementary rule* : 
To obtain the conditions for the time-integral to be zero, the 

algebraic condition (found as in the last statement) need vanish 
only so far as the constant term and the coefficient of p. 

To illustrate, let us consider the simple example (due to 
Rimington +) in which one arm of the balance contains an 
inductance and the opposite arm is shunted with a condenser. 

The resistance operators are easily seen to be 

Li = Lip + Ry Li = Ra, Lis = Rea, 

R,+ Kprs(hy— 74) 
ee ye 

uae Kp 
"4 

where r, denotes the resistance of the part of R, which}is 
shunted by the condenser K. Then the algebraic condition 
for a complete balance is 

Ly Ly — Loh; = 0 
or : 

(Lip + Ry) {Ry+ Kpr(Ry—7s)} = RyRg(1+Kpry). (32) 

* Heaviside, ‘ Hlectrical Papers,’ vol, 11. p. 260. 
+ Phil. Mag. vol. xxiv, 5th ser. July 1887. 
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Equation (32) can be satisfied identically only if +,=R,, 
so that the condenser is shunted against the whole resistance 
R,: and then the balance reduces to an arrangement given 
by Maxwell*. Thus we find the conditions for a complete 
balance, 

m=R, R,R.=R,R, L,=KR,R;=KRRs. (33) 

But, when 7, is less than Ry, we can still arrange for 
zero time-integral by the conditions : 

R,R, = RE, LyR, + R,Kry( Ry raed 14) = RR, K 7, 

found from the constant term and the coefficient of pin (32); 
these readily reduce to the forms 

RR, = hohe it = KR yr ?/Ra. ° : : (34) 

The advantages of the operational method will be seen 
very clearly if the above simple calculations are compared 
with those given, for instance, by A. O. Allen f. 

Further examples of induction-balances are described in 
Allen’s paper just quoted; and any of these will be found 
to give simple exercises in the practical application of 
operational methods. General discussions will be found in 
vol. ii. of Heaviside’s ‘ Hlectrical Papers’ f. 

§ 3. Direct Proofs of the Equations (2), (4) 
given in § 1 above. 

It is somewhat more natural to take Heaviside’s equation 
(4) first, in which we suppose F(p), A(p) to be simple 
polynomials, with A(p) of higher degree than F(p). 

Then, as a matter of elementary algebra, we can write 

Pia) eee where A = ee) 
A(p) ee pre Al (ay; (35) 

* ‘Electricity and Magnetism,’ vol. ii. Art, 778. 
+ Phil. Mag. vol. xxv. 6th series, 1915, p. 520; the conditions (33), 

(34) are considered in §§ 2, 3 of his paper. Reference may also be 
made (for a different method) to a paper by J. P. Dalton on p. 56 of the 
same volume. 

+ See, for instance, pp. 83, 102, 260-297, etc. 

Phil. Mag. 8. 6. Vol. 37. No. 220. April 1919. 2G 
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To interpret the symbolic equation 

if 

Pe 

ey ee 

is now easy ; for z must be that solution of the differential 
equation 

(p—4)z = 
which reduces to zero at t=0. And on evaluating this 
solution, we obtain * 

Z =a) Pe ee ae 

Substituting in (35) from (36), we now see that 

E(p) p _ ys Ace . Ate x Gs —1) Pe ee ne 

Further, since (35) is an algebraic identity, we may write 
p=0, which gives 

Wi pel BO}: 

ne Chih 
On combining (37) and (38), we obtain the formula 

a Jena ae ae ate =P] N+325 ah et 

which is Heaviside’s equation as es in equation (4) 
above. 

To deduce equation (2) we integrate the last result with 
respect to ¢ and obtain 

F(p) : Aun id acy =G4 Nt+25 (yt, es 

where the arbitrary constant of integration has been adjusted 
so as to make the solution zero at ¢=0. 
Now returning to the identity (35), we see on expanding 

powers of p, that 

(38). 

ys py 
NotNiptNop?+... = -32 (14242 4...); 

ie ice Meir} 

a] TAT A 

so that IN, = Lapse Tas E . ‘ . “ (40) 

o ee 

* It should be noted that we may also write 

a’t? a? tn 
eta pipe’ )P= ae StS +... ee 

leading to the same result. But this process is less convincing than that 
eiven in the text. 
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Combining (39) and (40), we deduce that 

F( 3 7 A 
ay Ge= CNN, +E ony. 

which is the same as equation (4) of $1. 
It will be noticed that in §1 the equation (2) has been 

used with more general types of function taking the place of 
the polynomials F(p), A(p). It is natural to suppose that 
the equation (2) still remains valid; but formal proofs are 
more troublesome, as might be expected *. 

XXXVI. On the Origin of Spectra and Planck's Law. 
By Sir J. J. TaHomson, O.M., P.R.S.F 

TFNHE results of investigations on the number of electrons 
in the atoms of the various elements show that the 

structure of these atoms, if expressed in terms of electrical 
charges, is in some cases of a very simple character. The atom 
of hydrogen, for example, is believed to contain only one 
electron and one unit positive charge. The question’ arises 
whether, if we regard the electrons and the positive charge 
as centres of forces varying inversely as the square of thie 
distance, we have the potentiality of explaining by mecha- 
nical principles the properties of the atom. The explanation 
of some of these properties such as, for example, the specific 
inductive capacity of the gas, the formation of molecules 
by union with other atoms, whether of hydrogen or of 
some other element, seems to be within the scope of this 
very simple systein ; there are, however, other properties 
of which this cannot be said. Prominent among these is 
the spectrum emitted by the gas. Hydrogen, as is well 
known, can emit several spectra. We need, however, for our 
purpose only refer to the best known ones: the second spec- 
trum, which is a spectrum containing an exceedingly large 
number of lines and extending far into the ultra-violet, 
and the so-called four-line spectrum, which contains, we 
have reason to believe, an infinite number of lines, thie 
frequencies of which are connected by a simple numerical] 
relation discovered by Balmer. The vibrations which would 

* This problem has been considered with the aid of complex integrals 
in my paper on “Normal Coordinates in Dynamical Systems” already 
quoted (Proc. Lond, Math. Soc. vol. xv.); the sections §§ 4, 5, 8 have 
special bearing on this question, Short summaries are also given in the 
““ Abstracts” of the Proceedings (vol. xiii. ser. 2, 1914, p. xxvii, and 
vol. xviii. January 1919). 
. + Communicated by the Author. 

2G 2 
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be emitted by a single electron placed near a unit positive 
charge would not be of this character. Assuming the usual 
law of force for two charges, if the atom is to be in a steady 
condition the electron must describe an orbit round the 
positive charge. ‘The time of rotation of the electron will 
depend on its distance from this charge, and if this varies 
continuously the times of rotation will do so also, and 
the spectrum whose frequencies are determined by these 
times would bea continuous one. If the charges are regarded 
merely as centres of inverse square forces there are no 
reasons for retaining some of these orbits as possible and 
neglecting the others. Mr. Bohr, in his theory of spectra, 
supposes that the only orbits which are possible are those 
where the ratio of the energy of the electron to its angular 
velocity is an integral multiple of a definite unit. This, 
however, is not the consequence of dynamical considerations; 
it is arithmetical rather than dynamical, and if it is true it 
must be the result of the action of forces whose existence 
has not been demonstrated. The investigation of such forces 
would be a problem of the highest interest and importance. 

By the use of this principle and a further one, that when 
an electron passes from one orbit to another it gives out 
radiation whose frequency is proportional to the difference 
of the energy of the electron in the two orbits, Mr. Bohr 
obtains an expression which gives with quite remarkable 
accuracy the frequencies of the linesin the four-line spectrum 
of hydrogen. It is, I think, however, not unfair to say 
that to many minds the arithmetical basis of the theory 
seems much more satisfactory than the physical. 

The vibrations which give rise to the spectrum do not on 
this theory correspond in frequency witl any rotation or 
vibration in the atom when in the steady and normal state. 
That in the normalatom there is something which can vibrate 
with the frequency of the lines, or at any rate with that of some 
of the lines in the spectrum, seems to be proved almost irre- 
sistibly by the experiments of Professor Wood and Mr. Bevan 
on the absorption spectra of the vapours of the alkali metals. 
These vapours give as absorption spectra fine well-defined 
black lines coinciding in position with the lines in the 
principal series of the spectrum of the metal. Thus, for 
example, Professor Wood obtained 48 of these lines in 
the absorption spectrum of sodium vapour, and Mr. Bevan 
24 for potassium, 30 for rubidium, 24 for cesium. The 
sharpness and intensity of these absorption lines produced 
by comparatively cold vapour are so great that it is very 
difficult to believe that they are not due to a resonance 
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effect caused by systems in the normal atom having periods 
of vibration identical with those of the lines absorbed, and 
that there are in the normal atom vibrators with the same 
period as some of those in the luminous atom. ‘There are, 
however, lines in the subordinate series in the emission 
spectrum which do not appear in the absorption one: thus it 
would appear that some of the atoms in the luminous gas 
differ from those in the normal gas inasmuch as the electrons 
vibrate with different periods in the two cases. The absorp- 
tion spectrum is, however, sufficiently complicated to prove 
that it cannot be represented by the vibrations of a few 
electrons under the influence of their own repulsions and 
the attraction exerted upon them by a positive charge, if 
these attractions and repulsions follow the simple law of 
the inverse square. 

Though it is natural in any investigation of the equilibrium 
of electrons and positive charges to begin by assuming that 
the attraction between the positive and negative charges 
varies inversely as the square of the distance, we must bear 
in mind that we have no direct evidence from experiment 
that this law holds at distances comparable with those which 
separate the electrons and the positive charges in a molecule. 
The measurement; and the phenomena which furnish the 
evidence for the inverse square law relate to distances which 
are enormous compared with atomic distances. If ¢, ¢, ¢3 
are of the order of atomic distances, there are no experiments | 
yet made which would distinguish between a force of 1/7” 
and one of 

Ly Cy C5 ( C2 

e\t 2 (1-2) Le 
and yet at atomic distances the two forces are quite dis- 

similar, the second changing from attraction to repulsion 

and back to attraction again as 7 passes through the values 

€45 Ca, C3, KC. ? : iets 

If the positive part of the atom is built up of distinct 

units the repulsion between them cannot continue down to 

distances such as those which occur in this part of the atom, 

otherwise an atom containing several of these units would 

explode. 
I shall, therefore, consider the consequences of supposing 

that the field of force round the positive charge, although 

varying inversely as the square of the distance at large 

distances from the atom, yet in the atom itself changes 

backwards and forwards between attraction and repulsion. 

To fix our ideas let us suppose that the expression for the 
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2 sin cu 
force contains the factor - where w=1/r, and r is the 

cu 

distance from the centre. When r is great compared with c, 
sin cu/cu is unity, so that this factor does not affect the force 
at great distances. Inside the atom, if atomic dimensions 
are comparable with c, there will be a series of positions of 
equilibrium determined by cu=nm or r=c/na where nv is an 
integer. Thus even if there is only one positive charge and 
one electron there may be a single infinite series of atoms 
with the electron at distances from the centre represented 

C ° . . 
by Aoarery the times of vibrations of the electrons about 

tT 

these positions would be different, so that a collection of 
such atoms could give rise to an infinite number of lines 
both in the absorption and emission spectra. Each line 
would arise from a different kind of atom ; the brightness of 
the line would depend, along with other things, on the 
number of atoms of the kind giving out the particular line. 
The theory of dispersion enabies us, if we know the con- 
nexion between the refractive index and the wave-length, 
to calculate the number of systems which vibrate in any 
particular period. Bevan applied this method to find the 
number of atoms in sodium vapour which could vibrate 
in unison with the different lines in the principal series of 
this metal. He found that the number of atoms which can 
give out or absorb the D line is about one twelfth of the 
total number of atoms, while only about one in 1000 can 
give out the pair 33803, and about one in 5500 the pair 2852. 

Thus the number of atoms corresponding to a line in the 
principal series diminishes very rapidly as the number which 
represents the position of the line in the series increases, 
and though different kinds of atoms may exist, the great 
majority of them are of one kind. 

It is remarkable that only about 9 per cent. of the Sodium 
atoms are of the type giving lines in the visible part of the 
principal series. This suggests that perhaps the strongest 
line in the series may be a line in the infra red. Anatom of 
one kind may, by physical or chemical processes, be trans- 
formed to one of another kind. Thus, if an atom with the 
electron at P were ionized, it would be positively electrified 
and would attract an electron from outside; this electron 
might, however, settle at another point of equilibrium Q, 
giving rise to a different type of atom. 

It would seem that these different types of atoms would 
differ in other respects than the period of vibration of the 
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electrons. They would, for example, differ in their specific 
inductive capacities so that the proportion of the different 
kinds would be different at different places in a rapidly 
varying electric field. Again, the atoms of one kind might 
more readily combine with an atom ofa different element than 
those of another. So that if the gas in a spectroscopic tube 
were gradually absorbed by chemical means, as, for example, 
when oxygen is absorbed by sodium, the relative intensity 
of the lines at the end of the precess might nut be the same 
as at the beginning ; or, again, when the spectrum of an 
element is obtained by decomposing a compound, as, for 
example, when the spectra of the alkali metals are obtained 
by putting one or other of their salts in a Bunsen flame, 
the relative intensity of the lines might depend upon the 
character of the salt. Bevan’s experiment, already alluded 
to, indicated that the number of atoms giving the lines of 
shorter wave-length in the principal series increased with 
the temperature of the sodium vapour. I pointed out many 
years ago, that the magnitude of the refractive index of 
helium showed that only a small fraction of the helium 
atoms could vibrate with the frequency of any particular 
line in the helium spectrum. Many instances of the vari- 
ability of the relative intensity of different lines in the same 
spectrum are given in Kayser’s ‘Spectroscopie.? Since 

' the processes which make the gas luminous also ionize the 
gas and thus enable an atom of one kind to be converted into 
one of another, it does not seem probable that by any process 
of fractionation we should be able to obtain a gas containing 
nothing but atoms of one kind, and therefore giving out a 
spectrum consisting of a single line under all conditions of 
excitation. 

The electric field inside an atom consists, according to the 
view we have just taken, of alternate shells of attractive and 
repulsive forces, the places of transition from attraction 
to repulsion being places where the force vanishes and where 
un electron could be in equilibrium; the distances of these 
places of equilibrium from the centre being in harmonic 
progression. 
We now pass on to consider the nature of the forces 

which act upon the electron and cause it to vibrate in the 
frequencies of the spectral lines. It is possible, as we shall 
see, to postulate an infinite number of laws of electric force 
which could give rise to a sequence of vibrations represented 
by Rydberg’s law. 

We may also imagine that in addition to the electric 
field inside the atom there is also a magnetic one, and that 
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the frequencies of the vibrations of the electrons are deter- 
mined by the magnetic and not by the electric forces. An 
electron, when in a magnetic field, describes a spiral round 
a line of magnetic force completing a revolution in a time 

He ; j 
2m | He , where H is the magnetic force, e the charge, and m 

me 

the mass of the electron ; it thus gives out radiant energy 

e 
whose frequency is =— — ~» Which i is independent of the energy 

2or 
of the electron. As ae energy diminishes, the radius of the 
spiral described by the electron diminishes, but the frequency 
of the vibration is unchanged. Thus, if the magnetic force 
were predominant in determining the vibrations of electrons, 
the frequencies of the vibrations given out by the different 
kinds of atom would be 

A, e@ Jala. H, ey 

2am? 2arm 2m’ 

where H,, H., H; are the values of the magnetic induction 
at the various places of equilibrium. Suppose, now, that the 
value of H at a point of equilibrium at a distance r from 
the centre were equal to w(a*—r*), a distribution of magnetic 
force which a priori is not improbable, as it is that inside a 
sphere uniformly charged with electricity and rotating like 
a rigid body. 

Since the positions of equilibrium are given by sin c/r=0, 
; C : : 
aoe by = ~ =n or r=c/n7, where n is an integer, the value 

of the bee force at the positions of equilibrium, and 
therefore the frequencies of vibration in these positions, would 
be proportional to 

i ee Ch Ola ough: 
Os aoa tO))' oo \ 9, dae nor 7 ce n 

and would thus form a series of the Balmer type. If, in 
addition, the place =a, where the magnetic force vanishes, is 

; ; c 
also a place where the electric force vanishes, Pil where 

m is an integer, and the expression for the frequency 
1 i e . 

beeomes Le — =), where C is a constant and m and n 
me an 

integers. , 
Before proceeding to discuss this expression in detail, we 
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shall consider the type of atom which is required to satisfy 
the assumption we have made in the preceding investigation. 
This atom consists of a field of electric force which may 
be regarded as made up of a series of shells of attractive 
and repulsive force following one another alternately, the 
radii of the boundary of these shells, which are places where 
an electron would be in equilibrium, being in harmonical 
progression. Superposed on the field of electric force is a 
field of magnetic force, also arranged in shells, the outer 
boundary of the magnetic field coinciding with a place 
where the electric force vanishes. I contemplate that when 
the atom is exposed to such conditions as may arise in strong 
electric discharges or other methods of producing spectra, 
the outer layers of this magnetic field may get detached 
and the boundary of the magnetic field come close up to the 
centre, that, in fact, there is what might be called a magnetic 
ionization of the atom, and that the atom resumes its normal 
magnetic state when the electric discharge, &c., ceases. 
The atoms in a luminous gas thus possess a double mani- 
foldness, one arising from the different positions of the 
electrons in the atom, the other from the variations in the 
magnetic boundary of the atom. The first manifoldness 
would give rise to different lines in the same series, the 
second to a number of different series most of which would 
only be emitted by the special type of atoms produced when 
an electric discharge passes through the gas. 

So far we have only considered the case when only one 
electron was in the atom, so that a position of equilibrium 
was a place where the force due to the positive charge 
vanishes. If there are more electrons than one, the position 
of equilibrium will not be where the force due to the positive 
charge vanishes, but where this force at any electron balances 
the repulsion due to the other electrons. This wiil displace 
the position of equilibrium, and instead of these being 
‘given by sin cu = 0, or cu =m, they will be given by 
cu=m(n+6), where 4 is a quantity depending on the repul- 
sion of the electrons and perhaps also on 2. 

As the frequencies of the vibrations are proportional to 
a? —r* they will now be proportional to 

: 1 1 
(m+6')? ee (n+6)?° 

Let us now consider the various types of series that could 
arise on this view. 
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Principal Series. 

If the magnetic boundary is constant and fixed by the 
parameter m, and the different lines are due to the vibration 
of electrons in the positions of equilibrium inside the magnetic: 
boundary, the series will be expressed by 

YY iL 1 

Of ace ae 
where m is constant and » has successive integral values. 
When the boundary is that corresponding to the majority 
of the normal atoms and the number of electrons is the full 
number proper to the atom, this will be the principal series ; 
as the atoms are in the normal state, the atoms of the cold 
vapour will contain electrons able to vibrate in these periods, 
so that the vapour will be able to give this series of lines 
as an absorption spectrum. ) 

If the atoms were ionized so that the number of electrons 
inside were diminished, this would alter the positions of 
equilibrium and therefore 6, so that the series of lines given 
out by the atoms would be represented by 

~{ ‘ 1 u 

(ety Gary) aa 
a series with the same limiting frequency as the preceding. 

Inasmuch as these lines proceed from ionized atoms, their 
frequencies do not correspond to the vibrations of electrons 
in a normal atom, and so this series would not appear as an 
absorption spectrum of the cold vapour; it would not then 
be a principal series, as the reversibility of the lines is the 
characteristic of this type of series. 

Let us now take the case when the magnetic boundary is 
not the same as in the last case, but now corresponds to the 
parameter m' instead of m. The series of lines will now be 
given by 

yf24 1 
“ (ar ey ota) 0! 

where » has the successive integral values and my, is a con- 
stant integer. This series has a different limit from the 
preceding. If the new magnetic boundary, which by hypo- 
thesis is a position of equilibrium for electrons, were to be 
the position of equilibrium next nearer the centre than the 
one for the atoms giving the series (1), then the electron in 
the gravest mode of vibration of the atoms in (1) would be 
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on the magnetic boundary of the atoms in (2). In other 
words, 

ER Ss) ean i 
(m,+6,)?> (1+6)?’ 

so that the series (3) could be written in the form 

eae 1 7 
a, “tay REGO 

The difference between the limiting frequencies of the 
series (1) and (4) is thus 

e (ees, rs aR) 
and this, as we see from (1), is the gravest frequency of the 
principal series. 

Comparing this result with the Rydberg-Schuster law 
that the gravest frequency of the principal series is equal 
to the difference in the limits of the principal and _ first 
subordinate series, we infer that the series (4) represents the 
first subordinate series. Just as in the previous case we may 
have atoms which are neutral, 7. e. which contain the normal 
number of electrons, and also atoms which have lost one 
electron and thus have unit positive charge. The positions 
of equilibrium for these are not the same as for the neutral 
atom, and the frequencies will therefore be represented by 

haitad 1 rs 
¢( apap ~ Garay): Me wee, 

This has the same limit as (4), and therefore corresponds to 
the second subordinate series. If there are atoms which 
have two positive charges there would be another series with 
the same limits as (5), but with a different step between the 
various lines; or, again, if instead of being positively charged 
the atom were negatively charged, i. e., had got one more 
electron than the normal, and in some gases (such as, for 
example, hydrogen and the electronegative gases oxygen, 
chlorine, and iodine) these, as Positive Ray Analysis shows, 
are plentiful, there might yet be another series again with 
the same limit but with a different step from any of the 
preceding series. Thus, on this view, one of the subor- 
dinate series, the one connected with the principal series, 
would be emitted by uncharged atoms, while other subor- 
dinate series would be emitted by charged ones. 
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Pairs and Triplets. 

A common feature in spectra is that the series consists 
not of single lines, but ofa series of pairs, or triplets. 

These are not confined to any particular type of series but 
occur in the principal as well as the subordinate series, though 
the law of difference of frequencies is different; in the 
principal series the frequency difference between the con- 
stituents of the pair diminishes as the wave-length dimi- 
nishes, while in the subordinate series the frequency difference 
is constant. 

The two constituents of a pair arise from different elec- 
trons; for Wood has shown that one of the D lines of sodium 
can be excited without the other and, again, the Zeeman 
effect for one line of a pair is quite different from that of 
the other. 

We should expect to get pairs or triplets when instead of 
a single electron we had a ring of electrons or a number 
arranged at the corners of « polyhedron, if the distribution 
were not perfectly symmetrical about the centre. Thus, for 
example, if we had a ring of four electrons, arranged not at 
the corners of a square, but at those of a rectangle whose 
diagonals were of slightly different lengths; two of the 
electrons would be at a greater distance from the centre than 
the other two, so that the magnetic force, and therefore the 
frequency, would be smaller for the first than for the second 
pair of electrons, and since the variable part of the magnetic 
field, being proportional to 7°, would vanish at the centre, 
the limiting frequency which corresponds to the vibrations 
of electrons close to the centre would Le the same for each 
pair of electrons. We should thus get a series of pairs 
behaving like those in the principal series. 

We have seen reason for ascribing the first subordinate 
series to the vibrations of the electron in an atom in which 
the magnetic boundary has crept up to the position occupied 
by the outer ring of electrons in an atom of the type of that 
emitting the principal series. If the configuration of the 
ring is sightly unsymmetrical, that of the magnetic boundary 
for the atoms giving out the first subordinate series may be 
expected to be so also. 

If this is so, the term in the magnetic force which does 
not depend on 7 would be different in different directions, 
and therefore the value of the first term in the bracket in 
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the expression for the frequency 
QC l cae 
- (Ga +6)? (n+6) ») 

would be different for electrons lying on different radii 
drawn from the centre of the atoms, the limiting frequency 
of electrons lying along these radii would be different, and 
the lines of the pair would not close up as the wave- -length 
diminished. 

Again, the directions in which the electrons giving the 
principal series bulged out, and along which the vibrations 
had the smaller frequency, would be the directions where 
the magnetic boundary bulged out in the atoms giving the 
first subordinate series. The directions where the magnetic 
boundary bulges out correspond to places where the constant 
term inside the bracket is a maximum and therefore to 
directions along which the frequency is a maximum. 

The line of longer wave-length in a pair in the pr incipal 
series is thus analogous to that of shorter wave -length in 
one in the first subordinate series. This is in accordance 
with the behavour of thé pairs in the spectra of the alkali 
metals, for when the more refrangible line of a pair is the 
stronger in the principal series, in the first subordinate series 
the more refrangible line is the weaker, while the Zeeman 
effect for the more refrangible lines in "the principal series 
is analogous to that of the less refrangible one in the first 
subordinate series. 

In the spectra of the alkali metals the terms 1/(n +)’, 
1f(m+-p), which occur in the expression for the series 
approximate to 1/(n-+ 4)” in some cases and to 1/n” in others 
where zn is an integer. ‘This would occur if the positions 
where the electrons are in equilibrium were given by the 
equation sin 272=0 rather than by sin «=0, for then the 
solution of the equation would be 22=pz7, where p is an 
integer. If p is an even integer this may be written c=n7, 
and if pis an odd one x=(n+4)m where n is an integer. 
Thus, if we call the former the “S ” solutions and the latter 
the “‘C”? ones and suppose that the magnetic boundary of 
the atom may coincide with either a C or an S solution, we 
can have the following types of series. I call the constant 
term inside the bracket in Rydberg’s expression the limit of 
the series, and denote it by L; or L, according as it corresponds 
to an S or C solution ; the steps, the variable part, will be 
denoted by 8, or 8, according as the electrons giving out the 
vibrations are in the position of equilibrium corresponding 
to the § or C solution respectively. 
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The series may be represented as 

(1) L.—-S.= ee at 4 

ih oa (3s ng ae a) 

(3) ane ores, os ree 

CD ae G (m a i ay 

where L; and L, may have different values corresponding to 
different positions of the magnetic boundary. 

We see from this that the difference in the frequencies of 
two lines in a series of types (1) or (3) will be the frequency 
of a line in another series of the same type. 

The differences between the frequencies of any two lines 
in a series of type (2) will be the frequency of a line in 
another series of type (3). 

The difference between the frequencies of any two lines 
in a series of type (4) will be the frequency of a line in 
another series of type (1). 

Thus, if we take the lines belonging to any one series, the 
complete spectcum of the gas will contain a line whose 
frequency is the difference of the frequencies ef the two 
lines in the series. 

It must be remembered that the two lines must be selected 
from the same series, if the two lines are selected at random 
from the spectrum there need not be a line whose frequency 
is the difference in frequency of the two lines. 

Planek’s Law. 

The view that the vibrations which give rise to radiation 
are determined by the magnetic forces, leads, if we assume a 
simple relation between the electric and magnetic forces, to 
Planck’s law, and gives a physical concept for the Quantum 
Theory. 

For suppose that an electric field is accompanied by : 
magnetic one, the magnetic induction B being in the direc- 
tion of the electric force R and connected with it by the 
relation 

2am (- a 
B = | ae (oR)ds, 
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where ds is an element of a line of electric force, w the cross- 
section of a tube of force, m the mass of an electron, / Planck’s 

: : Bi ty 1 
constant, and p determined by the equation A Sn cs 

When the force is due to a single positive charge we may 
put p=1/r, o=7’, where r is the distance from the char oe. 
We notice that when the law of force reduces to “the 

inverse square law, wR is constant and B vanishes. 
Integrating by parts we have 

27m rf 
B= jh | poR +R ds | (1) 

Hence, if B,, B, be the values of B at two places of 
equilibrium where R vanishes, 

pon = Bids. 
e 8} 

or if w be the work done on an electron in moving from one 
place to another, 

Tf n,n, are the frequencies of the vibrations of an electron 
at the two places 

Hence 

Thus, if an electron falls from a place where the magnetic 
force vanishes to another position of equilibrium, the fre- 
4uency of the vibration is equal to w/h, where w is the 
energy converted into radiation. Thus the transference from 
potential energy to energy of radiation is in accordance with 
Planck’s law. 

Assuming the relation between the electric and magnetic 
force given in the preceding investigations, it is easy to find 
laws of electric force such that the frequencies of the vibra- 
tions of electrons would be connected by a relation similar to 
that expressed by a Rydberg series. 

Thus, for example, suppose that the force R exerted by 
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the positive charge on an electron is given by the equation 

2 ay : 3 ence GSiNs ayn 
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where v=c/7, when «x is small, 2% e. when r is large, this 
expression reduces to 

Q 
R=") 

so that it gives the right value of the force at a great 
distance from the atom. Again, when 2 is considerable, the 
positions of equilibrium are given by 

iy 
cosr=0, or #=(2pt+l1),, 

where p is an integer. 
Since 

> » C £ 

{Rar= EB) [peieae rae ett Sie +sin 2 cos? 20 
4 a Cobh We 

Ata position of equilibrium we see from equation (1), since 
Sim: ae= 1, 
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where £ is a constant, if the magnetic induction vanishes at 
the point of equilibrium where p=po, 

(eae 
Hence n, the frequency of the vibrations, is given by the 
equation 

20h p-_, 1} 
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which may be written in the form 
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a series of the Rydberg type. 

If cQ nya 1 

the coefficient of the variable term is the same as in Bohr’s 
theory. Bite 

The lines in the spectrum only give information about the 
value of the magnetic force at a number of isolated points ; 
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they cannot, even when combined with the condition that at 
great distances the electric force must be expressed by Qe/7”, 
afford sufficient data to determine uniquely the law of force, 
and, in fact, we can find, without difficulty, different expression 
for RK which would yet give the same series of spectral lines. 

The quantity ce, which occurs in the expressions for R and 
B inside the atom, is of the dimensions of a length, and if it 
were a universal constant, 2. é., the same for all atoms, there 
would be some standard length occurring either in all the 
atoms or in the medium surrounding them. In this case, 
since ¢ would not vary from atom to atom, the frequency of 
the vibration would be proportional to Q, the positive charge 
in the atom. Moseley’s experiments on the wave-length of 
the characteristic Rontgen radiation given out by the different 
elements, if taken in conjunction with the assumption that 
the positive charge is proportional to the atomic number, 
show that the frequencies are proportional to the square, and 
not to the first power of the positive charge. For this 
reason we must suppose that Q/e is proportional to Q?, so 
that e=c’/Q where c’ and not ¢ is a universal constant. 

Since c’ is of the dimensions of a length multiplied by a 
charge of electricity, it represents the moment of an electric 
doublet, and if it is taken asa universal constant we must 
suppose that electrical doublets with constant moments form 
a part either of the atoms of all the elements or else of the 
medium which surrounds them. 
We can calculate the value of ¢ or c’ if we know the 

amount of work required to move an electron from one of 
its positions of equilibrium to an infinite distance from the 
atom. For we see by equation (2) that if the position of 
equilibrium of the electron is that corresponding to z=7/2, 
this work is equal to 

or if the work is expressed as Ve, where V is the potential 
_ through which the charge e must fall to acquire this amount 
of energy, 

ee ie =) a ae 

If we take the ionizing potential as the measure of V, then 
for the atom of hydrogen V=11 volts, and Q=e, we find, 
putting e=4°7 x 107”, V=11/300, 

=a TPO 

and Cex Gob x 10—. 

Phil. Mag. 8. 6. Vol. 37. No. 220. April 1919. 2H 
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If we calculate c' from the relation 

wk GL 
oe em’ 

we find e =3°97x107*; 

this differs by about 10 per cent. from that calculated from 
the ionizing potential. The determinations of this potential 
for the hydrogen atom are hardly definite enough to exclude 
the possibility of an error of 10 per cent., so that the value 
3°97x 10-8 for c’ is admissible. This value would make 
the numerical constants in the series relation agree with 
those given by Bohr’s theory which give values for the 
frequencies agreeing with observation. 

The ionizing potential is usually measured by the potential 
difference through which cathode rays must fall to enable 
them to ionize the gas. 

When, however, the atom is, as we have supposed, the seat 
of intense magnetic forces, it is possible that the energy 
which the cathode rays must possess to be able to ionize the 
gas may not measure the energy which the cathode rays 
have to give up to an electron to enable it to escape from 
the atom, but rather the energy which the cathode rays must 
possess if they are to penetrate far enough into the atom to 
reach that electron which has to be liberated. 

Again, in many cases of ionization by cathode rays, the 
electrons are ejected with a finite amount of kinetic energy 
which is independent of that of the cathode rays ; when this 
is so, the ionizing potential is greater than the line integral 
of the electric force from the initial to the final position of 
the electron. ) 

When the spectrum of a gas is excited by the impact of 
cathode rays, the first process which goes on is the ejection of 
electrons from the atom ; this does not, on our view, give rise 
to radiation corresponding to the series lines in the spectrum. 
This is due to a second process, the return of electrons to the 
ionized gas to replace those which have been ejected ; these 
electrons are not the high speed cathode rays but slow speed 
electrons produced by the ionization of the atoms, and the 
energy which is converted into radiation is that which these 
electrons acquire when falling into the positions of equi- 
librium. From some experiments I have made on the 
radiation produced by the bombardment of substances by 
cathode rays, I conclude that by far the larger part of the 
radiant energy is concentrated in radiation of detinite wave- — 
length, for I found that when the energy of the cathode rays 
was gradually measured the character of the radiation did 
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mot at some stages alter appreciably, while at other stages 
an increase in the energy of the cathode rays produced con- 
‘siderable increase in the hardness of the radiation. This is 
what would happen if this radiation were a mixture of definite 
pemeg(d,.0, cd . 2... ) of characteristic radiations from the 
target struck by the cathode rays. The type a not being 
excited unless the energy of the cathode rays exceeded @, 
4 not being excited unless the energy exceeded e, and so on. 
Thus, when the energy of the cathode rays was between e, 
and é,, the radiation would be confined to the a type, it 
would be a mixture of the a and b} types as soon as the 
energy of the cathode rays exceeded es, when it exceeded e; 
the ¢ type of radiation would be added, and so on. 

Number of Waves in a Train of Waves. 

When an electron falls into a position of equilibrium and 
rotates round the lines of magnetic force, the energy it 
acquires by the fall is gradually converted into radiant 
energy, and the electron gradually comes to rest. 

If 7 is the acceleration of an electron, the rate at which it 
emits energy 1s 

2 o2f? 

3 Vo’ 
where e is the charge on the electron and V, the velocity of 
light. 
“Tf H is the magnetic force, v the velocity of the electron, 

then when the orbit is at right angles to the magnetic force 

Hev 
Ve 

where n is the frequency of the vibration of the electrons, 

when this is governed by the magnetic force. Substituting 

this value for f, we find that the rate at which energy is 

emitted from the electron is equal to | 

== 2IrnU, 
nu 

where E is the kinetic energy of the electron; hence when 

the loss of energy by the electron is entirely due to the 

radiation, we have 
a 2 

CLS ge 16° ene —k, say. 
ER CBM me 

Thus | H=ce™™. 
2H 2 
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Now £ =1-78x 10’, 
m 
p36 Klee 

hence ko See a 

and the time taken for the energy to fall to 1/e of its initial 
value is 10??/5n?. 

Thus, if the vibrations have the frequency 5:1x10" of 
the D line in the sodium spectrum, this time is equal to 
7-7 x 10~° seconds, and the length of the train emitted in this 
time would be about 4 million wave-lengths. If the wave- 
lengths were 1078 cm., about that usually given for the L 
characteristic Rontgen radiation from platinum, the time 

would be , and the train emitted would contain 
1 

4°5 x 10” 

about 660 wave-lengths. Thus, if the spectral lines arise 
from the effect of magnetic forces, they may be expected to 
consist of trains containing a very large number of wave- 
lengths, the number of wave-lengths being inversely propor- 
tional to the frequency of the vibrations. 

Transference of Radiant Energy into Potential or 
Kinetic Energy. 

Let us consider a stream of radiant energy passing through 
a piece of metal. In consequence of the magnetic fields due 
to the atoms, there will be in the metal magnetic forces 
reaching very high values in certain places, and falling to 
quite low ones in others; and between very wide limits of 
the magnetic force it will be possible to find places where the 
magnetic force has any assigned value, if at all such places 
an electron could be found, a piece of metal would be a 
system containing vibrators of every possible period within 
very wide limits. 

In a metal it seems very probable that the electrons are 
not all contained within the atoms themselves, but that some 
of them are detached, helping by the forces they exert to 
make the atoms cohere and form a solid body. Unless, then, 
the position of these detached electrons were exactly co-. 
ordinated with the intensity of the magnetic field, the effect 
would be much the same as if these electrons were dis- 
tributed at random through the magnetic field; and we 
might expect to find some electrons in places where the 
magnetic force had, within wide limits, any specified value. 
A piece of metal would then be a system of the kind we are 



Spectra and Planck’s Law. 437 

considering, possessing vibrators able to respond to any vibra- 
tions within a wide range of frequency. ‘Thus, if light of any 
frequency between these limits were to fall on the metal it 
would find some electrons whose frequency under the magnetic 
force at the place where they were situated was the same as its 
own ; these would acquire a high velocity. If an electron is 
to get free, it must get to a place where the magnetic force 
vanishes, because, as we can easily prove, the effect of the 
magnetic field on an electron displaced from a position of 
equilibrium, is the same as if there were an attraction on the 
electron to the point equal to Be/m times the displacement 

_of the electron. Suppose that P isa place where the magnetic 
induction vanishes, and where consequently an electron can 
get free. Suppose that Q is the place from which the electron 
to be liberated at P starts. To enable it to get from Q to P 
it must acquire an amount of energy equal to w, where w is 
the work required to move an electron against the electric 
field from Q to P. If it is to acquire this by radiation, it 
must be by resonance, so that the radiant energy from which 
it gets it must have the frequency of the free vibrations of 
the electron at Q. Since the magnetic force vanishes at P 
this frequency is, by equation (2), equal to w/h. Thus the 
electron at Q, by absorbing energy of frequency n, can be 
liberated at P with an amount of Potential Energy equal 
to hn. 

This would produce the well-known photoelectric effects. 
If Q were to absorb a smaller amount than w of energy from 
the radiation, it would not get liberated. After the radiation 
had passed over it this energy would be again radiated by the 
electron at Q vibrating under the magnetic force at Q with 
the frequency n. Thus the absorbed radiation would be again 
radiated as radiation of the same frequency, and there would 
not be any transformation of energy. For the energy to be 
transformed, energy equal to w must be given to Q; and 
since w=hn, we get the result given by the quantum theory 
that the transference from radiant to potential or kinetic 
energy takes place by definite quanta each equal to hn. 

The explanation of the photoelectric effect assumes the 
possibility of finding in the metal an electron with a natural 
frequency n, where n may be any assigned number within a 
wide range of values. Ina complex system like a metal this 
seems probable ; and it is noteworthy that the photoelectric 
effects are on quite a different scale in metals from what 
they are in gases; thus Hughes found no trace of ionization 
when ultra-violet light was totally absorbed by the vapour of 
zine ethyl, though when the same light fell on a zine plate 
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it excited a stream of electrons a million times greater tham 
that which could have been detected if any had emerged from 
the vapour. Ultra-violet light of very small wave-length 
does undoubtedly produce ionization in gases, while one of 
the most characteristic properties of the Rontgen rays is their 
power of ionizing gases. We must remember, however, 
that as the absorption-bands in the ultra-violet of gases like 
CO, and O, show, gases may in many regions of the ultra- 
violet light spectrum be able to give out a spectrum which 
is continuous over many frequencies, and presumably, there- 
fore, possesses electrons able to vibrate freely over a wide 
range of frequencies. Again, 1t is important to remember . 
that the number of atoms ionized is an exceedingly small 
fraction of the number of atoms in the gas. The number 
varies, of course, with the intensity of the ionizing radiation 3. 
but under ordinary conditions of laboratory work the number 
of atoms ionized per second is much less than 1/10” of the 
number of atoms exposed to the radiation; or, to put it 
another way, an individual atom would not be ionized nearly 
so often as once in one hundred thousand years. 

Now, in a gas the atoms come into collision and may form 
temporary associations, and while in this state the natural 
frequencies are changed by an amount which will vary from 
one pair of atoms or molecules to another; hence, if we take 
these pairs into account we shall find in the gas, electrons. 
whose natural frequencies are not merely those of the free 
atom, but extend continuously over the range of frequencies 
to be found in the pairs. Thus, as far as range of frequencies 
of the electron goes, the gas will be on an equality with a 
piece of metal. It is true that in the gas the number of 
electrons which can vibrate in what we may call these 
abnormal frequencies is an exceedingly small fraction of the 
whole number of electrons; but we have seen that if the 
electron gets into this state once in a hundred thousand years. 
it will be able to do more than its full share of the ionization 
in the gas. The effect of proximity of the atoms in increasing 
the range of frequencies is shown by the enormous broadening 
of some lines when the pressure of the gas is increased. 
If we accept the view that ina gas we may expect to find 
electrons with frequencies varying continuously over a wide 
range, though the number which have frequencies differing 
from the normal natural frequencies may be exceedingly 
small, we may apply to gases the reasoning that we use for 
the photoelectric effect in metals, and assume, as the result, 
that the energy in the ejected electron will be proportional 
to the frequency of the radiation which supplied it with 
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energy. In other words, that the energy in the corpuscular 
radiation will be proportional to the frequency of the primary 
Rontgen radiation; the experiments hitherto made on the 
expulsion of electrons by Roéntgen rays are consistent with 
this law. 

An atom from which an electron has been expelled will 
be an electron short when it gets free from the atom with 
which it was temporarily associated, and will be in a condition 
to give out radiation when an electron falls into it to replace 
the one that was lost ; the atom is now free, so that the vibra- 
tion it will emit will have the normal frequency, whatever 
may have been the frequency of the radiation which supplied 
the energy to eject the electron. Thus the character of the 
Rontgen radiation excited by the primary radiation will not 
depend on the nature of the radiation, but solely on the nature 
of the atom; on the other hand, the nature of the corpus- 
cular radiation will depend solely on the nature of the 
primary radiation, and not upon the nature of the atom. 
These conclusions sre in accordance with known properties. 
of Rontgen radiation. 

Again, we see that each electron ejected will correspond to 
one unit of energy of the characteristic radiation of the atom ; 
this will be given out when an electron falls into the atom to 
replace the one that has been ejected. Thus whatever the 
energy in the ejected electron, the energy in the corresponding 
characteristic radiation will be constant. 

Now, the energy in the ejected electron inereases with the 
frequency of the rays; hence the ratio of the energy in the 
corpuscular radiation to that in the characteristic radiation 
will increase with the bardness of the primary Rontgen 
radiation. Wesee, too, that when the frequency of the primary 
Rontgen radiation is the same as that of the characteristic 
radiation, the energy in the corpuscular radiation will be 
equal to that in the characteristic. 
We have, in the preceding discussion, neglected the possi- 

bility of the high-speed electrons ejected by the Rontgen 
rays exciting by their impact with the atoms the characteristic 
radiation of the substance. The justification for this is that in 
some experiments which I made on the excitation of Rontgen 
rays by cathode rays I found that the energy of the Rontgen 
radiation was concentrated in a very soft type of radiation, 
and that only an exceedingly small fraction of the energy of 
the cathode rays was transformed into a type of radiation 
comparable in hardness with that which would excite cor- 
puscular radiation comparable in velocity with that of the 
cathode rays which produced it. 
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When the electric force changes from plus to minus, as 
we have supposed it to do inside the atom, the amount of 
energy which must be communicated to an electron to 
enable it to get from one place P to another Q may be 

v 

Q 

greatly in excess of Rds, where R is the force on an 
P 

a 

electron and ds an element of its path. For the potential 

distribution may then be represented by a curve such as 
that in fig. 1, when an electron could not get from P to Q 

Pigs ol: 

P R Q 
unless it surmounted the peak R. Todo this it must receive 
energy represented by RM, which may be much greater 

Q 
than ( Rds, which is represented by QN. In such a case 

as this the electron ejected from P will arrive at Q with a 
finite amount of kinetic energy, measured by the difference 
between RM and QN. 

In a periodically varying electric field of the type we are 
considering we might expect the maximum value of RM to 
be approximately twice QN. For the work done between 
two places of equilibrium is equal to B,—B, when By, and 
B, are the values of the magnetic induction at the two 
places. 

Now, if the numerical value of the magnetic force at P is 
not less than that at any other point nearer the surface of 
the atom, the greatest possible negative value of B, will be 
—B,, and since B,, to a rough approximation, varies har- 
monically, B, may be expected to approach this value. Thus 
B,—B, will have as its maximum value 2B,, 7. e. the 
energy which must be communicated to the electron to 
enable it to surmount an obstacle like the peak at R is twice 
the increase in potential energy it gains by going to Q, 
where B, is assumed to vanish. Thus the electron will 
possess, when it emerges from the atom at Q, kinetic energy 
equal to half the energy communicated to it at P. 
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Let us suppose that the atom is being ionized by radiation 
whose frequency is n, where n is also the frequency of the 
characteristic radiation of the atom. The ejected electron 
begins by absorbing an amount of energy equal to 2hn, of 
this, when it is liberated, it retains as kinetic energy hn— 
this energy appears as the energy of corpuscular radiation ; 
the other half of the energy appears subsequently as 
characteristic radiation when an electron drops into the 
atom to take the place of the one displaced. In this case 
the energy in the corpuscular radiation is equal to that in 
the characteristic. 

Next suppose that the frequency », of the incident 
radiation is not the same as n, that of the characteristic 
radiation. The absorption of energy will take place when 
the atom has formed a temporary alliance with another atom, 
of sucha kind that the forces between the atoms have altered 
the frequency of the electron from n to n,. The absorption 
of energy by the electron is now 2hn,, of this hn, appears as 
the energy of corpuscular radiation, the atom recovering an 
electron after it has again become free will give out hn 
units of characteristic radiation ; the difference 

2hn, — h(n + my) = A(ny — 7) 

will be given up to the atoms, making them separate with 
more energy than they had before they came together, a 
fraction 8 of this energy might be converted into slow 
corpuscular or soft Réntgen radiation. 

Thus the ejection of a high-speed electron will be accom- 
panied by the following energy effects : 

HKnergy in corpuscular radiation =hn. 
Hnergy in characteristic radiation=/n. 
Energy in soft Rontgen radiation =Bh(n;—n). 

The corpuscular radiation will bear to the characteristic 
radiation the proportion of n, to n and will thus increase 
indefinitely as n; increases. If we include the soft Rontgen 

‘radiation with the corpuscular, and in many experiments 
they would not be distinguished, the ratio of the corpuscular 
energy to the characteristic energy would be 

n+ B(m4— 2) 
co 

The view that when an electron absorbs radiant energy 
it is a constituent of a system in which it vibrates in 
unison with the radiation, is not without difficulties. It 
requires, for example, concentration of the energy of the 
light-wave in certain places instead of uniform distribution 
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over the wave front. It has, however, the great advantage 
that it accounts for the electrical effects produced by light 
without introducing changes in our conception of light 
which give rise to difficulties in connexion with ordinary 
optical effects such as interference or scattering. These 
would not be affected by the resonance: hypothesis. 

In favour of this hypothesis may be urged :-— 

1. That it is an exceedingly minute fraction of the number 
of atoms or molecules of a substance which plays any 
part in the electrical effect. Hven what is regarded 
as very intense ionization by Réntgen rays would be 
produced if on an average each atom got ionized once: 
in some hundred thousand years. So that if each 
atom were to form a part of a suitable system once 
in this period it would be all that is required. 

2. The number of lines in the spectrum of a substance 
which are theoretically possible is very large; the 
electrons have a large number of possible frequencies, 
each of which would be disturbed by the electric and 
magnetic forces exerted by a neighbouring atom, so. 
that the frequencies continuously covered by the 
system would extend over a wide range. 

3. The difficulty of supposing that the influence of two 
neighbouring atoms of a light element could be so 
great that the frequency of an electron in one of the 
atoms could rise to that of the K radiation of a heavy 
element has been very greatly lessened by some 
recent researches. Barkla (Phil. Trans. vol. 217. 

-p. 815) has shown that the lighter elements give out 
a type of radiation much harder than the types pre- 
viously detected, and that this new type is comparable. 
in hardness with the K type given out by the heavier 
elements. Again, Shearer (Phil. Mag. xxx. p. 644), 
who has investigated the ionization of hydrogen by 
hard Roéntgen rays, has shown that the amount of it 
is, at most, surprisingly small, even when the density 
of hydrogen is taken into account, and that it is 
doubtful whether even this small amount isa genuine 
ionization of hydrogen; the experiments seem to 
suggest that it was due to a trace of some heavier gas. 
This is an exceedingly important result, because it 
shows that the impact of Roéntgen rays against an 
electron does not necessarily communicate very much 
energy to it, even though there may bea large amount 
of energy in the rays ; it differentiates the action of 
Rontgen rays from that of either cathode or «-rays. 
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We have suppesed, hitherto, that resonance is obtained by 
the free periods of the electrons in one atom getting modified 
by the proximity of another. It is conceivable, however, 
that the same result might be obtained by processes localized 
in the atom itself and independent of neighbouring atoms. 
For the atoms of every substance except hydrogen contain 
more than one unit positive charge, and if the mass of each 
positive charge is equal to that of the atom of hydrogen, the 
number of positive charges will be equal to the atomic 
weight. If the atom is electrically neutral there must be, 
somewhere or other inside it, an equal number of electrons ; 
experiment shows, however, that only about half of these 
are free to exercise any independent effects, the other half 
must be bound up with the positive charges. If, at long 
intervals, changes occurred among these positive charges 
analogous, though on a very much reduced seale, to those 
which occur in radioactive substances, electrons might be 
temporarily detached from these charges, though not as in 
radioactive substances, with such energy as to drive them 
out of the atom in the form of high-speed @-rays. The 
displacement of the electrons in the non-radioactive substances 
would, however, modify the frequency of the vibrations of 
the electrons in the atom, and would furnish a small supply 
of atoms whose frequencies differ irregularly from those in 
the normal atom and which would resonate to vibrations to 
which the ordinary atom would not respond. 
We have supposed that the periods of the oscillations of 

the electrons are determined solely by the magnetic forces, 
but even when those forces are predominant the electric 
forces which accompany them will modify, to some extent, 
the periods, and may make what, if these are neglected, 
would correspond to a single line become several lines 
separated by very small intervals. 

It may, perhaps, be worth pointing out that one objection, 
often raised against the oscillations being due to electrostatic 
forces alone, viz. that under such forces, what is primarily 
given by the equations of motion is the square of the 
frequency, while the relations given by the series laws relate 
to the frequency itself and not to its square, does not apply 
to all types of electrostatic force. If, for example, the force 
of the positive charge on an electron were represented by 

: 2 

ee , where © is a constant and ¢ a function of 7, then 

one set of positions of equilibrium would be determined by 
6=0, and if £is the displacement from one of these positions 
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the equation of motion is 

where { af is the value of at the equilibrium position. 
a7 

The frequency of the oscillation represented by this 
equation is equal to 

2Ce \ 2dd 
i mS dre 

so that the case resembles that where the oscillations are 
determined by the magnetic force, inasmuch as the first 
power of the frequency is given by a simple expression 
without square roots in the variable part. By taking 
appropriate values of @ we can get series for the frequencies 
of the Rydberg type. 

When an electron in a magnetic field is acted upon by an 
electric force, the magnetic forces will deflect it as soon as 
it gets set in motion, and it will not movealong the direction 
of the electric force. Thus if a plane polarized beam of 
light in which the electric force is parallel] to the axis of wx 
falls upon the electron, it will originate accelerations parallel 
to y and z as well as to x. The accelerations parallel to 
y and z will give rise to scattered waves which will not 
vanish along the axis of «; now we know that with either 
visible light or Réntgen rays the light scattered in this 
direction is in normal cases exceedingly small, so that it is 
necessary to see if this result is consistent with the existence 
of strong magnetic forces inside the atom. 

Let the electric force in the wave be parallel to # and 
equal to Hcospt. Let &, n, § be the displacements of an 
electron parallel to 2, y, z and a, b, c the components of the 
magnetic induction inside the atom ; then the equations of 
motion, if we include an electric restoring force proportional 
to the displacement, are 

mere celn bedg 

deeming OE ea 
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mat bedE acdn 
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the solution of these equations when &, n, & vary as ¢” is 

Ke cos pt 9 2,2 gp RECS PL (gmp?) —aetp?}, 
He cos pt 

n= | RAF aa e*p” —ecp(w~— mp’) f, 

_ He cos pt 

Ne 
where A=(u— mp) + (u—mp?)e? (a? + b? + c”). 

{—ace%p +ibp(u—mp?)}, 

We see from this that the displacements of the electron 
are not wholly in the direction of the electric force ; but 
from the form of the equations we see that if mp? is either 
very small or very large compared with yp, the displacement 
across the direction of the force is infinitesimal in comparison 
with that along it. In the theory of scattering of visible 
light mp? is assumed to be small compared with yw, while for 
Réntgen rays it is assumed to be large, so that the magnetic 
forces would not appreciably affect these types of radiation. 

If there are several electrons with their centre of figure at 
the centre of the atoms, and if the axis of 2 is a principal axis, 
then Sab, Sac, Sc, and Sb vanish, and the scattered radiation 
will be in the same direction as that given by the ordinary 
theory for the non-magnetic atom. The effect cf the trans- 
verse displacements, if the electrons in one atom were 
arranged unsymmetrically, so that Yad, etc. did not all vanish, 
would, if all the different atoms were orientated in exactly the 
same way, produce a rotation of the plane of polarization 
when plane polarized light passed through the collection of 
atoms. This effect would, however, disappear if the atoms 
were orientated at random. 

There does not, therefore, appear to be anything in the 
scattering of light by the atoms of a gas or in the rotation 
of the plane of polarization of light inconsistent with the 
existence of a strong magnetic field inside the atom. 

Scattering of Cathode particles by the Atom. 

Tf the dominant forces inside the atom were magnetic, a 
charged particle moving through the atom would be deflected, 
but inasmuch as the force on a moving particle due to its 
magnetic field is always at right angles to the direction of 
motion of the particle, the particle would neither lose nor 
gain energy. ‘he collisions would be what are often called 
elastic to distinguish them from those in which there is a loss 
of energy, which are called inelastic, 
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The experiments of Franck and Hertz show that in some 
cases, for example, argon and nitrogen, an electron may 
collide with a very large number of atums without losing 
energy, and in cases where the electrons cannot make many 
collisions before being captured and attached to an atom, the 
effects seem to be reconcilable with the view that such 
collisions as occur are elastic, and that the alternatives are 
capture or escape with undiminished energy. 

Since the frequency of vibrations of an electron is pro- 
portional to the magnetic force it is evident that it would 
be affected by an external magnetic field ; it would also be 
affected by an external electric field, since this would 
displace the position of equilibrium. The consideration of 
these effects must, however, be left for another occasion. 

XXXVII. A General Formula for the Moments of the 
Normal Correlation Function of any Number of Variates. 
By 8. D. WickseLi, Lund, Sweden”. 

[ By Ug) +++. 2, be n variates reckoned from their 
respective means and expressed in their respective 

dispersions as units, and 7p, is the coefficient of correlation 
of x» and ay, the normal correlation function is given by 
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The function $(#1, %,++++,%,) may also be written in 

the form of a certain multiple integral which will be 

* Communicated by the Author, 
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found to be very useful in discussing the mathematical 
properties of the function. Indeed we have 
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This integral, which for n=1 reduces to the well-known 

integral of Laplace, has been given by Charlier for the 

special ease of n=2. A proof of the theorem for any value 

of n will be given in the Appendix. 

By partial integration it is further easily verified that 
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Hence by the theorem of Fourier we have 
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we find, as 

when kythk,+----t+4n is an odd number, for the 
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We have now, remembering that in the case under 
consideration %pyg=Tgp and Tpy»=1, 
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and any other moment of the second and fourth orders may 
be obtained by permutation of indices. 

Without deducing the polynoms H of the sixth order, 
the moments of the sixth order may be determined in the 
following way :— 

Evidently we have 
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Using this formula twice, we find, putting 
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per mutation of indices. 
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and any other moment of the sixth order is obtained by 
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The moments of the variates expressed in any units 
being denoted by vz x... da» We have further 
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where oj, d2,....0, are the respective diaparitee of the 
variates. 
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Here apg may be any real quantities, and up to the 
sixth order the value of the integral is obtained if in 
the respective equations (6) and “(8) “pq 1S exchanged 

_ Avg for Ke 

APPENDIX. 

In order to prove equation (2) we put, using the theorem 
of Fourier, 
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It will thus be required to show that 
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But according to well-known theorems on determinants, 
we have 
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XXXVI. Mechanical “Resonators” under Double Forcing. 
By Prof. E. H. Barron, P.A.S., and H. M. Brownine, 
M.Sc.* 

[Plates V. & VI.] 

2 alle up the idea of a recent paper on Forced 
Vibrations f, it seemed desirable to use a similar set 

of pendulum “resonators” to exhibit experimentally the 
effects upon them of two simultaneous harmonic forcings of 
different periods. Four sets of photographs of six ‘each 
were taken. The first set had resonators highly damped. 
The second set had denser bobs and so jess damping. In 
each case the two drivers differed greatly in their periods. 
The third set of six photographs had the less damped reso- 
nators and drivers whose periods differed slightly and were 
made to approach and finally coalesce. The final set of six 
had but one driver and was taken to demonstrate that the 
resonators could discriminate several periods of driver between 
those of adjacent resonators. 

EHeperimental Arrangements.—Fig.1 shows the experi- 
mental arrangement used throughout. Twenty “resonators ” 

Pies 
YL 

were made as pendulums with small paper cones as bobs and 
black threads as suspensions. These cones were used alone 
for the first set of six photographs, and afterwards with rings 
of copper wire on them io lessen their damping in the sub- 
sequent photographs. Their logarithmic decrements in the 
two states were respectively of the order 0°1 and 0°025 per 
half wave, but varied slightly from end to end of the 
system. 

The pendulums J K were hung at equal distances and 
their lengths arranged so that a line drawn through the bobs 
pointed to A, one of the fixed ends of the cord. ‘he extreme 
lengths of these responding pendulums were about as three 
to one. ‘The direction of this cord AC pointed to the lens of 
the camera. At the point C on this cord ACB was hung a 

* Communicated by the Authors. 
+ Phil. Mag. [6] vol. xxxvi. pp. 169-178 (Aug. 1918). 
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pendulum with heavy bob D. On an adjacent cord AGH 
was hung at G a similar pendulum, with bob F about equal 
in mass to D. This pendulum was made to affect the reso- 
nators by means of a wooden connector at L. This connector 
is far from both the large driving pendulums, and so the effects 
of the coupling between them were always small and never 
obtruded themselves. 

Thus the two forcing pendulums or drivers could o of 
various lengths at will, and so subject the resonators to the 
corresponding double harmonic impressed forces. For each 
one was sufliciently connected to the resonators while the 
two were almost free from action and reaction on each other. 
The experiments consisted in adjusting the lengths of the 
drivers, starting their oscillations, and then taking either 
flash photographs or time exposures of the resonators. | 

It should be noted that the effective lengths of the driving 
pendulums are DH and FI respectively, those of the reso- 
nators being typified by JK. 

Results.—PlateV. figs. 1-6 shows the effects obtained on the 
responding pendulums with plane paper cones by two drivers 
of distinctly different periods and kept of the same lengths 
throughout. The responders were highly damped, and soon 
settled to their steady state corresponding to their forced 
vibrations only. It is highly instructive to watch the reso- 
nators in these cases. They show two distinct humps or 
places of maximum resonance as exhibited in fig. 1, which is 
a time exposure. But also, when watching them, the quick 
vibrations of those pendulums in tune with the short driver 
are in striking contrast to the slower vibrations of those in 
tune with the longer driver. Thus the vibrators exhibiting 
the two humps are almost always out of phase. But near 
each hump or maximum there is the usual state of ordered 
phase relation corresponding to the resonance in question. 
These effects are partly indicated by the flash photographs 
of figs. 2-6. These five reproductions illustrate one of 
the effects shown in the paper already cited. Namely, that 
we have sometimes a hump all on one side of the central 
line, and sometimes the quasi-cubic with smaller humps one 
on each side. It should be noticed that in figures 1-6 of 
this Plate the resonance is not sharp but spreads over a con- 
siderable distance up and down owing to the very strong 
damping of the resonators in use. 

PlateV. figs. 7-12 shows the effects obtained when the paper 
eones each carried a ring of copper wire and so were much 
less damped. Consequently the resonances are much sharper 
instead of being widely spread as before. This is best seen 
in the two time exposures, figs. 9 & 10. The flash 
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photographs again show the random phases of the resonators 
responding to “the two different periods of forcing in use. 
The cases of a hump at one side and the cubic are again 
illustrated. The increased sharpness of resonance suggested 
pushing the periods of the two drivers nearer to equality with 
the view of noting how closely two maxima of resonance 
could occur, and “yet be detected without coalescence of 
behaviour on the part of the responders. This detection 
of separate maxima in spite of some spreading of the re- 
sonance is somewhat analogous to the ease of resolution of 
points by lenses and lines by prisms in spite of diffraction. 

The idea of such resolution was accordingly followed 
up in the experiments whose results are given in Plate VI. 
figs. 13-18, consisting of four time exposures and two flash 
photog raphs. Of these four time exposures, the driving pen- 
dulums had the greatest difference of lengths for fig. 16, they 
are closer for fie. 13, closer still for fig. ae and are in exact 
agreement of lengths and periods in fig. 18. Indeed the result 
shown in fig. 18 is indistinguishable in character from that 
of fig. 19 (also on Plate VI.), in which only a single driver 
was employed. The two flash photographs, figs. 14 & 15, 
ure for the same drivers as used in the time exposure fig. 13, 
and show the change of phase introduced by the slightly 
different periods of forcing. 

In Plate VI. figs. 19-24 are given the results obtained by 
using a single driver whose length was very slightly changed 
from each figure to the next. Thus the discrimination of 
frequency of a driving vibrator which can be effected by a set 
of graduated responding vibrators is seen to be carried to a 
jineness much closer than that of the difference of frequencies of 
the successive responders themselves. For in passing through 
this series of six figures (19--24) we do not cover the interval 
between the frequency of one vibrator and its neighbour. 

Conclusion.—Some find difficulties in accepting a resonance 
theory of audition on the ground that there may not be in 
the internal ear sufficient responding vibrators provided with 
separate nerves to give one nerve for each perceptible pitch 
throughout the range of hearmg. To such the above simple 
experiments with “pendulums may afford some help by 
analogy. These experiments, at any rate, show that the 
resonance theory of audition, whether it stands or falls, does 
not fall on this account. 

It is hoped to deal more particularly with this and other 
points as to the resonance theory of hearing in another paper 
for which the experiments are already completed, and to 
which this paper forms a natural introduction. 

Nottingham, 
February 14th, 1919. 



256 | 

XXXIX. Resonance Radiation of Sodium Vapour eacited by 
One of the D Lines. By R. W. Woopand F. L. MoniEr*, 

1 ing a paper on “Resonance Radiation of Sodium Vapour”, 
published by one of us in 1905, it was shown that a glass 

tube containing the vapour of metallic sodium at a low tem- 
perature (about 200°), when illuminated by the light of a 
sodium flame, re-emitted a yellow light, which spectroscopic 
analysis showed was identical with the exciting light, in other 
words the two D lines. 

In 1914 Wood and Dunoyer{ showed that the vapour 
when excited by the light of one D line only, emitted only 
this same wave-length, in other words, that it was possible 
to have sodium vapour emit only one of the D lines. This 
showed that the mechanisms producing the D lines could be 
separately excited. 

Owing to the very long exposures which were necessary in 
these experiments, and the extreme faintness of the images 
obtained, it was impossible to tell whether the other D line 
was in reality completely absent, or merely greatly reduced 
in intensity. Moreover, in the few cases in which a trace of 
the other D line appeared, it was never quite certain that 
this wave-length was completely eliminated from the exciting 
beam, as the temperature of the room always varied consi- 
derably, and this altered the optical properties of the quartz 
block used in the polarization method of separating the two 
lines. 
We have accordingly repeated the work, using a spectro- 

scope of higher resolving power, and controlling the tempe- 
rature of the optical system used for separating the D lines, 
with a thermostat. 
We have, moreover, taken extreme precautions to remove 

completely the occluded hydrogen, and have examined the 
effect of the presence of small traces of hydrogen on the 
nature of the radiation. 

This seemed very important, as it has been shown by one 
of us that when iodine vapour in an atmosphere of helium at 
low pressure is excited to resonance by the light of the 
mercury arc, there is a transfer of energy from one vibrating 
system to others, and the emitted spectrum is much more 
complicated than is the case when the iodine is in a high 
vacuum. 

* Communicated by the Authors. This communication is an abstract 
of a paper which appears in full in the Physical Review. 

+ B. W. Wood, Phil. Mag. [6] x. p. 513 (1905). 
t+ R. W. Wood & L. Dunoyer, Phil. Mag. [6] xxvii. p. 1018 (1914), 
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Other resonance phenomena show that the centres of radia- 
tion in the sodium molecule are not entirely independent. 
One of us * showed in 1905 that the vapour, when excited by 
blue-green light, in the region of its band-absorption spectrum 
emitted a narrow yellow band coincident with the D lines. 

More recently Strutt? has found that excitation by light 
of wave-length equal to that of the ultra-violet doublet 
(second member of the principal series, of which the D lines 
form the first member) caused the emission of the D lines. 

In view of results which will be mentioned presently it 
seems possible that the effect observed by Strutt may have 
been due to traces of hydrogen in his bulbs. 

The polarization method of separating close spectrum lines, 
which was described by one of us{ in 1914, has been em- 
ployed in the present work. The apparatus has been improved, 
however, 1n a number of respects. Larger polarizing prisms 
have been employed, and the entire polarizing system was 
enclosed in a box and kept at a constant temperature by 
means of an electrical heater controlled by a thermostat. 
The thick quartz plate was re-figured and polished, as some 
slight errors had been found which affected the purity of 
the light delivered by the apparatus. 

The spectroscope was built up with two large portrait 
objectives of 3 inches aperture and 24 inches focus, and two 
5-inch prisms of flint glass. 

The plates were clamped against the tube which held the 
eyepiece of the filar micrometer, and by moving this slightly 
with the screw between exposures, two or more images could 
be recorded on the same plate side by side. 
A very great advance resulted from the discovery that the 

new “pyrex” glass made by the Corning Co. (Corning, N.Y.) 
resists the action of sodium vapour far better than any other 
glass in the market. Buibs blown from tubes of this glass 
showed scarcely any discoloration after ten hours’ heating, 
which is sufficient to colour bulbs of soft-glass a dark brown. 

Asa source of light we employed a Meker burner fed with 
sodium by a large disk of asbestos board charged with sodium 
chloride and rotated once in twelve hours by a-clock. It is 
important that the disk touches only the edge of the flame 
on the side opposite to that which faces the illuminating 
system, otherwise there is a reversal of the D lines, which is 
very detrimental to the excitation of the resonance. This 

* R. W. Wood, Phil. Mag. [6] x. p. 408 (1905), 
+ Strutt, Proc. Roy. Soc. Series A, xci. p, 511. 
t Wood, Phil. Mag. [6] xxvii. p.524 (1914). 
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arrangement worked quite as well as the more complicated 
atomizing apparatus employed in the earlier work. 

The sodium bulbs were prepared in the same way as 
before, exeept that the sodium was distilled from one side 
af the bulb to the other a great many times by waving the 
flame of a burner around the bulb, the pump working» con- 
tinuously. We found that even after the sodium deposit had 
been driven across tke bulb 170 times, the McLeod gauge 
still showed a small trace of hydrogen. 
We have photographed the spectrum of the resonance 

radiation excited by both D, and D,. In the earlier work 
we experimented only with the hght of the D, line on 
account of its greater brilliancy.. 

The efficiency of the polarizing separators was tested by 
photography, and it was estimated that when the quartz 
block was set for the extinction of D,, D, was about 50 times 
brighter than D, in the transmitted eh Adjustments of 
the’ apparatus were made by coating the bulb with a layer 
of magnesium oxide, by holding it over burning magnesium 
wire. The coating was then wiped off with the exception of 
a narrow vertical strip. The bulb was mounted in a wire 
frame as before over a chimney heated by a quadruple 
burner, in such a manner that it could be rotated on a vertical 
axis. The image of the small window in the sheet-iron 
chimney surrounding the sodium flame, formed by the 
polarizing separator, was focussed on the patch of MgO, and 
an image of this thrown on the slit of the spectroscope. The 
quartz block was then turned until one only of the D lines 
appeared in the spectroscope. The bulb was now rotated 
until the image fell on the clear glass to one side of the 
oxide patch, and the quadruple burner lighted. 

With the improved apparatus we could give exposures of 
ten or twelve hours, which was sufficient to yield a fully 
exposed spectrogram ‘of the resonance. 

In the case of the first photographs which we made we 
found that there was always a trace of the D, line when the 
illumination was by D.. 

All possible precautions were taken to exclude scattered 
radiation, and to still further eliminate every chance of error, 
we added a narrow horizontal strip of dark grey Mg oxide 
which cut across the patch of resonance, and matched it in 
intensity. This grey patch we made by heavily smoking the 
bulb in a oas-flame and then depositing a very light coat 
of MgO. The bulb with the large white patch and the 
narrow grey strip is shown in fig. 1 A. Fig. 1 B shows 
the appearance of theresulting spectrum line as it appeared 
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when this method was used. Both D lines appear except at 
the place where the exciting light is diffusively reflected 
from the horizontal grey strip, and there only one line is 

Fig. 1. 

A 

recorded. If the appearance of both lines resulted from 
reflexion of stray light from the glass, there would be no 
break in the D, line. 

In the early part of the work we obtained very conflicting 
results, for on some plates we found no trace of the line which 
was absent in the exciting light, andin others both lines were 
present. We finally found that bulbs very carefully freed 
from hydrogen, and operated at a comparatively low tem- 
perature, gave always a pure resonance radiation, 7. e. one 
line only appeared. If hydrogen was present, or if the 
temperature (and consequently the density) was raised, both 
lines were recorded. 

The effect of a change in the density of the pure sodium 
vapour was first investigated. 
A bulb carefully freed from hydrogen was used for three 

exposures to resonance excited by D, at temperatures of 210°, 
270°, and 340°, keeping all other conditions constant. D, was 
absent in the case of the exposure made at 210°, it was present 
though faint at 270°, while at 340° it was nearly as strong 
in respect to D, as in the case of a feeble sodium flame for 

which the intensity ratio = — se 
1 

In making our exposures we always made a preliminary 
exposure of ten minutes on the MgO patch, following this 
with the resonance exposure, and ending with a third 
exposure on the MgQ. This furnished a check on the purity 
of the exciting light, and showed that no change had occurred 
in the adjustments of the polarizing separator. In our 
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photographs the two outside records were obtained by the 
light reflected from the MgO, and the middle record from 
the resonance. 

The change resulting from the presence of hydrogen in 
the bulb wasalso very marked. In this case both lines were 
present even when the bulb was ata low temperature. 

Similar investigations were made using D, as the exciting 
radiation. ‘The difficulties are greater in this case, as D, has 
an intensity only half as great as that of D., and it is more 
difficult to completely exclude the light of the brighter line : 
moreover, the resonance is only half as bright as with D, 
excitation. 

With pure sodium at 210° we obtained a faint trace of Ds, 
while with 0°l mm. of hydrogen D, is about half as bright 
as aon 

On some plates recording the effects with more hydrogen 
in the bulb, the intensity of the two lines was nearly equal. 
All of the results were verified by repetitions, about fifty 
plates being taken in all. 

The observations may be summarized as follows:— 

D, Excitation. 

Bulb as free from hydrogen as possible. 
At 210° (no trace oi D,) intensity ratio of D, to D, 

at least 20: 1. 

At 300° ratio of D, to D, about 5. 

Bulb containing hydrogen at 0°25 mm. 

Ab 220" ee of De. to D, about 4. 
At 300° - i, 3. 

D, Hecitation. 

Bulb free from hydrogen. 
At 220° a trace of D,. 
At 300° ratio of D, to D, about 3. 

Bulb containing 0:1 mm. hydrogen. 
At 220° ratio of D, to D, about 2. 

Bulb containing 0°25 mm. hydrogen. 
At 250° ratio about 3/2. 

In conclusion it seems safe to say that the transfer of 
energy from the excited line to its companion results from 
molecular collision, either of sodium with hydrogen or sodium 
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with sodium, the effect in the latter case being evident only 
at high temperature and increased density. The effect is 
probably analogous to the similar one which occurs in the 
ease of the iodine vapour in a tube containing helium, 
excited by the green line of the mercury arc. If the iodine 
is in a high vacuum the emission spectrum consists of a 
series of 28 members of close doublets. In helium the 
doublets are weakened and the band spectrum is strongly 
developed. 

XL. Notices respecting New Books. 

Matrices and Determinoids. By Dr. C. E. Cutuis. Vol. I. 
Pp. xxiv+505. Cambridge: University Press, 1918. 

ae first volume of these Readership Lectures at the Uni- 
versity of Calcutta was published in 1912, and a third 

volume, “completing the theory of matrices and clearing the 
way for the applications” (p. xi), is in prospect of publication. 
This volume is full of elaborate detail, and what may seem to 
the unsympathetic the monotony of systematic deduction is not 
relieved for the benefit of lesser mortals by interesting geo- 
metrical and physical applications or references to th: work of 
others. Indeed, other persons are not mentioned in this volume 
with the exception of those—such as Sylvester and Rodrigues— 
whose names are attached to theorems, aud in a short acknow- 
ledgment on pp. vil—vili of certain books on higher algebra and 
geometry by Bécher, Heffter and Koehler, Muth, Netto, Veronese, 
and Whitehead, and papers by Schlafli (1866) and Haripada 
Datta. 

The absence of applications is at first sight somewhat sur- 
prising: the author was in the habit of using matrices freely in 
the solution of problems in algebra, geometry, and applied mathe- 
matics, and the chief aim of his book is to give a systematic 
account of certain applications of matrices (p. v). The first 
volume contained the foundations of a calculus of matrices; an 
account of the properties of the ‘‘ determineid” of a matrix, which 
becomes the determinant of the matrix when the matrix is square ; 
an account of the solution of matrix equations of the first degree ; 
and some other features. This second volume contains those parts 
of the theory which naturally precede any investigation of the 
special properties of those (“functional”) matrices whose ele- 
ments are rational integral functions of a finite pumber of 
varitbles (p. vi). Thus we see that, with regard to that part 
of Dr. Cullis’s work which deals with the applications, the con- 
stant increase of the theoretical portion has resulted in the 

applications being driven turther back, ‘“‘ though they still remain 
the ultimate object oi the book” (p. v). 
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This volume contains Chapters XIJ-XIX of the whole work, 
and the chapters deal successively with definitions of compound 
and compartite matrices and other introductory matter (p. 1); 
relations between the elements and minor determinants of a 
matrix (p. 37); some properties of square matrices (p. 107); 
ranks of matrix products and matrix factors (p. 165); equi- 
eradent transformations of a matrix whose elements are 
constants (p. 228); some matrix equations of the second degree 
(p. 309); the extravagances of matrices and of spacelets in homo- 
geneous space (p. 378); and the paratomy and orthotomy of twe 
matrices and of two spacelets of homogeneous space (p. 463). 
There are also Appendixes and an Index. 

The ideas and language are frequently geometrical: for ex- 
ample, we have “spacelets” (pp. vi, 78), but there seem to be— 
quite naturally, after what has been said above—no geometrical 
applications in this volume, and the only physical application 
seems to be the interesting treatment (pp. 3380-332) of the 
rotation of a rigid body. 

XLII. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

(Continued from vol. xxxvi. p. 488.] 

November 6th, 1918.—Mr. G. W. Lamplugh, F.R.S., President, 
in the Chair. — 

The Prestppnr read a communication that he had received 
from Prof. CHartus Barros, D.Se., F.M.G.S8., in reply to con- 
eratulations sent ov the occasion of the evacuation of Lille by the 
enemy forces. 

A Discussion on the Antarctic Ice-Cap and its Borders 
was introduced by Sir Doveras Mawson, D.Sc., B.E., F.G.S. 

Sir Douglas Mawson said that at the last Meeting of the 
Society the subject of the Antarctic Ice-Cap was reviewed in its 
broader aspects, chiefly with the view of promoting a discussion 
among those specially interested in Glaciology. The present 
oceasion had been reserved for the Discussion, and he proposed to 
show certain lantern-slides in order to bring the salient features 
freshly to mind. 

Though much of the foundation of the Antarctic Ice-Cap is cer- 
tainly elevated land, it is quite possible that elsewhere the dome 
rests upon a floor actually below sea-level. In any case it is most 
probable that the smooth ice-surface masks a very irregular rock- 
basement. The thickness of the ice may, therefore, be expected to 
be extremely variable, no doubt reaching a maximum of several 
thousands of feet. 

An ice-formation of such magnitude introduces questions relating 
to the flow of its substance and the abrasion of its foundations which 
do not enter into the physics of ice-masses of smaller dimensions. 



Antaretiv Iee-Cap and its Borders. 463 

Here the static pressure on the lower zones of the ice may reach 
1 ton per square inch. At the same time, the temperature may 
be so increased by ground heat as to be much higher than that 
prevailing above. As a consequence, when the ice-formation is 
very thick, a more plastic base must be admitted. 

The outflow of the inland ice is principally deflected at the coastal 
margin into depressed areas outlining the heads of culfs and bays. 
In such localities the rate of movement and the volume of ice 
entering the sea are both great. So great indeed, that extensive 
floating ‘glacier tongues’ are a feature of such situations, often 
extending 40 to 50 miles from the shore. 

Along other stretches of the coast less well placed for receiving 
contributions from the interior of the Continent, the outflow is so 
much less that the destructive influences at work on reachin g the sea 

easily maintain its boundaries at approximately the true coast-line. 
As exceptions to this latter prevailing condition, however, there 

are known already two notable localities where the general overflow 
from the land maintains itself as an immensely thick floating 
structure extending far out over the sea—a veritable oceanic jee. 
cap. To this type of formation we apply Prof. Nordenskjéld’s 
term ‘shelf-ice. The formations referred to are the Great Ross 
Barrier at the head of the Ross Sea, and the Shackleton Shelf off 
he coast of Queen Mary Land. 
The former oceupies what is really the head of the Ross Sea 

a somewhat triangular area. rom apex to base it measures 
500 miles, with a base-length of about 400 miles. This great raft 
of ice presses forward to the open sea at the rate of a few hundred 
yards per annum. The available figures, quoted by David and 
Priestly, show that, at the present rate of advance, the ice now 
appearing at the sea-face must have left the inner extremity of the 
floating sheet at some time during the 7th century. A survey of 
the ice-cliff forming the sea-face indicates by its changing height 
that the Ross Barrier is of varying thickness. This has been 
explained by the presence, in localities where it is thickest, of the 
remnants of the massive-ice contribution received during its 
course from certain of the large tributary glaciers. The ice from 
these glaciers, in fact, constitutes a strong framework which 
stiffens and contains the more crumbling structure derived from 
the consolidation of the annual snowfall. 

To a great extent this must certainly be so; but the influence of 
a varying snowfall, and the effect of violent periodic winds—a 
feature of the region—in sweeping the loose snow from certain 
areas and depositing it in other favoured localities, must be 
reckoned with. The snowfall is lighter on the eastern side than 
on the western. Furthermore, the snow tends to accumulate on the 
western side owing to the fact that the winds regularly blow from 
the quarter south to east, and not from the west. 

In the case of the Shackleton Shelf, this is the more remarkable 
because it maintains itself as a pontoon stretching into the open 
sea, even across the drift of the prevailing ocean-current. . 
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The deluge of ice, after descending to the sea, presses northwards 
as an integral whole, at first touching bottom at intervals, then 
forcing its way past several islands, eventually reaches an ex- 
treme distance of 180 miles from the land before it is mastered by 
the swell and currents of the Southern Ocean. It is somewhat 
triangular in form, with the apex out to sea. The base against 
the land, though not completely charted, extends in all probability 
for a distance of about 200 miles. 

The main body of the shelf-ice advances rather slowly, but the 
Denman Glacier, which contributes to it, has a much more rapid 
movement, very well illustrated by the fact of its ploughing 
through the other shelf-ice with such force that a shatter-zone 
some miles wide is developed. 

The wall of the shelf-ice on the west side offers an excellent 
example for study, as it is a section from the point of its departure 
from the land to its crumbling apex. In the case of the Ross 
Barrier, the cliff-face is a section across the direction of movement. 

At the land end, the Shackleton Shelf, from the surface down, is 
hard glacier-ice breaking with a characteristic fracture. A few 
miles farther out, away from the influence of the winds descending 
from the land slopes, a nevé mantle commences to make its appear- 
ance over the original ice-formation. As one steams along the face 
away from the land, this capping is observed to increase steadily in 
thickness. The overburden of nevé is arranged in regular bands, 
each of which corresponds to a single year’s addition. This being 
so, it is possible to make some sort of an estimate of the age of the 
formation. | 

The weight of these additions depresses the top of the original 
ice below the.surface of the water. Though there is a regular 
annual addition above, it must not be imagined that the total 
thickness of the pontoon is correspondingly increased; for the 
solution of the lower surface by the sea has also to be reckoned 
with. Very often, however, in the nevé sections of glacier-tongues 
the eliff-face above the water is observed to stand higher than in 
the wholly ice zone at the land end. ‘This is to be expected on 
account of the lighter nature of the nevé ice added, there being a 
larger proportion of air sealed up in it. 

The observed height above sea-level of Antarctic shelf-ice so far 
recorded ranges from about 20 to over 200 feet. A common figure 
is from 90 to 120 feet, suggesitng a total thickness of 600 to 1000 
feet. 

Although the height of the cliff-face presented by shelf-ice gives 
some idea of its total thickness, a really accurate method of 
determination is badly needed. ‘The Australasian Expedition hit 
upon a method which gives positive results in some cases at least. 
This consists in taking serial temperatures of the sea-water in 
depth near the face of the shelf-ice. As there is always a current 
flowing beneath the ice, the bottom of it is likely to be marked by 
a sudden slight change in the water temperature, easily observed 
when the observations are plotted as a graph. 
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XLII. On a possible means of determining the two characteristic 
Constants of the Avther of Space. By Sir OLiveR Lovee, 
Vike (ie nag 

[This elementary paper has for its object the eliciting of an 
opinion, not the communication of a result. | 

HE two constants which regulate the properties and 
behaviour of the ether so far as known, whether 

the pbenomenon studied be electric, magnetic, or optical, 
are simply and fundamentally defined thus, in terms of 
actual mechanical force :— 

Ot 
Se ea he 

Kr? pr 

These definitions are independent of any system of units 
(i.e. are true in all), so the dimensions of an electric charge 
are e=1,/(KF) and of a magnetic pole m=l,/(wF). 
We may also write magnetic moment ml=pAI, A being 

area and I being deldt; or we may equally well write 
m/e=pv ; which happens to be of the same dimensions as the 

coefficient of electrical resistance. 
The dimension of an induction coefficient is wl, aud of a 

capacity is Kl. 
In the case of energy all unknown dimensions disappear, 

since all forms of energy are interchangeable ; hence 4LIP 
and 4S V’, or mI and eV, are truly dynamical expressions. 

* Communicated by the Author. 

Pint. Mag. 8. 6. Vol. 37. No. 221. May.1919. 2K 
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There are also some expressions which are really teme, 
namely RS, L/R, and (LS). And there is also the 
remarkable relation V(1/wKK) which dominates opties and 
is really a velocity. It follows that the product em is 
really angular momentum, or of the same dimension as 
Planck’s constant h. 

[It is even of interest to reckon the purely numerical 
relation between e;m, and h, where e, is the charge of an 
electron, and m, soine corresponding unit magnetic pole 
which might be called a magneton. When an electron 
in an atom is revolving so fast that it flies otf, these 
quantities are brought into relation with the quantum; 
and since 47m is the total induction from a pole, and 
47e the total lines of force from a charge, and h/27 the 
angular momentum of a revolving electron ready to escape 
from an atom so that its energy comes within our range of 
observation, it is natural to write 

Atm, X 4re, = h/27 

or hi = 327° ein, 

To see if the order of magnitude here involved is at all 

right, we can utilize the known relation m=pwe, and take v 
as practically the speed of light, c, for an escaping B ray. 

Now h has been measured as 

6°D47 x 107" cos. Meas 

while Professor Millikan’s measure of 

eis 4°774x 107!" electrostatic unit. 

Hence epny=pee? = 6,7/Ke=7°6 x 10-* c.g-s. (Me ie 

It will be seen that 327° times this quantity gives an h of 
the right order of magnitude, though a little too big, namely 
75x10-27, But the agreement is sufficiently near to be 
ne iking. To make it exact we should have to consider the 
electronic charge as 

= 4:36 x 107! electrostatic unit. 

Or, if we take 2 and e, shove, as both correctly mea- 
“pra and pve,” =h/32 7°, we can reckon the velocity 
with which an electron is revolving before it escapes, as 
v=2:61 x10" cm. per sec. | 

In passing we may note that electromotive force is m/¢ 

* The above e,m, is the angular momentum of a sphere the size of 
electron and density 10~’* revolving on its own axis with an equatorial 
speed of light. 
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while magnetomotive force is e/t; so the ratio of the two 
potentials is the inverse ratio of the charges. 

Every electrical expression which can be interpreted 
dynamically necessarily involves two of the electric or 
magnetic quantities,—one of each .except when a mere 
ratio is involved,—otherwise the etherial constants could 
not cancel. 

1f the constants are omitted and their unknown dimensions 
not attended to or allowed for, we get impossible equations 
expressing electric and magnetic quantities in terms of 
ordinary mechanical units; so that the relation between 
ether and matter is masked. If they are always retained, 
ithe equations are true in all respects, and it is easy to 
interpret them in any artificial and temporary system of 
units that may be convenient. The two recognized artificial 
‘systems are necessary until the nature of the constants 
wand K is known: and even afterwards they will probably 
still be used for practical purposes. 

All that we at present certainly know abont these constants 
is derived from Maxwell’s theory, and can be expressed 
thus :—that if the following operators are applied to any 
‘suitable electric vector this relation holds, 

é ao 

Vv +p 75 = 0. 

Whence it follows that the product wK is the reciprocal 
of the Aha of the velocity of wave propagation, or 
phe = 

Well-Enown facts in electrostatics suggest that K has 
some kind of elastic significance ; while u, which dominates 
magnetic phenomena, simulates more the properties of 
inertia. Yet neither property can belong to ordinary 
matter: they both belong to vacuum : matter can only 
modify them, as it can only modify the velocity of light. 

Ag 
Hence it becomes natural to suggest that K may be the 

transverse elasticity or rigidity of the ether; while 4a 
may be its density. (See ‘Modern Views of ‘Electricity, 
Appendix p.) 

Reasons are given in the Phil. Mag. for April 1907, p. 488, 

and in my book ‘The Ether of Space,’ for the probability— 

assuming zether to be the raw material out of which electrons 

are made and that it is incompressible—that the density of 

wether is excessively great: in fact possibly of the order 
10” grammes per ¢.c¢. 

2K2 
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If that were true it would follow that the elasticity effective 
in radiation must be of the order 10° ¢.¢.s, so that the 
ratio of the two may be 9 x 10°, the square of the velocity 
of light. 

The problem before us is to find out if any experi- 
mental means can be devised for putting this hypothesis or 
assumption to an experimental test, so as either to confirm 
or correct it. 

Now we know that magnetic lines of force, unlike electric 
lines of force, are always closed curves ; hence it is possible 
for something material to flow along them continuously. 
Round every electric current there is magnetic circulation ; 
is it possible that this may be zetherial circulation ? 

As I understand Larmor’s theory of magnetism (see for 
instance pages 84 & 336 of his book, ‘ Aither and Matter.” 
See also the Phil. Mag. for April 1907, p. 500) it postulates 
a flow of something along magnetic lines. A magnetic 
field is a seat of kinetic energy, while an electric field 
is a seat of potential energy; the interaction of the two 
fields is responsible for wave propagation. 

If any ether is really flowing along the lines of a magnetic 
field, and if it has a real density, it is natural to attribute 
the energy of the field to the kinetic energy of this flow; and 
to identify the self-induction of an electric current with the 
surrounding zetherial inertia. 

That, at any rate, is the working hypothesis which I 
propose to make ; and if we could determine the velocity of 
the flow in a given field, we should thereby determine the 
eetherial density. ‘hat is an experiment the possibility of 
which I propose to consider. } 

The obvious suggestion is to splita beam of light and send 
each half in opposite directions round a closed optical circuit 
in such a way that when they meet they shall form inter- 
ference bands. Hxamine these bands ina micrometer, then 
magnetize the circuit in such a way that the lines of force 
run parallel to or coincident with the beam of light, and 
watch for a shift of the bands. 

A circuit shaped like an equilateral triangle, with mirrors 
at the corners, would seem the best for this modification of 
Fizeau’s classical experiment on the effect of moving water. 

In 1892 & 1893 at Liverpool I performed carefully an expe- 
riment of this kind (see Phil. Mag. April 1907, p. 495), using 
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a square nota triangle, (which had some advantages and some 
disadvantages: neither obvious). I tried filling the magnetic 
solenoids with water, bisulphide of carbon, and salts of iron, 
as well as with air: and sometimes I passed the light four 
times both ways round the square. The maximum drop of 
magnetic potential applied was nearly 2,000,000 c.g.s., and 
this did not affect the light by so much as 1/100 of a wave- 
length. 1 could have detected an ether-drift of 1 foot per 
second, or a thousand millionth of the velocity of light ; but 
I did not press the experiment to further extremes such as 
would have decided against a very slow eetherial flow. 

We must now examine reasonable laboratory data to see if 
by any possibility we could hope so to improve the arrange- 
ments as to make perceptible a drift of zether in a transparent 
magnetic field of practicable strength, even if setherial density 
is very great. 

Take then the simplest form of magnetic circuit, a 
closed solenoid or anchor-ring of sectional area A and mean 
periphery /, and let it be wound with n turns of wire ; then 
its coefficient of self-induction is L=4arpn?A/l and the mass 
included in the ring is M= Alp. 

A current circulating in the wire has the energy 3LI’ ; 
while the energy of a hypothetical eetherial flow round and 
round the ring, is Mv’. 

Assuming that the two expressions are equal, or that one 
is the equivalent of the other, we get 

apes By _ dap? 

Lee Rol? 

or Vis miy/ (= ). 

This is the drift to be observed. 
It the current is expressed in electromagnetic units, w will 

be 1; and if we assume the density p as 10”, (47/p) will 
be 35 x 10~®; so in that case the velocity » will be very slow, 
and to make it perceptible we must contrive to make n,I very 
large. 

Magnetically the seze of the solenoid does not matter, but 
we must arrange to crowd on it as many turns of wire to the 
centimetre as we can, and to send as big acurrent as possible 
through the wire without overheating it. 

Let us see whether an extreme case can be thought of which 
shall come within the limits of experimental possibility. 
Take a closed magnetic circuit of any convenient sectional 
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area and of length to be subsequently settled on optical con- 
siderations ; cin it with wire so that if possible a thousand 
turns are piled up on every centimetre of its effective length; 
keep it so cold, say by liquid air, that it can carry 1000 amperes: 
or 100 c.g.s. units of eeeat : then 7,1 = 10° c.g.s. units. 
Wherefore v will be 

+ centimetre per second. 

That is to say in a magnetic field excited by a million 
ampere-turns per centimetre, the rate of sether flow along 
the lines of force will be only 3 millimetres per second or 
7 inches a minute—about a snail’s crawl. This is the speed 
which has to be compared with the velocity of light. 

A considerable length of optical cireuit becomes clearly 
necessary. Let each side of the supposed equilateral triangle 
constituting our magnetic circuit be a helix 10 metres long, 
and let the optical arrangements be so perfect that a shift 
of + 5,9 of an interference band can be detected, then the 
ratio which we have available for comparing the velocities 
is the ratio of the total length of the circuit to one-thousandth. 
of a wave-length; that is to say, 

30 metres 

6 tenth-metres 
or, joo lo: 

The speeds to be compared are 

$y Sallie 
"3 

Hence by taking advantage of the opposite transits of eacl: 
half of the light beam, and taking advantage also of reversal 
of the m agnetic field, the observation seems just barely 
feasible. 

If the light were sent round a square cir cuit two or three: 
times, as was done in my Atther experiment (Phil. Trans. 
vol. 184, A, 1893, page 757), it would seem possible to make 
a sort of measurement of the speed, and therefore of the 
eetherial density, even in the extreme case of its being as. 
high as the estimate here suggested as a maximum. The 
density can hardly be greater : if it is less, the determination 
ig proportionately easier. I expect it to be rather less, but 
not much: I think the order of magnitude is probably right. 
If there is no shift at all, and if the absence of drift can thus 
be certainly established, we shall learn that something is 
wrong with the hypothesis of etherial flow along magnetic 
lines of force ; for it is on that hypothesis that the whole 
suggested experiment has been founded. 

oreo 



the two characteristic Constants of the _ther of Space. 471 

If a distinct answer can be gained, the experiment is well 
worth while. 

Perhaps it is not clear why I attach so much importance 
to a measurement of the etherial constants and a deter- 
mination of their dynamical nature. If a positive result 
could be secured it would be the first positive result which 
the ether, apart from matter, has yielded, since the funda- 
mental fact of wave propagation and its definite velocity. 
This determined the product of the two constants, and was 
the first step in our knowledge of them. If however by 
some new phenomenon the two constants could be separately 
known, a second and even more important step would have 
been taken towards understanding the ether’s structure and 
real nature. Until these constants are known, its relation to 
and interaction with ordinary matter must be largely guess- 
work. Radiation once excited obeys known laws, but of 
the emission and the absorption of radiation very little is 
really understood; and even the refraction or slowing of 
speed when passing through dense matter appears to be a 
subject of some difficulty, at least when anything more has 
to be apprehended than the bare fact and its elementary 
exposition. 

If the density were known, of course the elasticity would 
be known too, unless the dynamicseof ether is not merely a 
variation on Newtonian dynamics but something utterly 
different. The only way to ascertain the truth on this 
subject is to try how far the ether can be treated as a 
substance amenable to ordinary laws. ‘The principle of 
least action holds for light, and it seems possible that a 
developed turbulent or vortex sponge theory may account 
for the zether’s elastic rigidity (cf. Appendix Ei and p. 124 
of Larmor’s ‘ Ather and Matter” Also Phil. Mag. for 
April 1907, p. 503). It is essential however that we 
know the value of this rigidity. If it is kinetically explicable 
in the way originally suggested by Lord Kelvin (though 
afterwards abandoned by him) then the amount of energy 
locked up in the ether is something prodigious. Some 
day such a fact as this, when ascertained, may be found 
to have a bearing on really practical problems. 
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XLII. On a reciprocal relation between the Hlectrostatic 
Fields of certain Distributions of Electricity and the 
Magnetic Fields of corresponding Uniform Currents. 
By Professor A. Gray, #.R.S* 

1. A uniform circular linear distribution of electricity and 
a uniform circular current. 

(hee heavy circle in fig. 1 represents the circular electrical 
distribution of line density p and radius a. Pisa 

point external to the circle and its plane, at a distance a’ 
from its centre, and A is the intersection of CP with the 
circle. 

Consider an element of the circle at E of length ds. 
Project this element radially to EH’ on the concentric circle 
(of radius a') described through P, and denote by ds' the 
length of the projection. Then ds'/ds=a'/a. Denote EP 
by 7, ZCPE by @; we have then also AK'=r, and 
ZChA—8. 
The repulsion of the charge onds exerted on a unit charge 

at PD, that is the electric field intensity at P, is 

os 6 ds' SS al 
ae 

cos 6 ds a 
Pe Tortora 

Now the second of these forms is, by the diagram, and 

* Communicated by the Author. 
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according to the so-called law of Laplace, the magnetic field 
intensity “produced at A by the element ds’ of a circular 
conductor coincident with the concentric circle drawn 
through P, and carrying a current of strength y=pa/a’. 
Thus ihe whole magnetic field intensity EF, at A, due toa 

eurrent y in the concentric circle through P, is given by 

ae 
Pay (2 ds'=p { con Cds=F.. ; Z (2) 

where F, is the electric (or gravitational) field intensity at 
P due to the cirele of radius a and uniform line density p. 

Of course I, is directed radially outward, while F,, is 
normal to the plane of the circles. 

The same result holds mutatis mutandis when the point P 
is within the given circle (fig. 2). 

7 Fig. 2. 

2. The mutual inductance of two concentric circles is propor- 
tional to the electric (or gravitational) sield intensity 
produced by a uniformly charged disk, the edge of which 
coincides with one circle, at a point on the circumference 
of the other. 

Imagine the charged disk divided into an infinite number 
of concentric narrow circular strips, and consider the out- 
ward repulsion of each of these on unit charge at P. These 
repulsions combine into a radially outward force at P equal 
to their sum. But each element of repulsion is equal to the 
product of the area of the strip producing it and the mag- 
netic field intensity produced at any point of that strip by a 
fixed current flowing round the other cirele. This conclusion 
seems very remarkable: I am not aware that it has been 
noticed before. _ 

One direct mode of calculating the mutual inductance 
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of two coplanar concentric circles, would therefore seem to- 
be as follows. Imagine the circle AEB (fig. 1) replaced 
by a uniformly charged disk and calculate the repulsion of 
the disk on a unit charge placed at P. This will be most 
easily done by dividing the disk into narrow strips all at 
right angles to the diameter through A. Then the repulsion 
exerted on unit charge at P, by one of these strips at 
distance w from P, of breadth dw, and having D, F for 
its extremities, is equal to the repulsion of the incomplete: 
circular strip of radius x, breadth dv, and intercepted between 
the lines PD and PF. 

3. A distribution of electricity on a plane conductor bounded 
by two close, similar, and similarly situated ellipses, and 
a uniform current in the confocal ellipse through the point 
considered. 

To generalize the theorem of §1 consider the space: 
between the ellipses of which the equations are 

42 y? y2 y” 

a — ah wi oe a —K — dk. ° ° e 3 - 

ar b? a b? ( ) 

One of these is shown by the heavy curve in fig. 3. We 
take an element of elliptic are at E of length ds, and suppose: 

that over the area of this length, which lies at E between 
the two curves, electricity is distributed with uniform sur- 
face density o. If the length of the perpendicular from the- 
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centre on the tangent at E is p, the area is 4pdsdx/x, and so 
the charge is 4o0pdsdk/k. 
Now thr ough P let an ellipse confocal with the given 

ellipse LAK be described. A point A on the latter curve 
corresponds to P on the confocal, and a point EH’ on the 
confocal corresponds to EH on the given ellipse. Join E to 
P and A to EH’. These lines have the same length, r. Let 
p be the length of the perpendicular from the centre on 
the tangent at i’, and @ denote the angle between the line 
AB! and that perpendicular, Let also Po Oo be the corre- 
sponding quantities for the point P and the line EP. [Care 
of course is to be taken that the lines are reckoned in tne 
directions indicated by the letters, and that the perpen- 
diculars are regarded as drawn both inward or both out- 
ward, so that there is no ambiguity as to the signs of the 
cosines.| In a former paper (Phil. Mag. April 1907) I have 
proved for two confocal ellipsoids the geometrical theorem 
(not, apparently, previously known) 

p see @ =a sec Oo, 3). 5. (AD 

where p’, @ and j’, 0 refer to pairs of corresponding points. 
on the ellipsoids, and have applied it to the complete and. 
instantaneous evaluation of the integral for the force pro- 
duced at an internal or external point by an elliptic homeeoid, 
and hence to the solution of the problem of the attraction of 
a solid ellipsoid of uniform or of varying density. 

The geometrical theorem as stated above asserts that the 
product p’sec@ is invariant over the confocal ellipsoid : 
exactly the same theorem holds of course for the given 
ellipsoid. Moreover, since an ellipsoid is one of its own 
confocals, the theorem holds also for any two points P, Q on 
a given ellipsoid, the perpendiculars from the centre on the 
tangent planes at P, Q, and the chord joining these points.. 
The theorem holds also for any confocal surfaces of the 
second degree. 

In the present case let us take on the confocal ellipse 
through P, the element of are ds’, the points on which 
correspond to the points on ds; then since the equation of 
the confocal is 

y? 
fee Be ery, 

at Mate an en a 

we have, as can easily be proved, 

ap gOS SR eo 0 EEF OF 
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The electric field intensity at P, resolved along the normal 
to the confocal, is 

» 

dK ds 
F,=j0— (;, cosy, 9S, ene 

a r 

where the integration is taken round the given elliptic strip. 
By the previous equation this can be written 

3 lk ‘ab : ds’ 

iK Silige 
(| »! cos 6 2 ; 8 

a 

where the integration is taken round the confocal ellipse. 
But by the geometrical theorem stated above, the value of . 
the component field intensity thus found becomes 

lk abo! ! ds' eer Wi (0 : i 
grea K eae cos ¢ P:R eae 

or, 1f we write 

_,_ aK BUDS. cu wi 
i daa >) Pa {(a? +u) (b> +u) fe’ PaaS! °F) (10) 

Bex (ycos ey. . aa 

This is evidently the magnetic field intensity I’, produced 
at A by a current of strength y flowing round the confocal 
ellipse. It is of course in the direction at right angles to F., 
that is perpendicular to the plane of the ellipse. 

This relation between the normal component of the electric. 
field intensity at P of the charged elliptic strip and the 
magnetic field intensity at the corresponding point A due to 
a current in the confocal ellipse, is curious and appears to be 
new. ‘There is not, so far as I can see, any direct practical 
application of the theorem which can be made with advantage. 

I may here recall that in the paper of April 1907, referred 
to above, the expression 

dk abe "eos ry 

=e) Pai 
c08 @ ae ‘ 

x i(a" + u)(b* + w)(c? + reo 
7 OS ees ; 

[where pp is the perpendicular let fall from the centre on 
the tangent plane to the confocal at the point P, and @ is 
the angle between the perpendicular from the centre to the 
tangent plane at the element dS’, at E’, of the confocal 
surface, and the line AH’ (see fig. 3), and the integral is 
taken over the confocal] was found, by the geometrical 
theorem (4) quoted above, for the atiraction of a homeeoid 
at the external point P. It was remarked that this value of 
F at P is, to a constant factor, equal to the potential 

hap 
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produced at any ~point internal to itself by a uniform 
magnetic shell coinciding with the confocal surface. The 
streneth of this shell, though constant over the surlace, 
is proportional to the length of the perpendicular from 
the centre on the tangent plane to the confocal‘at P, and 
therefore varies with the position of P on the surface. 

The value of the integral | cos @’dS'/7’ is of course 47 and 

so F the force at P due to the given elliptic homeeoid, or its 
equivalent the magnetic potential within the confocal is 
obtained at once *. 

4, Hvaluation of the field intensities for the case of § 1. 

The values of the electric and magnetic field intensities 
specified in § 1 in terms of elliptic integrals are of course 
well known, (see for example a paper by Dr. Alexander 
Russell, Phil. Mag. April 1870). Buta process of integration, 
differing somewhat from the usual one, is of some interest 
and seems possibly capable of some ahahane. which may 
be given in a subsequent note. 

The direct process of evaluation of the electric field 
intensity fF, from 

a(7cos @ds' ae ey 2, Fam Sf oR CL ee ae (13) 
2 

in elliptic integrals is as follows. By fig. 1 we see at once 
that cos 0= (a'—«acos )|” so that we get 

Oa at ZOOSD,, 
= 1 

This leads to 
Ars | 1 “94,11 a@s— Kw 

B. Pa! \ a Ce) Fare e ‘peineaey 

if k=2y/aa'/(a+a’), and we use the relation 

a iva E 
ee cS aoe eb 

> I-Fsin?yp)t 1- ) 

which can be verified by direct integration. This is an 

elliptic integral of the third kind with parameter —/”. 

* In the particular case in which the confocals are concentric 
spherical surfaces, the attraction of a shell coincident with the inner 

sphere reduces at once to 4rua’/a’*, since {cos 6d8'/1?=4r. 

Similarly for the attraction at an internal point, the point A is 
external to the sphere radius a’, and the solid angle is zerc. Hence the 
internal attraction is zero, 
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But we may also, since by fig. 4 r(d¢d + d@)/ds'=cos 0, 
“write 

(ieee =| oe ee 

0 
9 

, 

wa ] 

Fio. 4, 

“The first integral is obtained at once. It comes out 

“dh Z 
—_ == - K(k) cha 
/ ata’ (4 - . (18) 2/9 

sand it is to be observed that multiplied by 2o'a' it is the 
potential at A due to a uniform distribution of electricity 
(or gravitating matter) of line density p' on the outer circle. 

For the second integral \dO/r we take 

waza? +7? —2a'r cos 0, 

that is : 

r=a’ cost (a?—a" sin? Oye... (193 

Thus the largest value of @ is sin-!(a/a'), and is shown 
‘by the dotted lines in fig. 4, where a right angle at A is 
intended to be indicated. As successive positions of B and 
K' are taken on the semicircles, AEB and PE’Q, @ varies 
from zero to sin~}(a/a’) and then falls off to zero, 

For the first part of this range of variation we have to 
‘take the lower sign in the last equation, and for the second 
jpart.the upper sign. Thus we get for the first part, putting 
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@, for sin~!(a/a’), 

(de ee dé 

\ r jy a! cos 0 — (a?—a" sin® 0)? 

ir 
=|) ddia' eos 0+ (a2 —a’ sin? 6)! , 

a”*—a*), : Ge yt 

-or again, since a’ sin 6;=a, 
f 

_ 

ee ee m) “Cr 
7 2 2 ay a-—a ae 5 

7sin aah 

‘where y=sin7!{(a’/a) sin O}. 

The second part of the integral \d0/r for the semicircle 
is found similarly to be 

dé 1 a (2 cos?yd 
ee A a a ae : 

J” a?—@ ae a” ae (AN) 
“ (i- aol mae 

‘Thus the total value of \d0/r for the circle is 

ae eM eos x aye 

S a’? —@ ee x)? 

— {kK (iy) + E(k) —K(hy)}, (22) 
ale 

-where (with a’>@) k?=a?/a?. Also 

k=Q/aal|(a+a')=2V/ ky (1 + hy). 

Now & and f, are the moduli connected by Landen’s 
transformation, and so the magnetic field intensity at A due 
‘to a current y in the circle of radius a! is, as stated in § 1 
above, 

bay 294 (BH), KO 
Naas R(t) = ay ela a a “ (23) 

A comparison of the reduced form of (14), from which (15) 
was obtained by assuming (16), with (23) establishes (16), 
and so evaluates this simple form of the elliptic integral of 
the third kind. 

5, Field intensities not in the plane of the circular 
distributions. 

Returning to fiy. 1 we may regard the points E' and P as 
‘in a plane parallel to that of the circle AEB, and distant 4 
from it, so that the two circles are now coaxial. The two 
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distances EP and AE’, and the two angles (CPE and CH’A) 
marked @ are equal. This angle is not, however, any longer 
the complement of the angle between AE’ and the tangent 
to the circle at KE’, drawn back towards P. We may 
calculate the components of the electric field intensity at 
P, denoting by X the component parallel to CA, and by Z 
the component parallel to the axis of the system. 

If as before a,a@’ be the radii of the circles, and r be EP, 
so that now 7? =a?+a?+l?—2aa' cos d, the components due 
to add at Hi are, as we see at Once, 

i 1COS 4 mal =p. 2 MES Whig a i : 

Thus integrating round the circle AEB we ef 

E a ad CO! j ] . Rta (eee ae eee Zebu Bee 
a 0 

To pass from these to the components of meee field 
intensity at A due to a current of strength pa/a’ in the 
circle PE’, we have only to interchange X and Z, and take 
note of the directions of the components. As a little con- 
sideration will show, we have to replace X., which is parallel 
to ‘OL. by ia component along PC, and then suppose that 
Hens normally out from he paper to give Z,. It will be 
seen that the “vertical”? component Te gives a component 
Xm parallel to EC, and that we have 

7 Ss i fa ‘ 
Kaeiaeuie COs Beoee. Lin = 2rya' (a sn (25) 

20 i 

These components can be at once expressed in elliptic 
integrals. The component Z,, is the more important as it 
enables the mutual inductance of the two circles to be found 
by integration over the circle AEB. The mutual inductance 
between the coaxial circles could be found by calculating 
the total X,, at P for each of a series of narrow concentric 
rings into which the circle of radius a, say, is divided, 
multiplying each by the area of the ring to which it belongs 
and calculating the sum of products thus obtained. 

These reciprocal theorems of coaxial circles have not so 
far as I know been stated explicitly before; but Sir George 
Greenhill has pointed out to me that in a paper in the 
‘American Journal of Mathematics,’ vol. xxxix. p. 439 (1917), 
he has given certain general reciprocal relations from which 
they may be deduced. 
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XLIV. Notes on the “ Break” of a Magneto or Induction- 
Coil. By Norman CAMPBELL, Sc.D.* 

Notre —The work described in these notes was carried 
out at the National Physical Laboratory under the direction 
of the Advisory Committee for Aeronautics. The results 
have been communicated in a confidential report to the 
Internal Combustion Engine Sub-Committee of that Com- 
mittee, who have now given their consent to the publication 
of any portions which appear of pure scientific interest. 

(1) Introduction. 

T is well known that if the greatest possible efficiency is 
to be obtained from a magneto or induction-coil, that 

is, the greatest possible ratio of the maximum secondary 
potential to the primary current broken, it is necessary to 
avoid sparking between the terminals at which the primary 
current is broken. No elaborate theory is necessary to 
explain the loss of etticiency due to sparking. In the first 
place the spark involves the dissipation of some of the 
electromagnetic energy originally present in the primary 
current which would otherwise have been available for 
conversion into electrostatic energy of the secondary. In 
the second place the passage of the spark, even if it involved 
no loss of energy, would prolong the time which elapses 
between the first decrease of the primary current, as the 
contact opens, and its total cessation; very general consider- 
ations will show that, if this time is sv prolonged as to 
become an appreciable fraction of the period of the oscil- 
lations excited, a loss of efficiency will usually follow. 

It is always possible to suppress the spark at the primary 
break by inserting a condenser of sufficient capacity in 
parallel with the separating terminals. Until an adequate 
theory of the induction-coil was developed, chiefly by the 
work of Prof. Taylor Jones and his collaborators f, it seems 
to have been believed that the suppression of the spark was 
the only useful function of the primary condenser; and that 
if the suppression could be achieved by any other means, 
such as an increase in the speed of separation of the terminals, 
the addition of capacity to the primary circuit would be 
unnecessary. This view was, of course, largely based on 
the classical experiments of Lord Rayleigh ¢, who showed 

* Communicated by the Author. 
+ Phil. Mag. Jan. 1909, p. 28; Nov. 1911, p. 706; April 1914, p. 580; 

Jan. 1915, p. 1; Aug. 1915, p. 224; April 1917, p. 322. 
= Phil. Mag. ii. p. 581 (1901). 

Phil. Mag. 8. 6. Vol. 37. No. 221. May 1919. 21 
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that, in the absence of a primary condenser, the maximum 
secondary potential could be v ery considerably increased by 
increasing sufhiciently the speed of the break. This conclusion 
was Eonliemied by Prof. Taylor Jones; but the further 
conclusion that, if the speed of the bre ak were increased 
sufficiently, as great a secondary potential could be obtained 
without a condenser as with one, was notconfirmed. Theorv 
and experiment alike show that, even if the break is perfect 
and there is no sparking, there is an optimur value tor the 
primary capacity, depending on the other constants of the 
inductive circuits; and that the use of a capacity either 
greater or less Tien, this optimum value involves some 
sacrifice of efficiency. 

Accordingly, in order that the greatest possible efficiency 
should be obtained, it is necessary that this optimum 
primary capacity should not be less than that whieh 4s 
necessary to prevent sparking ; for otherwise, if a capacity 
is used large enough to prevent sparking, there will be a 
loss of efficiency, ‘small but important, due to the use of a 
primary capacity greater than the optimum. In all magnetos 

which have been “examined, and probably in all induction- 
coils with all forms of break, this necessary condition is not 
fulfilled ; the optimum capacity is less than that required to 
prevent sparking. Most magneto manufacturers are aware 
that the secondary potential developed increases steadily as 
the primary capacity is diminished up to the point where 
sparking ae the capacity of the primary condenser 
which it is necessary to use is determined wholly by the 
necessity for avoiding sparking. 

It becomes of importanee, therefore, to inquire whether 
the capacity necessary to avoid sparking might not be 
diminished by changing some other characteristic of the 
break. The only characteristic which seems to have been 
considered in this connexion is the speed of separation of 
the terminals. According to the view which seems generally 
accepted, the spark between the separating terminals occurs 
because the rate at which the potential difference between 
those terminals increases as a result of the interruption of 
the current is greater than the rate at which the spark 
potential of the gap between the terminals increases with 
the distance between them*. The primary condenser stops 

* This theory is formally stated and supported by some experiments 
in a paper by H. Wiesinger, Ann. d. Phys. lv. 6, p. 401 (1918); but it 
must have occurred to everyone who has paid any Avionian to the matter. 
it will be seen later that the conditions of the experiments by which 
Wiesinger supported his theory were not those obtaining in the primary 
circuit of a magneto or induction-coil. 
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sparking because it decreases the rate of rise of the potential 
difference between the terminals. It is to be expected that 
sparking would also be stopped by an increase in the rate of 
rise of the spark potential, which would accompany an 
increase in the rapidity with which the terminals separate. 

However, Lord Rayleigh’s experiments seemed to indicate 
that any practical application of the second alternative is 
out of the question, because the necessary rate of separation 
is so great. He found that no advantage was gained by 
increasing the speed of separation up to that of a pistol 
bullet, and that it was only when a rifle bullet was employed 
to cut the primary circuit that any increase in the secondary 
potential was obtained. The critical velocity would doubtless 
depend on the constants of the circuits and on the primary 
eurrent broken (for these determine the rate of rise of 
potential), but in the case investigated it was so much 
greater than anything which could be obtained with a 
mechanical break that research in this direction has not 
seemed promising. 

It may be noted that, if we knew the rate of rise of 
potential and the relation between the spark potential and 
the distance between the contacts, the determination of the 
critical velocity would permit an experimental test of the 
theory. The rate of rise of potential can be determined 
with any arrangement for measuring the wave-form, but 
the relation between the spark potential and the distance » 
‘between the contacts is less easy to determine satisfactorily 
for the very short distances which are here involved. It is 
known that, as the distance is reduced, the spark potential 
diminishes to the “‘minimum spark potential” of about 
2350 volts at a distance somewhat less than 0°1 mm., that it 
subsequently increases and then falls again very rapidly 
when the distance becomes about 0:001 mm. In the interval 
between ‘O01 mm. and 0-1 mm. the relation is so com- 
plicated that it is difficult to determine with the necessary 
accuracy. 

(2) Experiments——Some observations which have been 
made in the course of the work described in a recent paper * 
seem to throw some new light on the question; and although 
they are not sufficient to answer all the questions that can 
be raised, they seem to point to conclusions of sufficient 
practical importance to justify their record. 

Observations that seem to indicate that the theory in its 
present form is not adequate to explain all the facts can be 

* Phil. Mag. vol. xxxvii. ser. 6, p. 284, March 1919. 
212 
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oneto. If we remove the made very readily on any mag 
magnets and bring the primary terminals outside the 
machine, we can supply from a battery a primary current 
which is independent of the speed*. With any given 
primary condenser and any given speed, it will be found 
that, if the current is below a certain limit, no sparking 
occurs, but that if it is increased above this limit, sparking 
appears. The limiting value can be fixed within com- 
paratively narrow limits ; in one experiment, for instance,, 
it was found to lie certainly between 2:2 and 2°5 amp. 
Suppose now that we supply a current double the limiting 
value ; then we shall very nearly (but not quite) double the 
rate of rise of potential across the terminals. Suppose now 
we double the speed of the magneto shaft and so double the 
speed of separation of the terminals; then at any moment 
during the rise of potential the relation between the spark 
potential and the potential difference between the terminals. 
should be exactly the same as it was at some corresponding 
moment with the original values of the current and the 
speed. This conclusion involves only the assumption that. 
the rate of rise of potential is proportional to the current 
broken; it does not involve any assumption concerning the 
relation between the spark potential and the distance. 
Accordingly the current which is now broken in the primary 
should again be the limiting current; in other words, by 
doubling the speed of break we should expect very nearly 
to double the limiting current. But as a matter of fact we 
find that the limiting current is not doubled or nearly 
doubled by doubling the speed ; no certain evidence could 
be produced that increasing the speed of the break 20-fold 
produces a change in the limiting current which is greater 
than the error (10 or 20 per cent.) in the determination of 
that current. This conclusion appears absolutely inconsistent 
with the thecry which has been given of the circumstances. 
which determine the occurrence of sparking. 

(3) Eject of the electrodes.—The clue to this apparent 
failure of a theory, so obvious that it has not generally been 

* The same experiznent can be tried without disconnecting the 
primary circuit by making use of the fact that the primary current in a 
magneto is almost independent of the speed over a considerable range ; 
it 1s usually possible within this range to change the speed 100 per 
cent. without changing the primary current more than 10 per cent.; 
and if we start on one slide of the maximum and decrease or increase the 
speed through the maximum to the other side, we can vary the speed 
more than 100 per cent. and regain the original value of the primary 
current. The value of the maximum current can be readily changed by 
changing the strength of the magnets. 
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thought worth while to state it, is readily found if the 
influence of the nature of the contacts at which the primary 
current is broken is examined. According to the theory we 
have been examining, the nature of the contacts should be 
almost without influence ; for the spark potential is almost 
independent of the form and material of the terminals when 
the distance separating them is very small. But the crudest 
experiments will indicate that the nature of the contacts is < 
most important feature in determining the limiting current. 
In one matter indeed the influence is familiar to all who 
have used a magneto or induction-coil; we have only to 
roughen the surtace of the contacts and sparking immediately 
occurs at the break which was sparkless before; the limiting 
current may be reduced 50 per cent. by scratching the 
surface and restored to its original value by polishing. 

More systematic experiments indicated that, if the 
constants of the circuits remained unchanged, Uke limiting 
eurrent which could be broken without sparking always 
increased as the resistance of the contacts decreased. Some 
observations on the resistance of the contacts are described 
in a note at the end of this paper, but in general it may be 
said that the resistance of a contact can be decre:sed either 
by increasing the area of the surfaces in contact or the 
pressure between them. Thusinacertain circuit the contact 
fitted in a magneto would break without a king a current 
of 4 amp. ; a contact consisting of a ball + in. in diameter 
pressed with a force of 50 grams weight against a steel 
plate would break only 2°2 amp.; if force was reduced to 
1 gm. weight, the limiting current was barely $} amp. In 
no case could any relation he found between the limiting 
eurrent and the speed of break, which in these observations 
could be varied from 300 to 62 cm./sec. ‘The influence of 
the material of which the contact was composed was not 
investigated. 

(4) Formation of an are.—The great variation of the 
limiting current with the resistance ‘of the contact gives at 
once the clue to discrepancies which have been noted. The 
“*spark”’ which is seen to occur at the broken contact is not 
a true spark, but an are*. ‘he discharge only occurs if 
the passage of the current between the contacts before the 

* This conclusion might almost have been deduced from the mere 
appearance of the “ epark.” So far as we have observed, a luminosity 
confined to a narrow path between the contacts more or less straight, is 
never seen; what appears when a primary circuit is broken is a “flash, x 
such as occurs when steel strikes flint. It may be mentioned that 
several writers have called the spark at break an “arc,” but they do not 
seem to have realized the implications of that term. 
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break has caused such intense local heating that portions of 
the terminals have been raised to the temperature at which 
notable thermionic emission begins, so that a discharge 
between them can be maintained by a potential difference 
quite inadequate to start a spark. 

With the object of testing this explanation measurements 
were made on the rise of potential across the break as the 
terminals separated. The circuit broken was the primary 
of a magneto with a condenser of 1 mf. across the break ; 
one terminal consisted of a 1 in. steel ball attracted with a 
force of about 50 grams weight to the end of the magnet 
which formed the other terminal. The limiting current was 
1:2 amp.; it was found that, so long as the current was 
less than this, the potential at any given moment after 
break ‘was very. nearly proportional to the current broken. 
Accordingly the rise of potential was first determined with a 
current less than the limiting value (1:0 amp.) ; if we 
multiply all the measured vaiues of the potential by 1°5 we 
get a curve A in fig. 1, which represents the rise of potential 

V=seecd of peak in cm/sec. 

V (Volts). 
20 

20 

t(sec.x/0~*) 

which would follow when a current of 1°5 amp. is broken, 
if there were no arc formed. Curves B and B’ give the 
measured rise of potential when a current of 1:5 amp. is 
broken, and the speed of the separation of the terminals. 
is 250 cm./sec. and 73 em./sec. in B and B’ respectively. 
Tt will be seen that from the very first instant the rate of 
rise is much less rapid in B and B’ than in A; that a stage 
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is soon reached in which the potential is nearly constant for 
a considerable time, longer with the slower separation ; and 
that subsequently the potential rises rapidly and attains a 
maximum, nearly independent of the speed of separation, 
at a time after the beginning of the rise which is again 
nearly independent of the speed of separation and also nearly 
equal to the time that curve A takes to rise from zero to 
its maximum. 

The form of the curves is exactly what we should expect 
if an are is formed, and utterly unlike that which is 
characteristic of the passage of a spark (see p. 492). The 
initial rate of rise of potential is small because the current 
is not broken when the contacts separate but is maintained 
by the arc between the bot contacts. The constant potential 
which persists for some time is very nearly that of the 
battery supplying the primary eurrent (10 volts). At the 
point where the second rise of potential begins the are ceases, 
and the rest of the curve represents approximately that 
which would have been obtained if a current, equal to that 
flowing in the are, had been broken at the first separation 
of the contacts. 

Many more experiments would be necessary to establish 
the complete accuracy of all the statements that have been 
made and to work out in detail the quantitative relations 
which are suggested. But the observations which have 
been described are sufficient to show that the discharge 
which occurs when the “flash” is seen at the broken 
contact is of the nature of an arc rather than a spark, and 
that it is conditioned by the heating of the electrodes. 

And it is now apparent why the “flash” may be prevented 
by decreasing the rate of rise of potential, but not by a 
corresponding increase in the rate of separation of the 
terminals. The potential of the battery (or, in the case of 
the magneto, that due to the rotation of the armature in the 
magnetic field) is not sufficient to maintain the are per- 
manently. If this potential is only 10 volts, then, however 
slowly the contact is opened, the current ceases a very 
small fraction of a second after the distance between the 
contacts has reached a value which is certainly less than 
0-01 mm. The energy dissipated in the discharge is not 
sufficient to maintain the electrodes at the high temperature 
necessary for the arc-discharge. On the other hand, the 
passage of the discharge and the dissipation of energy which 
accompanies it delay the cooling of the electrodes, and they 
delay it the longer the greater is the potential difference 
maintaining the discharge. Accordingly the more slowly 
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the potential rises after the separation of the contacts, the 
shorter will be the time which elapses before the are is 
extinguished by the cooling of the terminals ; indeed, if it 
rises sufficiently slowly the terminals will have cooled 
before the potential has reached a value which is sufficient 
to give a “flash,” even if the electrodes were hot. In that 
case the break will be sparkless. On the other hand, it 1s 
known that the potential necessary to maintain an are does 
not increase rapidly with the distance between the electrodes ; 
and we should expect, therefore, as we find, that the main- 
teuance of an arc for an appreciable time, which is probably 
necessary for the appearance of the ‘ flash,’ would depend 
very greatly on the rate of rise of potential and very little 
on the rate of separation of the terminals. 

A further examination of the curves produces evidence in 
support of the conclusion that the final cessation of the are 
depends on the time which elapses since the break as well 
as on the distance to which the electrodes have separated. 
For though the time the are lasts is longer for the slower 
separation, the distance of the electrodes when it ceases is 
greater for the quicker separation (0°30 mm. as against 0°19). 
Since the potential when the are ceases is almost the same 
in the two cases, this difference can only mean that the time 
as wellas the distance is important. The maintenance of 
the are retards the cooling of the electrodes, but since the 
potential difference is not sufficient to keep the electrodes 
permanently hot, the instant when the arc ceases is determined 
in part by the losses due to radiation and conduction. 

Again, we can obtain a minimum estimate of the speed 
of break which would be necessary to obtain a sparkless 
break simply by increasing the speed of separation. In order 
that this result should be attained, the separation must be so 
rapid that the distance between the electrodes becomes so 
great that, even if the electrodes are still hot, a visible 
discharge cannot be produced with the potential available. 
Now curve B shows that the are can be maintained with a 
potential of 10 volts with the electrodes 0°30 mm. apart, 
if they are sufficiently hot; accordingly mere speed will 
not prevent sparking unless the electrodes have separated 
0°30 mm. before curve A has reached 10 volts (or less). 
The minimum estimate of the speed which will prevent 
sparking is, therefore, 30,000 cm./sec.—a value very difficult 
to obtain in any mechanical break, though much less than 
the speed of Lord Rayleigh’s pistol bullet. However, it 
must be remembered that the estimate is on all grounds 
merely a minimum estimate, and there is nothing to render 
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it likely that the true limiting speed is not really much 
greater. 

On the other hand, it should be noted that a sufficient 
increase in the speed of break may prevent arcing in another 
way ; the heating of the electrodes may not begin until the 
separation begins, and a reduction of the time of separation 
may reduce the time available for heating them to the 
requisite temperature. A reduction of arcing due to this 
cause is most likely to occur when, as in Lord Rayleigh’s 
experiments, the circuit is broken by cutting a solid con- 
ductor; but it will also oceur with 2 contact such as that 
employed in a magneto, where the terminals are held 
together by considerable pressure. 

It is probably for this reason that it has been found that 
if, by the use of special cams, the contacts of a magneto 
are opened very slowly, flushing can be made to occur 
when it will not occur with the normal rate of opening. In 
the contacts used in these experiments, the pressure between 
the contacts before opening was much less and the resistance 
of the contact much greater; heating began before the 
contacts separated. In such circumstances the limiting 
current appeared quite independent of the speed of 
separation within the range which could be observed (20 to 
250 em./sec.). 

Again, it is possible that the increase in the secondary 
potential which Lord Rayleigh found may be merely due 
to the fact that the time that the arc lasted was greatly 
reduced ; for if the interval between the first opening of the 
contacts and the total cessation of the current could be made 
very much less than the period of the oscillations excited, 
the loss of efficiency due to “sparking” would be greatly 
reduced. But this explanation is improbable. For, if it 
were correct, there would be a gradual increase in the 
efficiency as the speed of break was increased, whereas 
Lord Rayleigh found no increase whatever until the speed 
of a rifle bullet was reached. However, in the experiments 
‘described here there was some evidence that an increase in 
the speed of break, when there is sparking, produces some 
slight increase in the secondary potential developed; but 
when there is sparking the secondary potential varies so 
greatly at successive breaks that accurate measurements are 
-difficult. In all the cases examined the secondary potential 
when there was sparking was at least 30 per cent. less than 
that obtained with a slightly smaller current which produced 
mo sparking. 

(5) The Perfect Break.—The conclusions to which these 
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observations are directed is that the speed of the separation 
of the terminals is a relatively unimportant matter in the: 
prevention of sparking. ‘The speed doubtless exerts some 
influence, and a reduction a the speed much below that 
usually employed would probably be harmful; on the other 
hand, an increase, if sufficiently large, would doubtless be 
beneficial. But there is a wide range of speeds, including 
those usually employed, over which the speed has practically 
no effect. Tf the ‘use of a smaller primary capacity is to be 
made possible, the improvement must be sought by reducing 
the heating at the contact and preventing the dev elopment 
locally of high temperatures which permit the formation of 
un arc. 

The exact conditions which tend to prevent arcing have 
not been studied in detail; it would be interesting, for 
example, to inquire whether the use of material of high 
thermal conductivity for the electrodes would be beneficial. 
But in ie magneto the characteristics of the break are fixed 
rather by mechanical than electrical considerations: and it 
is likely that, even if alterations which would prevent arcing 
could be suggested, they would be found impracticable. 
However, it is important to realize that, if arcing can be’ 
prevented, the break, which will be sparkless even when 
there is no primary condenser, is attainable. It is often 
thought that, unless enormous velocities of separation ot the- 
contacts are available, it is quite impossible to break so 
highly inductive a circuit as the primary of a magneto or 
induction-coil without the occurrence of a spark at the 
break in the absence of a condenser of considerable capacity 
connected across the terminals. Such an impression is 
quite erroneous. It is quite easy to construct a_ break 
which will carry currents up to 1 amp. without any con-- 
siderable heating of the electrodes at all; sucha break will 
be sparkless if used tor such currents in the primary of any 
magneto or induction-coil of ordinary construction, even if 
there is no primary condenser and the speed of separation: 
of the contacts is as low as 20 cm. per sec. 

But there is one point which needs further attention. 
Is the absence of a visible “ flash” at the break evidence. 
that the break is really perfect, and that the interruption 
of the current occurs instantaneously and without dissipation 
of energy ? 

A perfectly definite answer could be given to this question 
only if it could be shown that the oscillations excited by the. 
break of the primary current agreed with those calculated 
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on the assumption that the break was perfect. Unfortunately, 
however, there are circumstances (connected with the 
damping of the oscillations) which make an accurate calcu- 
lation of the oscillations impossible, even on the assumption 
that the break is perfect. But there seems to be consider- 
able indirect evidence that if the break is “sparkless ” it is 
at least very nearly perfect. or it is found that, so long 
as no visible flash occurs, the potential developed in the 
secondary is very nearly pr portional to the current broken 
in the primary ; but as soon as the limiting current is over- 
stepped and the flash oceur s, the potential developed fails at 
least 50 per cent. The transition from one value of the 
Seadary potential to the other is perfectly sharp; inter- 
mediate values are never observed and the lower potential 
only occurs when a flash is seen. Moreover, so long as no 
flashing occurs the peak potential obtained when a given 
current in the primary is broken is perfectly definite and 
consistent at successive trials; if there is flashing, the 
values obtained at successive trials are much less regular. 

Such observations seem to show that the occurrence of a 
flash indicates the occurrence of some action which does not 
occur at all if there is no flash, and that it does not merely 
indicate an increase of some process which occurs even 
when a flash is not seen. 

(6) ZLrue sparking at the break.—The observations seem 
also to show that if we suppress arcing we are not troubled in 
normal circumstances with the occurrence of a true spark, as 
suggested by the theory which we considered originally. 
But in order to make this conclusion more certain, it was 
thought of interest to inquire whether, in any ve sane ee 
true sparking » at the break could be observed. 

Such circumstances could be obtained if, with a current 
so small that there is no possibility of arcing, the rate of 
increase of potential can be made greater than the rate of 
rise of the sparking potential of the gap; accordingly either 
the rate of rise of potential when a given primary current 
is broken must be greatly increased, or the rate of rise of 
sparking potential greatly reduced. The first is the more 
convenient alternative to adopt ; the necessary conditions 
are readily secured by increasing greatly the self-inductance 
of the cireuit in which the current is broken. Observations 
were made, therefore, when the contact to be broken was 
inserted in the secondary, instead of in the primary, circuit of 
he magneto. 
It was now found that a visible spark occurred at the 
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break when the current broken was about 0:02 amp., the 
speed of the break being about 250 em./sec. The “spark” 
now looked like a spark, and did not take the form of the 
“flash ? which appeared when the current was broken in 
the primary. Further, it could now be definitely established 
that the limiting current, which could be broken without 
the appearance of a spark, increased notably with the speed 
of the break, and, as far as could be asvertained, it was 
independent of the form of the terminals and of the pressure 
between them. All these differences are yrecisely those 
which are to be expected if the discharge is now a true 
spark due to the potential across the gap exceeding the 
normal spark potential. However, one discrepancy must 
be noted. Though the limiting current increased with the 
speed of separation, it did not increase as rapidly as was to 
be expected. When the speed of separation was doubled, 
the limiting current increased only some 50 per cent.; the 
reason for this discrepancy has not been determined. 

Observations similar to those shown in fig. 1 were made of 
the rise of the potential across the gap, both when the spark 
did occur and when it did not. It was found that, when the 
spark occurred, the initial part of the curve (corresponding 
to a time of the order of 107° sec. and a separation of the 
contacts of the order of -03 mm.) was precisely the same as 
when the spark did not occur ; but that, at some point on 
the curve, the readings became wholly irregular and no more 
‘consistent measurements could be obtained. The point at 
which this irregularity sets in is, of course, that at which the 
spark occurs. 

The observations need not be described further. Those 
already mentioned are sufficient to prove the only fact which 
is of much importance in this connexion, that the obser- 
vations when the spark occurs are wholly different from 
those in the conditions investigated in the earlier experi- 
ments and, accordingly, that in those conditions the discharge 
which is seen to occur is not a true spark. It may be 
asserted confidently that the conditions necessary for the 
passage of the true spark are never likely to occur when the 
primary of a magneto is broken, and that if arcing can be 
avoided, the break will be perfect. 

(7) Note on the Lesistance of Contacts.—In the course of 
these experiments some observations have been made which 
are of some interest and do not seem to have been described 
previously. 

Suppose that we pass through a contact between two 
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metal terminals a gradually increasing current 7 and 
measure the potential difference V between the terminals. 
Then we shall obtain a relation of the form shown by the 
full line in fig. 2. In the first stage, V increases with 2, 

it then becomes independent of i over a considerable range, 
and later begins to increase once more. The values of 2; 
and 7, corresponding to the points A and B on the curve, 
and the constant value of V (V,) between A and B, vary 
greatly with the nature of the terminals and the pressure 
between them ; but the form of the curve is the same 1n all 
cases investigated. 

But now suppose that, having increased 7 until the 
point C, lying between A and B, is reached, we begin to 
reduce 2 again, taking great care not to break or shake 
violently the contact ; then the values of V obtained will 
not lie on the full line but onthe straight dotted line passing 
through the origin. That is to say, the contact has now a 
definite ohmic resistance, Vo/2., determined by Vo and i, the 
maximum value of the current which has been passed 
through the contact. If the contact is broken momentarily 
the relation between V and 2 becomes once more that given 
by the full line. 

No explanation of these observations is offered. It has 
been recorded before that the resistance of a contact depends 
on the current which has been passed through it, and also 
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on the time for which the current has passed *, but a definite 
relation does not seem to have been established. It should 
be mentioned that as the pressure between the terminals is 
increased, Vo in general decreases and 72, increases ; it is 
difficult to determine how 7, changes. But no simple 
relation could be found between the pressure and the values 
of. V_ and 4s. 

An attempt was made to establish a connexion between 
the form of the full line curve and the least current which 
would show arcing when the contact was broken. It was 
thought, for example, that 7, might represent this least 
current. But no simple relation could be found. 

Summary. 

1. The notes deal with the question what conditions are 
necessary to prevent sparking at the break of the primary 

circuit of an induction-coil or magneto; and, especially, 
how far the speed of separation of the contacts is 
important. | 

Experiments show that over a wide range of speeds, 
the greatest current which can be broken with sparking 
is independent of the speed of separation of the contacts. 

3. On the other hand, the nature of the contacts separated 
influences greatly the limiting current. 

4. The observations indicate that the “ spark” at the 
break is really an are: this conclusion is confirmed by 
measurements of the potential difference across the contact 
as it opens. If the discharge is an are, the independence of 
the limiting circuit of the speed can be ‘explained. 

5. If arcing can be prevented, by preventing heating of 
the electrodes, the resulting break is perfect. ' 

6. Conditions can be found in which the ‘“‘ spark” at the 
break is a true spark and not an arc; the limiting current 
is then dependent of the speed of separation of the contact. 
But these conditions are not likely to occur in any ek: 
or ee a coil. 

Some observations on the resistance of contacts are 
ae 

March 1919, 

* In the observations of fig. 2 it is supposed that, before taking a 
measurement of V, ¢ is kept constant for a time so long that V reaches 

-a steady value ; this time may amount to more than a minute. 



XLV. A Note on Latent Heats of Fusion and their relation to 
Molecular Composition. By Harsorp GEORGE WAYLING, 
M.Sc.* 

INCE Trouton in 1884 formulated a rule showing that, 
in the case of liquids which were not associated in the 

state of vapeur, the ratio of the molecular heat of vaporiza- 
tion and the temperature of the boiling-point on the absolute 
scale is a constant, approximately 21, other investigators 
have applied the rule to the Latent Heats of fusion of ele- 
ments and compounds. Crompton (J.C.S. 1895) introduced 
Valency as another factor ; Robertson (J. C. 5. 1902) with 
more success substituted the cube root of atomic or mole- 
cular volume for valency ; Nernst (Zert. f. Llectrochemie, 
1908) showed a relationship between specific cohesion and 
latent heats of fusion, and more recently EH, Baud (Compt. 
Rend. 1911) studied variation in volume at the melting-point 
as a function of latent heats; de Guzman (Anal. fis. quim. 
1913) investigated the relationship between latent heats of 
fusion and coefficient of viscosity ; while H. 8S. Allen (Proc. 
J. Phys. Soc. 1916) identified this form of energy as being 
necessary to counterbalance that of a certain number of 
oscillators involved in the maintenance of crystalline struc- 
ture. Honda (Sci. Rep. Imp. Univ. Tokio, 1918) put 
forward a connexion between latent heats and electronic 
frequency, the former being the energy of rotation gained 
by the electrons during the process of fusion ; and Tsutsumi, 
another contributor to the same journal, has studied the 
specific resistance of several metals near their melting-point 
and found an abrupt increase in this factor. 

If we go back to Trouton’s rule and express it in this form 

Latent Heat of fusion x Molecular number 

Melting-point on Abs. scale ; 

the molecular number being the sum of Moseley’s atomic 
numbers of the atoms in the molecule, we find that for 
several compounds the ratio is equal to the number of atoms 
in the molecule. Take the commonest of the compounds— 
~water— 

atent heat of fusion: :...... 24. 80 

Sum of molecular numbers... 2+8 

Melting-point (absolute) ...... 273 

* Communicated by the Author. 
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Then 
80 x 10 
ee 

273 a 

2. ¢. approximately equa] to number of atoms in a molecule 
of water. 

Twelve other examples are given to emphasize the relation- 
ship. The data are taken from Landolt-Bornstein’s Tabellen, 
1912 edition. 

Number 
LxN 
Ses of atoms Compound, 1 een 

Thalliura Bronide, UUM yes... ..0t ee eee = O-Qu ee 

OCalciuny Chloride, CaCl esas... -scccveens sees = 28 3 

115x188 
Oz OS By s\n ae eee Lead Iodide, PbI, ar 3 

lesa Chorley BEOR eer, «... hae 18'5x 6 23 
‘ 761 

“-Q2 

Arsenic Bromide, AsBr, ...............0+: ae = 40 4 

Antimony Bromide, SbBr, ............... PIOXTNb =— 4] 4 
z 368 

33x 102 
Antimony Chloride, SbOls ............... nee = 4-() 4 

346 
9 . 

ite Witenes, ANOI et! ore oe 9 ae 

Phosphorus Oxychloride, OCT ces AEB = 53 5 
276 

| 07 x 190 
Stannic Bromide, SnBr, .................. we = = 4s 5 

652 
Salvin Ohiloviee eiOWet a... cost 206X902 4G el 

528 

Disodium Hydrogen Phosphate, GOS 190 as 
Na, HPO, 12H,0. aap 

The last compound is rather exceptional among those con- 
taining so-called water of crystallization, in that the molecules 
of water appear to keep the value found in the uncombined 

state. 
When the majority of hydrated salts are studied, it is found 

that the value of 2 tor each molecule of water leads to re- 
markably close approximation for the total number of atoms 

in the molecule. Thus, allowing 2 for each molecule of 
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water and full value for all other atoms, the subjoined 
illustrate the relationship :— 

Compound. ae Total. 

Sodium Thiosulphate, BEG >< TOR) 17-0 17 
Na,8,0, 5H,0. TA OEE ak aaa : 

Sodium Sulphate, Dee ee ae: ‘ 
Na SOMMOHG) apace 

Calcium Chloride, A:T Sle eo 
CaCl, 6H,O. :. HOME GRA eee 

Calcium Nitrate, 300 OR a ‘ 
CaNO, 4H,0. TaOCT GE ee 

The figures evidently show that the energy of the latent 
heats of fusion of these compounds is involved in over- 
coming the forces that exist between the negative electrons 
around the nuclear charge of the atom, and that in the 
preceding examples number rather than nature is the pre- 
dominating factor. Among organic compounds formic acid 
is probably of a fairly simple structure and it conforms very 
well to the foregoing rule, and so does chloroform. 

‘ LXN No. of Compound. FG ah See 

Pacmie Meta El COs! canaessns yap ae es ee == 400 4) 

-%) = 

GiipcorommeOH Ch) sen we te a Eo is 

Other compounds that are regarded as being derivatives 

of methane—CHy,, such as acetic acid, phenyl acetic acid, 
give the same ratio, viz. 5. 

Mattie Neid.) CHE OOO.) Matte... — es Peat 

Phenyl Acetic Acid, CH,C,H, COOH... anes Lae 

Butyric Acid, C3H, COOH «0.0... oe ant 

Perhaps these relationships refer to the numbers of 
oscillators involved in the maintenance of the crystalline 
structure as suggested by H.S. Allen (Proc. of Phys. Soc. 
1916). No such simple connexion seenis to occur with the 
‘“closed-ring ” or aromatic compounds. 

Phil. Maa. 8.6. Vol. 37. No. 221. May 1919. 2M 
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XLVI. On the Resultant of a Number of Unit Vibrations, 
whose Phases are at Random over a Range not limited to 
an Integral Number of Periods. By Lord Ray LEIGH, 
OAT ss 

NUMBER (n) of points is distributed at random on a 
straight line of length a. When x is very great, the 

centre of gravity of the points tends to coincidence with the 
middle point of the line, which is taken as origin of coordi- 

nates. What is the probability that the error of position, 
that is its deviation from the origin, lies between « and 
n+dx? 

Divide the length a into a large odd number (2s+1) of 
parts, each equal to 6. The number of points to be expected 
on each 6 is nb/a. This expectation would be fulfilled in the 
mean of a large number of independent trials, but in a 
single trial it is subject to error. If the actual number be 
nb/a+&, the chance that & lies between & and &€+dE is by 
Bernoulli’s theorem 

dé —aé2/2nb 
y/ (2rnb/a) © 9. et Ai | or (1) 

in which it is assumed that while b/a is very small, nb/a is 
nevertheless very great +. In the language of the Theory 
of Errors, the modulus, proportional to ‘‘ probable error,” 
is ,/(2nb/a). 

The points which fall on any small part 4 may be treated 
as acting at the middle of the part. or instance, those 
which fall on the part which includes the origin are supposed 
to act at the origin and so make no contribution to the sum 
of the moments; while on other parts the moment is pro- 
portional to the distance between the middle of the part and 
the origin. Thus if 

ou ea EL say miter Noam Gea i et sere ie ae 

be the values of the various &’s, the coordinate a of the 
centre of gravity is given by 

b(E,— E_,)+2h( (6,—€_,)+-...4 sblE,— -£) : 

we ee Ee ee, mo 

If the whole number of the points be n exactly, the sum 
of the &’s in the denominator of (2) must vanish exactly ; 

* Communicated by the Author. 
+ Compare Phil. Mag. vol. xlvii. p. 246 (1899). 
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but if we assume this beforehand, the various £’s are not 
independent, as is required by the rules of the Theory of 
Errors. We may evade the difficulty by supposing the 
value of € on any part to be the result of an independent 
distribution of n points over the whole length. ‘The total of 
the &s is then not necessarily zero, but if we select those 
cases in which n is zero, or nearly enough zero, the original 
requirement is fulfilled. In point of fact no selection is 
required, inasmuch as the probable error of the sum of &’s 
is ,/(2s+1) times the probable error of each and therefore 
proportional to ,/(2s+1) .4/(2nb/a), or ,/(2n), so that no 
error of which there is a finite probability is comparable 
with n. We may accordingly take (2) in the simplified 
form 

= {E—E +B -# + . tE-E HG) 
and the (modulus)? for the composite error « is given by 

Mod? 2 206? 
Mod?é= tle ee. eh, 

7 

For our purpose the sum of the series may be identified with 

{ ‘sas, or s‘/3, or if we prefer it, (2s+1)?/24, that is 
20 
a’/24b3, and thus 

Wode tome = a (O95 we he oa (4) 

s, as well as n, being regarded as infinitely great. 
The probability of an error between w and #+dz in the 

position of the centre of gravity of the n points is accordingly 

J (So aeia, yh ga sier en eee) 

showing in what manner the probability of a finite 2 becomes 
infinitely small as n increases without limit. 

The method hitherto employed requires that the total 
number (n) of points be very great. It is of interest also to 
inquire what are the various probabilities when n is small 
or moderate. In dealing with this problem it seems more 
convenient to reckon the distances from one end of the 
line a, and to calculate in the first instance the chances for 
the sum (c) of the distances. We take’$,(c)do/a to repre- 
sent the chance that for n points this sum lies between o 
and o+do, and we commence with a sequence formula 
connecting ¢,,, with ¢,. If for the moment we suppose 

2M 2 
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¢@, known and consider the inclusion of an additional point, 
we see that 

me 2 : wb, (a )da/a,... <0 ae 
Wipare 

By means of (6) the various functions may be built up in 
order. | 

We start from ¢,(¢). This is zero, unless 0<o <a, and 
then is unity. Hence between 0 and a 

b:(0)= |" @i(o)do/a=o/a. 
If o lies between a and 2a, 

ge 2a— 
h;(o) = ; (a )do/a= 7 

Thus 

b(o)=0, (e<0); Gie) c/a, (0<o =a), : (7) 

$2(0)=(2a—a)/a, (a<o<2a); b2(¢)=0, (2a<c) 

by which ¢, is completely determined; and it willZbe seen 
that there is no breach of continuity in the values of ¢2 
itself at the critical places. These values are symmetrical 
on the two sides of c=a, and can be represented on a 
diagram by two straight lines Pee through o=0 and 
c= Da, and meeting at o=a. (See fig. 1.) 

In like manner we can deduce ¢, from ¢,. If o<0,, 

$,=0, and indeed generally ¢,=0. If 0<a<a, 

(oie {vs TS, Oey 

2a 

lieaxia< 2a: 

og — 
(0) = in g06, +" we lo = (—3a? + 3a0—o”) /a?. 

Dace a 

From the symmetry it follows that when 20< cae 

p,(o) = (da Ti: o)*/2a?, 

When o>,  >,(o)=0, 

It may be remarked that in this case not only is @, con- 

tinuous, but also the first derivative g,. The representative 
curves for all three portions are parabolic. The maximum 
of d,, occurring at o=3a/2, is 3/4. 
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These problems might also be attacked in another and 
perhaps more direct manner by expressing the probabilities 
as multiple definite integrals. Thus in the case of two points 
the chance of distances x and y from the chosen end is 
dudy/a*, and what we require is the integral of this taken 
between the proper limits. If we treat 2 and y as rect-. 
angular coordinates of a point lying within the square whose 
side is a, the probability we seek is represented by the 
length of the line within the square which is drawn perpen- 
dicular to the diagonal through the origin, o itself corre- 
sponding to the position of the line as measured along the — 
diagonal. 

For three points we have to consider a cube of side a, 
when the chance is represented in like manner by the area 
within the cube of a plane drawn perpendicularly to the 
diagonal through the origin. At first, that is near the 

coo) 

origin, the area is triangular and increases as o”; afterwards 
it becomes hexagonal, and after passing thr ough the form of 
a regular hexagon, when its area is a maximum, returns 
backwards thr rough the same phases. 

The calculations by the sequence formula present no 
difficulty of principle. When p=, 1 find 

O< oa), Mp (o)=e7/ta’s 

(a<a<2a), d,(o)=jo°?—4(o —a)*}/6a° ; 

when 2a<s<4da, the above values are repeated sym- 
metrically. In this: case there is no discontinuity either 
in ¢,, or ¢,’, or ¢,"".. When «=2a, that is in the middle 
of the range, — eee | 

: b=23, $,'=0. 
The calculations might be pursued to higher values afi n 

without much trouble. In all cases there is symmetry with 
respect to the middle of the range. The functions ¢, are 
algebraic and rise in degree by a Ma at each step. At the 
beginning of the range $,,,(c)=(¢/a)*/n!, so that. the 
amt at both ends “of the scaeentatags curves with 
the line of abscissee becomes of high order. 3 
Again, since o must lie’ somewhere between 0 and ly we 

must. have 

oe $,(¢ o)do/a=1; five bs 3 ae (8) 

from the ain expressions we may test : this in the cases of 
n=2, 3, 4. ; 

aren | 
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A plot of the curves for these cases is given in fig. 1. 
The ordinate represents @(c) and the abscissa represents o 
itself with a taken as unity, so that the area of each curve 
is unity. 

Fig. 1. 

Oo / O / 2 6 
n=l. n=4d 

Oo J Za O / ve 

(iS 

In order to pass from these curves in which o is the sum 
of the distances from one end to the representative curves 
for the mean distance, which must lie between 0 and a, we 
have merely to reduce the scale of the abscissze in the ratio 
n:1, and to increase the scale of the ordinates in the same 
ratio, so that theareais preserved. Tor instance, when n=4, 
the middle ordinate will be inereased from 2/3 to 8/3. 

The sequence formula (6) serves well enough for the 
derivation of the facility curves appropriate to moderate 
values of n, but it does not lend itself readily to examination 
of the passage towards the final form when n is great. This 
purpose is better attained by an adaptation of a | remarkable 
method due to Laplace*, and employed by him and by 
Airy ¢ for the derivation of the usual exponential formula 
for the facility of error. Here again it will be the sum of 
the distances of the points, now reckoned from the middle 
of the line, that we consider in the first instance. 

The distances, instead of being continuously distributed 
are supposed to ‘be limited to definite values, all equally 
probable, 

—sb, (—s+1)b, (=s4+2)b,.... —b, 0;.b, 2b,.... 505 

* See T'odhunter’s ‘ History of the Theory of Probability,’ p. 521. 
+ ‘Theory of Error of Observation,’ Macmillan, 186], p. 8. Ina 

comparison of the present notation with that of Laplace and Airy, the 
symbols m and s will be seen to be interchanged. 
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where 2sb=a, and ultimately s will be made infinite. The 
question is— What is the chance tliat the sum of the distances 
of n points shall be equal to 76, where / is a positive or 
negative integer? On examination it appears that the 
combination follows the same laws ‘‘as the addition of 
indices in the successive multiplication of the polynomial 

-isd | ~i(s—130 ; ban! 4p ie- 200 ee 4 eS 29 4 gils-18 is? 

by itself, supposing the operation repeated n—1 times. 
And therefore the number of combinations required will be 
the coefficient of e”” (which is also the same as the coefficient 
of e) in the expansion of 

ae Si ide sage aor ge De me 

The number of combinations required is therefore the same 
as the term independent of @ in the expansion of 

1(6°? 4 GP Vie ek eae. | bee Jer Ve a eel 1 L 

or the same as the term independent of 6,” when 

cos 10{14+2cos9+2 cos 20+ ....+2co0ss0}” 

is expanded and arranged according to cosines of multiples 
of @. By summing the series and application of Fourier’s 
theorem this term is found to be 

1 ¢ ( sin 4 22s + 1)0 
tf “cos $1 + Se ae. St eda) 

ie sin fi sin2tg 

This is the number of combinations which gives rise to 
-a sum equal to J, and in order to obtain the probability 
of 1 it must be divided by the whole number of combinations 

equally probable, that is (2s+1)”. What we have to 
consider is accordingly the value of 

Be Pai (“cos lO {= pee Ue page) (10) 
m(2s+1)"Jo sin 46 

In their discussion, Laplace and Airy regard both n and s 
as infinite. Here it is proposed to make s infinite, so as to 
attain a continuous distribution of the points, but without 
limitation upon the value of x, which may be any integer. 
If, as before, o denote the sum 3 the distances, 

o=1b=la/2s. 
When s is very great, sin s0 alternates with great rapidity, 
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as soon as 6 becomes sensible, so that the integral comes to 
depend upon that part of the range where @ is very small. 
We may then replace sin $6 by 30, and taking y=9@/s, we 
find 

Laie Zowp sin” Wr 
ve cos y GA 3 5 eae 

as the equivalent of (10) when s becomes infinite. This is 
the probability which attaches to a single integral value of J, 
or to a change do, where da=a/2s. Thus the probability 
that o lies between o and a+do may be written 

Qda (2a sin" 
os saat! <5 eb 

aT No a a wv" ae te) 

ST 

which is the required result for a continuous distribution 
and is applicable to any value of n.. In our former notation, 

tn lal sin” lo)= =| conc May, . 9 i : 

in which, however, o now represents the sum of tiie distances 
from the centre of the line, instead of from one end of it. 

If n=1, (13) reduces to 

be ae =I sin ete Oa 

which is unity when o lies between +4a, but otherwise 
vanishes. 

Again, if n=2, we find that ¢'(¢)=+1/a, if o lies 
between --a, and otherwise vanishes, and so on. 

More generally, the sequence formula may be deduced 
from (11), but to obtain it in the original form (6), where 
the distances are measured from the end of the line, we 
must write o—4na foro in (11). Then we lave 

| ie cos (o—4na) ae Mtn dane 

0 Jo-a yy" qe 

in which 

com i) 9 = 

i cos (a —}na)do= cos (a "Et a) sin 
2 

ao—a 

so that (11) is verified. 

We may now examine the form assumed by @, in (18), 
. when n is very large. Tle process is almost the same as 
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that followed in a recent paper*™. By taking logarithms we 
find 

eee a oe) les hab? + nheap® +43n7heryt, (14) 

wiiere 

1 i! 
e wes i = aa ar ; . . . . igs 

180? 5 35.81 (15) 

Retaining for the moment only the leading term, we get 

la 2 $,(a)dala=Z — ("cos (2ayplaye™” "ay 
= (olamten data. oo. (16) 

In comparing this with (5), we must observe that there 
denotes tie mean of the distances of which o is the sum, so 
tiat o=ne, and thus the two results are In agreement. 

If we denote the leading term in ¢, by ®, we cbtain 
from (13) and (14) 

ae 

LD ee iP O d4*D 
p,— P+ O'nhs 3 —O'nhe 7 3 + gOnhy’ 4 : 

by means of which the approximation in powers of 1/n can 
be pursued. The terms written would suffice for a result 
correct to 1/n? inclusive, but we may content ourselves with 
the term which is of the order 1/n in comparison with the 
leading term. We have 

o=a/ (7 Jo nO al 

d?@ =,/(= a) —6o2/naz f 7 18¢c? ae 360% 

dr ww na” yh 

and accordingly 

$,(o) = pws (—) Baie i ae ae a yf Oe 
Here ¢(a)da/a expresses the probability that the sum of 

tlie distances, measured from the centre of the line, shall lie 
between o and o+do. 

In terms of the mean (x) of the distances, we should have 

6n\ —6h22/a2 3 1 6na? +a) } 

NS re ee ae alate) 
as the probability that « shall lie between x and x+dx. It 

(17) 

* Phil. Mag. vol. xxxvii. p. 344 (1919), equations (65), (66), &c. 
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should be observed that in. virtue of the exponential factor 
only moderate values of na?/a? need consideration. 

As a check upon (19) we may verify that it becomes 
unity when integrated with respect to # between 0 and «. 
Starting from 

Ne / —yr2 

WAe e de 1. 
TT) 0 

and differentiating with respect to u, we get 

R/Q (22 
2u ‘ 2 ur 
ao 2 eee 
Wiz s) 

; 0 

and differentiating again 

5/2 (= : 
= = ve dx =. 
OT! 0 ‘ 

Using these integrals in (19) with a=1, u=6n, the 
required verification follows. 

‘he above verification suggests a remark which may have 
a somewhat wide application. In many cases we can foresee 
that a facility function will have a form such as Ae “da, 
and then, since 

AY "de, 
0 | 

it follows that A=2/(u/7r). According to this law, the 
expectation of w is zero, but the expectation of «” is finite: 
{£ we know this latter expectation, we may use the know- 
ledge to determine uw. For 

fe 2) 

expectation of #?=2,/(u/7) ( ate “"da = 1/2u. 
v0 

We may take an example from the problem, just con- 
sidered, of the position of the centre of gravity of points 
distributed along a line. If a, a,...2, be the coordinates 
of these points reckoned from the middle and « that of the 
centre of gravity, . 

Mean 2¢= ((( ; dada... A#y (#1 +4 + eee +27,)? be 

a” n? : 2 

the integrations being in each case from —Ja to +a. 
Taking first the integration with respect to «,, we find that 

. 2 m 
‘ a : : “ye 1 coat e e 

Mean «2?= 19,2 + the corresponding expression with z, 
trea | | omitted, 

ee — 
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so that 
Mean 2? =@?/12n. 

Accordingly uw=6n/a’, as in (19). 
A similar argument might be employed for the law of 

facility of various resultants (7) of » unit vibrations witli 
phases entirely arbitrary, starting with Ae™“’rdr, and 
assuming that the mean value of r? is n. 

My principal aim in attacking the above problem was an 
introduction to the question of random vibrations when tle 
phases of the unit components are distributed along a 
circular are not constituting an entire circle. When the 
circle is complete tlie solution has already been given *, and 
the same solution obviously applies when the circular are 
covers any number of complete revolutions. All phases of 
the resultant are then equally probable, and the only 
question relates to the probability of various amplitudes, or 
intensities. But if the arc over which the representative 
points are distributed is not a multiple of 27, all values of 
the resultant phase are not equally probable and the question 
is in many respects more complicated. 

There is an obvious relation between the question of the 
resultant of random vibrations and that of the position of 
the centre of gravity of the representative points of the 
components. Jor if @ denote the phase of a unit component, 
the intensity of the resultant is given by 

R?= (> cos 8)?+ ({ sin 8)?. 

If we suppose unit masses placed at angles @ round the 
circular are of radius unity, the rectangular coordinates of 
the centre of gravity are 

£—=(2 cos 0) /n,* ~= (sin O)/n; 

and 7, the distance of the centre of gravity from the centre 
of the circle, is related to R according to r=Ryn. And in 
like manner the phase of the resultant corresponds with the 
angular position of the centre of gravity. 

The analogy suggests that a mechanical arrangement 
might be employed to effect vector addition. A disk, sup- 
ported after the manner of a compass-card, would carry the 
loads, and the resulting deflexion from the horizontal would 
be determined by mirror reading. Perhaps there would be 
a difficulty in securing adequate delicacy. 

* Phil. Mag. vol. x. p. 73 (1880); Scientific Papers, vol. i. p. 491. 
See also Phil. Mag. vol. xxxvii, p. 344 (1919). 
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To return to the theoretical question, if we suppose the 
circular are to be very small, we see that the probability of 
various phases of the resultant, within the narrow limits 
imposed, follows the laws determined for the centre of 
gravity of points distributed at random along a straight line. 
In this case the amplitude of the resultant is » to a high 
degree of approximation, n being the number of unit 
components, 

But when the circul:r arc (@) is so large that sin a deviates 
appreciably from a, the question is materially altered. We 
may, however, frame an arguement on the lines followed in 
equations (1) and (2). ° Thus with & replacing a and 8 
replacing 6, we have for the resultant whose amplitude is i 
and phase (reckoned from the middle) 0, 

Rsin @= sin @.(£,—£_,)4+ sin 28. (E-Sm 

+e... + Soa ane MM 

Reos@O= cos8.(€,+&_,)+.... + coss®. (E+E ,). (21) 

Here © is a smail angle, whose probability is under con- 
sideration, but R is in general large and may then be 

reckoned as it the distribution were ueiiowhae Thus 

RK 2 a (c : cos Cad e= Sale sinda. . ana) 

and i sua 7 : 

O= Fags (8m EE) + --. + sin 8(E,~ £)}- 28) 
By the Sle: of the Theory of Errors, we have 

Moree ua) 
Goce = cs mae - (sin? B+ sive 2B8+....+ 

sin? sR. (24) 

In (24) Mod? = nae as before, and the series of (eimye 
may be replaced by 

1 (+ ‘ PG sin a 
4 isin d = eae fe a Ww 

Thus es Se ee | | 

dae ARO) nal 
— Ansin? Ss 

TE e'4s sensi: this reduces to a2/6n, asin (4). Ifa=q, 
that is if the distribution be over a semicircle, we get 77/4n. 
If we make «#=27 in (25), the result is indeterminate, 
since although sinde=0, » is infinite. There is a like 
indeterminateness wan a is any multiple of 27, and this 
was to be expected. When the arc of distribution consists 



of a Number of Unit Vibrations. 509 

of entire revolutions, the phase of the resultant is arbitrary. 
But if the are dikes even a little, from an integral number 
of revolutions, there is a definite phase favoured for the 
resultant, and Mod? @ diminishes as 2 increases. 

The case where the are consists of entire revolutions is 
exceptional also as regards the amplitude, or intensity, of 
the resultant. As we know, in that case no definite value 
is approached, however great n may be, and the eapectation 
of intensity is n. But if there be a fractional part of a 
revolution ‘outstanding, the intensity does tend to a definite 
value, that namely en corresponds to a uniform distri- 
bution over the arc, and this value is proportional to the 
square of n. 
We may go further and calculate what exactly is the 

expectation of intensity. We have to evaluate 

{ij 2 wa ae ...| (cos @+ cos 6’+ cos" 4+...)? 
a 

+ (sin 6+ sin 6/+ sin 8''+...)7] 

=24{f. .d6d6' dé"...[n+2 cos (@—6') 

+ 2cos (0-0) + .... +2 cos (/—0") +...], (26) 

the integration being in each case from —ja to +42. 
Taking first the integration with respect to 0, we have 

tf ao [n-+2 00s (@—6') +2cos (@—O") + .. 

oe 1 a 

=4a-!sin ta{cos 6'+ cos0"+...} +n+2 cos (0'—O")+.. 

On continuing the integration the first part yields finally 

8(n—1)a-? sin? $e ; 

while the remaining parts give the original terms over 
again with omission of those containing 7, i thus 

Expectation of intensity 

=n+%a-*sin? ta{n—lt+n—2+n—3+.... aed ey 

=i Ag el ae ete a ay 2D) 

If «=0, this becomes n, as was to be expected. If a= 
or any multiple of 2a, the expectation is n, as we oe 
In general, when « becomes great, so as He include many 
complete Seen the importance of the n? part decreases 
In (27) n may have any integral value. 
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In the case of n=2, we may go further and find the 
expression for the probability of a given amplitude (r) taken 
always positive, and phase (@).. The amplitude of the com- 
ponents is unity, and the phases, measured from the centre 
of the arc, 0, and @,. The probability that these phases 
shall lie between 6, and 0, +d6,, @, and 0,+d0, is a~7d0;d0.. 
We have now to replace the two variables 0, 6, by 7, 0, 
where 

r=2cost(0,;—0,), A0=4(9,+06.), 

or ¢;=0+ cosp(4r), | 0:—0>- cosn (cae 

making 

dd, dO, +] EE IS see d. 
ddr VEEP) dr 74-8 ee 
Accordingly 

d0,d0,_—  +2d@dr rice 

The interchange of @, and 6, makes no difference to r and 
8, so that we may take 

peda, 
a? (4—27) ? 

as the chance that the amplitude of the resultant shall lie 
between » and r+dr and the phase between @ and 0 +d. 
In (29) « is supposed not to exceed 27. 

As a check, we may revert to the case where «=27. 
The limits for 0 are then independent of the value of 7, and 
are taken to be —7m and +7. And 

Ain (44d0 2 dy Seen 
V(4—7) J) @ TV (4-9) wr (4—14) 

represents the chance that r shall lie between r and r+dr 
independently of what 0 may be, in agreement with Pearson’s 
expression *. Integrating again with respect to 7, we find 

2 2dr 

\ mV (4—r") =I, 

as should be, all cases being now covered. 
In the general case the limits for + and @ are inter- 

dependent. The possible range for 0 is from —}a to +4a 
(a<7), but we require the range when r is prescribed. In 
‘virtue of the symmetry it suffices to consider a positive 0, 

(29) 

* Compare Phil. Mag. vol. xxxvil. p. 328 (1919), equation (21). 
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and we begin by supposing @ less than zr, so that the extreme 
values of r are 2costa and 2. We proceed to consider the 
relations by which the limiting values of r and @ are 
ecnnected. 

For a given (positive) @ less than $e the upper limit of 
is 2 and the lower limit is 2cos(4e—0). When 0>4a, 
there are no corresponding values of 7. In fig. 2, where « 
is taken to be 47, the shaded area gives the possible values 
of 7 corresponding to anv @, or conversely the values of @ 
corresponding to a prescribed 7. 

In order to find the chances of a given 0, we integrate 
with respect to rin (29). We find 

440 (" dre 
ee e 2cos (3a — 0) /(4—1") a 

4d0 eee ees (SD) 

as the chance that 0, if positive, lies between @ and 0+d86. 
If we integrate (31) again with respect to @ between 0 and 
ta, we get 1. the correct value, as there is an equal chance 
of 6 being negative. 

Again, in order to find the chance of a prescribed r, when 
@ is free to vary, we have us integrate (29) first with respect 
to 6. Referring to fig. 2, we see that when r<2 cos (4a), 
there are no Peer nondine values of 6, and that when r 
lies between 2cos($e) and 2, the limits for 9 are 0 and 
34—cos~'($r). In the first case there is no possibility of r 
lying between r and r tdr ; ein the second case the proba- 
bility is 

Adr 
a? / (4—1") ita— cos ! (37) . ae Met Ne (32) 

which must be doubled when we admit, as we must, negative 

values of 6. If we integrate (32) as it stands, again with 
respect to 7, we find the correct value, since 

; Adr 
| 

, cos 2 a /(4—r?) 
fla—cos-1(4r)t

=1, 

We may regard (31) and (32) as the solution of the 
problem in the case where <7. 

When «>, @ may lie outside the limits +4a applicable 
to 6, and @,, and the question becomes more ‘complicated. 
It appears that we must distinguish two cases under this 
head, (i.) where 9r<a< 37/2, ‘and (ii.) where 37/2<a< 27. 

First for T<a<3mn/2, fig. 4, where « is supposed to be 
Dr/4. 
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F ig. 7 

h— 
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From @=0 to 06=4(a—7), r ranges from 0 to 2. From 
@=4(a—7) to 0=4a, r ranges from 2 cos (4a—@) to 2... At 
9=t4« the lower and upper limits coincide. From Soeh 
to 0=37/2—4a, there are no corresponding values of 
At the latter limit a zero value of + enters, and eal 
0=37/2—4a to 0=7, r ranges from 0 to 2 cos (24 —3a—8). 

The whole range from @=0 to 0= thus divides itself 
into four parts. In the first part from @=0 to 0=}(a—7), 
we get as the chance of @ from (29) 

4d0(? dr 2a dO (33) 
ees = ———- a - A oe a}, (Aare) 8” i 

In the second part from @=4(a4—7) to 0=ta, the 
chance is : 

a 

4d0 (7 dr _ 400 , aN ves ae) 80 
For the third part, from 0=43e to 0= 37/2 — 4a, there is 

no possibility. 
For the fourth part, from @=37/2—4e to 0=m, the 

chance for @ is 

Ad@ (2608 @r—3a-8) adr AdA 37 sa) alk ss = (324+9—). (35) 

If we integrate (33), (384), and (35) over the (positive) 
ranges to which they apply and add the results, we get the 
correct value, viz. 3. This part of the question might be 
treated more simply without introducing ~ at all. 
We have next to consider what in this case, v1z.7 <2< 37/2, 

are the probabilities of various 7’s when @ is allowed to yary. 
When 7 is less than its value at 0=7, viz. 2 cos (w—ia), 
the corresponding range for @ is made up of two parts, the 
Aret trom O= 0! to Gee ae 1 (tr), and the second from 
O=27—J}a— cos' (Sr) to 0=7, so that the whole range 
of @ is 

4a—cos-1(4r)+a—{24r—4a—cos'(4r)}=a—7 

Thus from r=0 to r=2Zcos(a7— a) the chance of r lying 
between 7 and 7+dr is 

3 Adr(a—r) 
names on ( 
a? V (4—77) (36) 

_ When + lies between 2 cos (7 —J3za) and 2, the second part 
disappears and we have only the one range of @, equal to 
wohl. Mages:.62 Vol. at.ano/ 221. May 1919.) 28 
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4a—cos (47), so that the chance of 7 lying between 7 and 
r+dr is 

4dr{za— cos”! (3r)} 
a? /(4—7?) 

Hxpressions (36) and (37), obtained on the supposition 
that @ is positive, are to be doubled when we allow for the 
equally admissible negative values of 6. 

When (36), (37), as they stand, are integrated — the 
ranges of 7 to which they apply and added, the sum is das 
it should be under the suppositions made. 

It still remains to consider the case where 37/2 <a<2r. 
From @=0 to 0=3(a—7), r (as before) ranges from 0 to 2. 
From @=4(«¢—7) to 0=4(37—a), r ranges from 2 cos (4a —@) 
to 2. At this point (fig. a a second range enters for 7. 
From 9=14(39r—a) to BS 3a, the first range is, as before, 
from 2cos(Ja—@) to 2, and the second range is from 0 to 
2cos(2a7r—}e—6,;. Lastly, from @= Je to os a, the first 
range of 7 disappears, while the second continues to be from 
0 to 2 cos (247 —Ja—@). 

The probabilities of various @’s being positive and lying 
within specified ranges can be obtained as before. For the 
range from 0=0 to Ae s(a—v7r) we get the expression (33), 
and from 0=4(a—7) to 0= 1(3r—o) we get (34). For the 
third range from Pee a) to O=4, we get 

4d@ [() 1 (27-30-60) dr 

an 2 cos (}a—6) 0 VW (4—77) 

= *o (a +) 508 ° ° . . (38) 
a 

(37) 

and from 0=32 to 0=7, 

Zab (ere ee eds | Ade 
oo, Vv (4—7?) (32 

If the integrations with respect to @ are effected over the 
appropriate ranges and the results added, we get 3, as was 
to be expected. 

Finally, for the probabilities of various r’s Shee 0 is left 
open, we get for 7» between 0 and 2cos(7—4a) two ranges 
for. 0,\ viz. ‘from 0 toj32— cos’,(37), and again, ous 
G= or de eae it r) to O=7, making altogether (2—7). 
Thus for these values of rthe probability i is that expressed 
in (36). 
When +r lies between 2 cos (7— Ja) and 2, we recover in 

like manner (37). And as before we may verify the results 

lay 
2 
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by showing that when the second integrations are carried 
out a the appropriate ranges and the integrals added, we 
recover 3. 

It may be remarked that the latter results may be applied 
to the complete circle by making «=27 (fig. 7). The second 
range for r then disappears, ead for the whole range now 
extending for all values of 6 from r=0 to r=2 we get 

dr 

mv (4—r’)’ 

which needs to be doubled in order to take account of 
negative values of @. 

This completes the investigation for an arbitrary a (less 
than 27), when n=2. Since even for the complete circle 
(a =27) the case n=3 leads to elliptic integrals, there is no 
encouragement to try an extension to other values of a. 

(40) 

Terling Place, Witham. 
March 31, 1919. 

XLVI. The Whirling of an Facentrically-loaded Overhung 
Shaft. By 8S. Lees, IA., College of Technology, Man- 
chester * 

a8 HE general problems arising in connexion with 
the whirling of shafts have been treated at some 

length by several investigators, prominent amongst whom 
may be mentioned Greenhill f, Dunkerley f, and Chree §. 
‘The latter, in particular, has given a very elaborate treatment 
of the subject on mathematical lines, but does not give any 
attention to the practical problem of the whirling of shafts 
with excentric loads. 

§2. In what follows,.an attempt is made to deduce the 
dynamical equations giving the motion of such an overhung, 
excentrically-loaded shaft. The writer has taken into account 
the influence of the rotational inertia of the whirling load, but 
has made what seems a reasonable assumption, namely, that 
the whirling load can be taken as a perfectly true flywheel, 
mounted slightly excentrically. This simplifies the mathe- 
matical discussion somewhat. It is also further assumed 
that the weight of the shaft can be neglected. 

* Communicated by the Author. 
_ + Greenhill, Proc. Inst. Mech. Eng. 1883. 
a Dunkerley, Phil. Trans. Roy. Soc. A, 1894. 
§ Chree, Phil. Mag, May 1904. 

2N 2 
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To specify the position of the system of shaft and flywheel, 
three variables will be required. These will be taken as 

(i.) the deflexion <z of the free end of the shaft from the 
undeflected position; (1i.) the angular slope @ which the 
deflected axis of the shaft at the free end makes with the 
axis at the constrained end ; (ii1.) the angle ¢ which the line 
joining the ©.G. of the flywheel to the centre of the shaft 
makes with the line through this centre, perpendicular to 
the shaft and in the plane of bending. These coordinates. 
are shown in the figures (figs. 1 and 2). 

Fig. 1. 

ea: 
iie/2 

ie> r( p cosO +) 

z 
Z® 

_. The method we shall adopt will be to get expressions for- 
the kinetic energy T and potential energy W of the system, 
and then apply Lagrange’s Equations. 

The shaft is supposed left to itself, 7. e. no power is supplied 
and there are no frictional resistances. _ 

§ 3. To get the expression for the kinetic energy T, we 
shall first consider the motions of the flywheel. The centre 
of the free end of the shaft has motions (fig. 1) given by 

(a) 2 in the plane of the paper, 
(b) 2 at right angles to the plane of the paper, 

w being the uniform speed of rotation of the shaft. The 
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motion of the C.G. of the flywheel is now easily obtained 
on reference to fig. 2. Remembering that the plane of the 
diagram in fig. 2 is to be supposed | at the small angle @ to 
the - vertical plane. of the paper, we easily see that the v velocity 
ot the C.G. has components :— 

(ic) Z+7($ cos O+e) sing vertically downwards, 

(ii.) <w—1r( cos 0 +o) cos ¢, right to left, 

(iil.) 7 sin @ sin g, parallel to undeflected axis of shaft. 

The directions referred to are those in fig. 2, and v is the 
(small) distance which the flywheel is displaced excentrically. 

‘If M be the mass of the flywheel, the kinetic energy of 
translation of the wheel is accordingly i 

M "9 9.9 2/. 9 27999 .°_9 ° ; : 3 {P+ 20° +r pt o)? +7 sin? b+ 22r(h+ @) sin d 

—Io(h+w)cosht.. . , -. (i) 

Here cos @ has been taken as unity, and sin @ as 0. 
We have now to discuss the kinetic energy of rotation of 
the flywheel, considered as rotating about an axis throngh 
its C.G. The resultant angular motion of the wheel is made 
up of (i.) an angular velocity w about the axis of the shaft 
at the constrained end; (ii.) an angular velocity @ about an 
axis perpendicular to the plane of bending ; (ii.) an angular 

velocity ¢ about the axis of ihe shaft at ie free end. The 
axes in (iii.), (il.), and an axis at right angles to these may 
be taken as the principal axes at the C.G. If we denote 
the angular velocities about these axes by 04, O,, and QO; 
respectively, we have 

0,=¢+0c0s6; O,=6; O;=esind. . (ii) 

_ Denoting the corresponding moments of inertia of the wheel 
by L; I, and I;, we get for the kinetic energy of rotation 
about the C.G., by a well-known theor em, 

11. (6 +o cos 0)? 41,67 + 41,0? sin? 6.  . (iii) 

_ We have I;=1,, and if for simplicity we confine ourselves 
_ to the case of a circular wie so that 1, =2],, expression (iii.) 
_ reduces to 

1,4 ¢?+o?+ ere Va Te) 

We have here replaced sin by 0, and cos 8 by 1—@?/2 
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From (i.) and (iv.) we get for the total kinetic energy T 
of the system, 

2T =My2 ‘ee ow)? +1°?6 sin? d 

21(b +a) sind —2zra(d +a) cos p+ 

ai. +@-" + 26w0— wb? + 62?—w6"!. (v.) 

$4. We have next to write down an expression for the 
potential energy of the system in the displaced position 
considered. Assuming that the shaft is of circular solid 
section of area A, moment of inertia of cross-section Ak?, it 
is known * that the shape of the bent shaft is given by 

C= (32—L@)a?/L? + (LA—2z)a*/L?, . . (vi) 

and the potential energy, accordingly, . T 

V =2HAR(32?—32L6+ L2/L2. |. vi 

In these éxpressions, € is the deflexion of the shaft at a 
distance w from the constrained end, L is the length of the 
shaft, while E denotes the Young’s ‘Modulus of the shaft. 
We have neglected the effect of gravity on the potential 
energy, ee our purposes, this w at be small ; whilst if the 
shaft is vertical, the expression {vil.) is absolutely correct. 

§5. We now utilize Lagrange’s equations of the general 
form :—— 

dor Leo Vou 
ae Oy” Ow mt 

where y is any coordinate. Taking for w the coordinates: 
respectively 2, 0, and ¢, we get, a 2HAK/LF = 

E4r(h+e@)?cosh + rdsing —w? z2+3B(2-— mae — il). 
(viil.) 

6 — Mr??0 sin? 6/1, -+ (ho + 0}6 + B(—32L + 21,26) La 

r(b+ 26p0sin? d+ 66?sin?¢ + £76? sin d cos) 

+r(zsing— 2z@cosd—cw* sing) +I, oes 200) 0. 

» (&) 
§ 6. Before going further, it will be necessary to discuss 

the possible states of steady motion. To get these, we have 
to equate to zero all differential coefficients of the variables. 

* Rayleigh, ‘Sound,’ §183. 
Tt Neglecting torsional oscillations. 
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in the last three equations. In this way we obtain :— 

ro” cos 6— wz + 3B(2z—LO)/M=0, . . (xi) 

+o) + B(—32L+2L70)/I,=0, . . (xii.) 

= r2@ sn psi... (xiT1.) 

From (xiii.), we see at once that either 

Bene. cc eReut Eset a lea ene MLN 
or sin@=0, which gives 

NIN To a eV ig ah. og.) ae) REN 

These values we now proceed to discuss. From (xiv.), 
(xii.), and (xi), weé find that if <=0, then 0=0;' whilst 
cos $=0, giving 

pe ne aN i) 
Taking (xv.), (xil.), and (x1.), we find two equations for 

zand 6. Thus for z we get 

2} (6B/M—o?)(2L2B/1, +?) —9L2B?/MI, | 
— #re@?(2L2B/l,+02=0. (xvii) 

There will be two corresponding values for @. If we take 
o=0, we get z and @ negative. We therefore take ¢6=7 as 
the value in (xv.), leading toa real steady value of z. The 
values of z and @ wili be infinite if 

(6B/M— 0°) (2L°B/I, +o”) —9L°BY/MI,=0. (xviii) 
This is a quadratic equation for ’, and it will be found to 
be identical with the result given by Chree (loc. cit. eq. 10), 
for the whirling speed of an overhung shaft with a sym- 
metrical flywheel load. Other things being equal, the steady 
values of z and @ are seen from (xvii.) to be proportional 
to r, as might have been expected. 

§ 7. To examine possible oscillations about a state of 
steady motion for the case of d=, we put z=29+Z, 
0=0,+90, 6=¢.+ ®, and substitute in (vill.), Gx.), and (x.). 
As we are to put Z=Ze”", O=Oc”’', D= Ge’, with Z, O, 
and ® small, we neglect terms of the second and higher 
orders in Z, ©, and ®, when substituting in (viil.), (ix.), 
and (x.). In this way we are led to 

Z—wZ+3B2Z—LO)/M =0.. . (xix.) 

6+0°@ + B(—3ZL42L7@)/I,=0, . .  (xx.) 

Pb — 2rLo + 1,6/M =0,. . (xxi.) 
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or what is the same thing in effect, 7 

Z(—p?—o + 6B/M) —3BL0/M =0; Ge 

—3BLZ/I,+ O(—p’?+o?+2BL7/I,)=0, . (xxii) 

—2riwLp — Bir? + 1,/M)p? = 0.) ia 

By eliminating Z, ©, and ®, we get an equation of the sixth 
dlegree for p. . 

The correct method of treating these equations is to solve 
for p from (xxu.) and (xxiii.), thus getting :-— 

_—p?—o?+ 6B/M, —3BL/M, 

| —3BL/I,, —p?+o?+2BL?/I, 

® is then got from (xxiv.), and we see that there is a 
difference of phase between ® and Z of 7/2. 

On putting p=O0 in (xxv.), we get the condition for 
unstable motion; this is readily seen to lead to (xviil.). We 
thus arrive at the result that the state of steady motion with 
the configuration @=7, is in general stable, but we get 
instability (7. e. whirling) when @ satisfies (xviil.). 

§ 8. We now proceed to consider the possible oscillations 
about the steady state of motion defined by (xvi.). 

Taking first the case of motion about @=7/2, we put 

p=7/2+~W, where w is small. Putting <, 6, and W pro- 
portional to ¢”’, we get for p, from (viil.), (ix.), and (x.), 

p? +o? —6B/M, 3BL/M, r(p? +o"), 

3LB/I,, p?—e?—2L7B/I,, 0, = (0, (Gow ‘ 

r(p? + @?), 0. ptr? +1,/M). 

= 0. (Game) 

This shows that p cannot be zero, in this type of vibration, 
whatever the values of the constants. The nature of the 
roots of (xxvi.) can be arrived at by remembering that the 
equation is a cubic in p’, which has positive values for p?>=0 , 

& 5 ¢ . -I17B 

and -p’=0 ; and having negative values for p?=?+ re 
2 

and p?=—«#. Thus p” has two positive roots, and one 
negative root. The existence of the negative value of p? 
implies that the motion is unstable. 

Tf we take the case of motion about o= 6 we are led to 

‘exactly the same equation for p®. Hence the motion in this 
_ case also is unstable. 

~ §9. We have now discussed at some length the motion of 
‘the excentrically loaded shaft, neglecting torsional oseil- 
lations and any yielding at the bearing. It may be remarked 
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that the effect of torsional oscillations will be quite inde- 
pendent of the motions just considered, provided they are 
sufficiently small. At first sight, it ‘might seem that ¢ 
would appear in equations t taking into account. torsional 
vibrations. A little reflection, howev er, will show that the 
torsional potential energy does not depend on o, and for 
small displacements < and @ the torsional vibrations are 
quite independent of the vibrations treated above. 

§ 10. It would here seem convenient to discuss the effect 
of yielding at the bearings. This may have an appreciable 
influence on affairs, if ihe framework is hght. In the 
problem considered above, we have only one bearing to 
consider: this is taken for simplicity. 

Referring to fig. 8, we shall now let @ denote the angular 

Fig, 3. 

deviation of the flywheel end of the shaft from the direction 
of the shaft at the bearing end. This latter will, in general, 
not be quite constant in direction. Its variation (supposed 
to be in the same plane as @) will be denoted by 0,. 
Similarly the deflexion at the bearing will be taken (in the 
same plane as @) as 2,, whilst the deflexion at the fly wheel 
end will be taken as -+<2,. Neglecting the mass of the 
shaft itself, the kinetic energy will be the same as (v.), save 
that 6+6, must be written for 0, and z+ 2, for z. As for 
the effect on the potential energy, we may represent it by 
adding a term 

4(Ky2y? + 2K 42,0; + K30,7),...  . (xxvii) 
to (vil.). 

The net effect is to give five equations of motion, instead 
of the equations (vill.), (1x.), and (x.). A discussion of the 
possible steady motions gives the same alternatives as these 
equations led to. In particular, the stable motion is about 
g=7. The actual equations in this case reduce to :— 

2+2,—@7?(+2,)+3B(2-— L0)/M == (hs (eeW aa ) 

Se) 024 2)) + Kz, + K,0, 22. Oi chGexix.) 

646.4 02(0 + 6,) + B( —32L + 2L26)/I,=0,. ©. (xxx.) 
6 +6, + w(O40,) Koz, + K50, =(,  (xxxi.) 
Pb —2r(Z + 2))o + 126/M =().  (xxxii.) 
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Disregarding the last of these for reasons which have 
been indicated earlier, and putting the variables proportional 
to e'?*, we get : 

—p?—o?+0B/M, —pi—o?, —a3BL/M, 0, 

pw, |p eer Ki Ks 

—3BL/Iy, 0, —p?+o?+2L°B/l,, —p?+o7, | =0- 

QO, Ke —p?+o", —p?+o?+ Ks, 

(Xxxiil. ) 

This may be expressed in the form :— 

6B/M, —7'—@, —3BL/M, 0, 

—K,—6B/M, Ke — KS 3cre K,, ; 

—3BL/I,, 0, Hie Bye. 0, ts 

—K,+3BL/I,, Ke: —K,—21°B/I,, —p?+o?+ Ks, 

(Xxx1iyv.) 
a quadratic equation in p”. 

{t should be noted that in (xxviii.) to (xxxi.), the values 
of z, 2;, 0, and @, are not the absolute values, but give the 
oscillatory values about positions of steady motion defined 
by :— 

—re’—@*(2+2,) +3B(2-—Lé)/M=0, | 

aaa w* (2 +2) + Ke, oe KG; => 0, 

o'(0+9,)+B(—3z2L4+2L°6)/1, =0, | 

w*(0 + 0;) + K 2, + 0, = () 23 

These may be solved for z, z,, 6, and 9@,, in the usual 
manner, by determinants. In particular, if 

: 
ses o -8BL/M, “@ 

—o’, K,—o’, 0, Ka, 
A= : i =0, («xx=vi,) 5) 2 

—3BL/I,, 0, +”, @ 5 

I, 
0, Ke wo”, w+ Ks, | 

the values so obtained become infinite, and we get whirling. 
It will be found that this last equation is a quadratic in ? ; 
in fact, isidentical with (xxxiv.), when p is put equal to zero. 

§ 11. The treatment we have given would not be accurately 
applicable if very high frequency vibrations were considered; 
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for we have disregarded the effect of the inertia of the 
shaft, 7. e. we have neglected the effect of wave motion along 
the shaft. The effect of this may be gauged by the following 
considerations :— 

The velocity propagation of a simple wave of tension or 
compression is “ (E/p), where p is the density of the material 
of the shaft. The time for such a wave to pass along a 
length L of shaft will accordingly be LW(H/p). For the 
calculations given in this paper to hold th en, thi time must 
be quite small compared with the time of vibration of the 
shaft as given by (xxv.). It will be readily seen that this is 
not always the case, particularly when the shaft is running 
at very high speeds. 

§ 12. The general conclusions to be drawn from the paper 
are as follows :-— 

The presence of the excentric load does not alter the 
fundamental character of the vibrations (natural) of the 
shaft. The periods obtained are the same as those with 
the symmetrical load. At the same time, there is a state of 
steady deflexion, given by (xvil.), about which the natural 
vibrations take place. This steady state of deflexion becomes 
impossible when the whirling speed is attained; such 
whirling speed being given by (xviii.). It may also be noted 
that (xvii.) and a corresponding result for @, will enable one 
to assign an inferior limit to the stresses due to the bending 
that takes place at any speed. 

In addition, the effect of yielding at the bearing will cause 
the critical speed to become lower. The practical effect of 
this it is difficult to gauge. A calculation is given, depending 
on unknown constants. 

XLVIII. The Possibility of separating Isotopes. 
By F. A. Linpemann, Ph.D., and F.W. Aston, M.A., D.Se.* 

S the existence of elements of different atomic weights 
which occupy the same position in the periodic table 

but appear to be inseparable by chemical means seems now 
to be generally accepted, it is of interest to consider the 
various methods by which there may be some hope of sepa- 
rating them. These appear to fall into four main groups :— 
Distillation, to which chemical separation is closely allied 
thermody namically, Diffusion, Density, and Positive Rays. 

* Communicated by the Authors. 
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Distillation and Chemical Separation. 
dA 

The second law of thermodynamics A—U= ape ; may be 
dt’ 

: Lp r! 7 ee iton a = GoW? where p is the pressure of the satu- 

rated vapour, v its molecular volume, V the molecular volume 
of the liquid, A’ the latent heat of evaporation, and T the 

ryN 

temperature. At reasonably low pressures v= — and v is 

large compared with V. One may therefore write 

EES 
a'}' RI 

aero e c Now N=r+| pat —( Gadi 
0 wv 9 

where C, is the molecular heat of the vapour at constant 
pressure, and cp the molecular heat of the solid or liquid. 

Therefore 
r a : 

log p= Bi +{ at (C,—cp) dT + const., 

the latent heat of fusion of course being included in 
ay 

(C,—c¢,) dV if the temperature is above the melting- 
Jo | 
“point. 

If p is small C, is constant so that 

nu nee Tat ct 
log p=— ETT R log val mn cpadT + const. 

9a?v 
Now. Cp=@v + ——— , where v is the atomic volume, « the 

K 

expansion coefficient, and « the compressibility, whilst ¢,, 
the atomic heat at constant volume, is given in the terms of 
the atomic frequency in the solid v,, by 

pr (at Ee1E 3BVn ae 
Ge ts (BYin)® { ee =a aa ae, =f (ase 

e =e ——— 4 

a 

Therefore 
C 

bap = + R os o T— ie in mya 

Tom Cr 
= ol aT + constant. 
Rea 
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It is clear that p cannot be identical over a wide range of T, 
i.é. that two substances must be separable by fractionation 
unless v,, is identical for both as well as ) and U, and 

2 
“e All these constants may change with the atomic volume, 

2. e. they may and probably do depend upon the total pres- 
sure. Therefore if the theorem that the isotopes are not 
separable is mathematically true, at any rate X and C, must 
be identical over a finite range of atomic volumes. It has 
heen shown by Soddy, at any rrate in the case of lead, that 
the distances between the centres of the atoms in the solid 
state are identical. If this is so, it seems impossible for X 
and v,, to be identical. 

Consider an atom at the surface of a plane of the isotope 
defined by <=0. Let the forces acting upon it have a com- 
ponent in the Z axis ¢ (z). The latent heat at the absolute 

zero © is then proportional to z (z)dz. Since ris identical . b 

tor two isotopes the condition that X is identical means that 

eove is identical. J urther, they must be identical 

although 7 may be varied over a finite range. 
Now imagine another plane of the same material placed 

in cee with the first.. The force on the atom will be 
b(z) — Plz ), so that the quasi-elastic restoring force is by 
Taylor’s theorem 2A- d'(z). The frequency v,, is therefore 

i 26'(2) 
2 2O aoe 

If this is to be identical in two isotopes @(z) must be 
proportional to the atomic weight M. | 

Therefore if two isotopes are to be inseparable by frac- 

tionation, $(¢) must be a function such that { g(z)dz is 

identical in beth cases, whereas g'(z) must be proportional 
to the atomic weight. 

If. d(z) may be represented as a power series, say 

Anz" +an_12" “+ .... in the case of one isotope and 

b,2°+6,-12" |+ .... forthe other, one has 

$1 oo, 14 Gia yor e+e 66 

(2) =ndy P24 (n= Lda"? + a 
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This is only true over a finite range of ¢, if 

b= 7 Any 6, = = i An-1 ete. 

On the other hand, if this is so, 

e a 
A;= z)dz= fe prtl ines I eee 1 a pi (2)¢ ie ABET 

-and 

abe bn b 
ow a ai = al grt Tree! gh 

aii go(e)de= i ee LA dah 

M, ( M 
= ML, { $\(2)dz= M" 

Therefore if @ (z) is an analytical function, both \ and vm 
-cannot be identical and the isotopes must be separable under 
appropriate conditions. 

It is of course true that the separation may be minute. 
If, for instance, M only varies by 1 per cent. as in the case 
-of lead, the percentage difference of pressure at the boiling- 
point would probably not exceed 1 per cent. and might be 
very much less if the first-order terms cancel one another. 
A similar argument applies to the chemical separation of 

isotopes. For 

A=U,—1 ae Spd $3i, 

-so that complete identity of the affinity A implies the 
identity of Up and ¢, over a finite range of values of r. It is 
-almost inconceivable that the values of U, should be identical 
unless the values of » are identical, for U, is made up of the 
heat of reaction of one atom of the isotope with one or more - 
atoms in the gaseous state plus the algebraic sum of the 
dateut heats of the combination and of the reacting sub- 
stances at the absolute zero. ‘The possibility that there is a 
difference between different isotopes in the heat of com- 
bination of one atom with one or more atoms of some other 
substance which exactly balances the difference in {A seems 
sufficiently remote to be ruled out without further discussion. 
But if one may conclude that the values of » are identical 
the same difficulty arises in assuming the values v,, to be 

identical as was experienced above. Since the values of Uo 
RT 
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are usually large compared with 
gr a du 

\: RT? ‘i Xcv dT 

at all ordinary temperatures, the difference in the constant 
of the law of mass action would probably be imperceptible 
unless suitable equilibria were examined under favourable 
conditions. Thus isotopes could not be separated by an 
ordinary precipitation, i. e. what used to be called an irre- 
versible reaction, any more than nitrogen and oxygen could 
be separated by dropping liquid air into a red-hot flask. 

Fractional distillation was the first method used by Aston 
in attempting to separate the two hypothetical constituents 
of Neon (‘‘ Homogeneity of Atmospheric Neon,” Brit. Assoc. 
Birmingham Meeting, 1913). The gas was fractionated 
over charcoal cooled in liquid air. The apparatus used 

OG Eh 2a = | 

| J 
Diagram of Fractionation Apparatus. 

is illustrated in the accompanying figure; the method of 
working was as follows :— 

The gas was admitted in a, one of the small charcoal 
bulbs a bcd all cooled in liquid air. After a reasonable 

_-time had elapsed the first fraction was pumped off by lowering 
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mercury in gas-holder A and opening the connecting stop- 
cock between it and a. After another interval the stopeock 
was aie the mercury raised in A and the gas forced 
into bulb 6. The mercury was next lowered in both A and 
B, the former receiving the second fraction from @ while the 
latter withdrew the first fraction of the gas now in b. The 
fundamental assumption on which this. arrangement was 
made was that at this stage, if the vapour-pressures of the 
vases are neariy the same, “the gas in A would have the same 
composition as that left in d, and that they therefore might 
be mixed. This was done by raising the mercury, which not 
only drove the gas from A into ‘bh but also. the lightest 
fraction from B into c, where it aoe fractionated, each 
process driving the lower beiling gas forward and keeping 
the higher back. 

The apparatus may contain any number of units, the 
whole system being made cyclical and continuous by joining 
the charcoal bulb at one end with the gas-holder at the 
other, Four such units were actually employ ed, nnd after 
four operations the liquid air was removed from a and the 
residue it contained was pumped off completely with an 
Antropoff pump as the first contribution to the heaviest 
fraction, in the same way that in D was also pumped off as 
that of the lightest. The bulb @ was then immersed again 
in liquid air and the process continued. 

After about two-thirds of the gas had been collected in 
this way as light and heavy fractions, that remaining was. 
all pumped out as the middle fraction. The process was 
next repeated with the light and heavy fractions in turn, the 
intermediate ones being combined by a definite rule. 

By this arrangement, which does many operations at once, 
the smull quantity of helium contained in the original gas 
was removed in a remarkably short time, after which the 
neon was subjected to continual fractionation for three 
weeks. The gas had now been through about 3000 fraction- 
ations and was divided into seven main fractions; the 
density of these was determined by the quartz micro-balance 

(EF. W. Aston,.Roy. Soe: Proc. A, vol. Ixxxix. 19M4 eine 
figures for the pressures giving the same zero as oxygen at 
76°35 were as.follows :— 

(1) (2) (3) (4) (5) (6) 2G 

121°05.. 120°95 127-05. 120°90. 121-00 121-055 

~The mean of these, 121°05, gives a molecular weight of 
20°19, which is identical within ae Gln error with the 
“accepted one of 20°200 determined hy Watson (J.C.8. 1910). 
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It is evident that no appreciable separation whatever 
had been achieved, hence if neon is not homogeneous the 
vapour-pressure of its constituents at the temperature em- 
ployed must be very nearly the same. It is, however, 
impossible to draw any definite conclusion from the above 
experiment as to the homogeneity of the gas until further 
fractionations have been performed at other and lower tem- 
peratures, preferably without the use of charcoal. 

Diffusion. 

Lord Rayleigh (Phil. Mag. xlii. p. 493, 1896) has inves- 
tigated the problem of the separation of gases of different 
density by diffusion. He obtained as an expression for the 
effect of a single operation 

LV = x Tar 1. ane oes V2/V2—0} 
mene Nin, REE 2 

where (X, Y) (#, y) are the initial and final volumes of the 
gases, v, v2 the velocities of diffusion, and y the enrichment 
of the residue as regards the second constituent. 

After the failure of fractional distillation described above, 
an attempt was made to separate the hypothetical con- 
stituents of neon by diffusion through pipeclay. In this 
case, as the molecular weights given by positive rays are 
apparently 20 and 22 respectively, v and w only differ by 
5 per cent., so the above equation may be written in the 
simple form | 

AGT) ng or Re oe ye Volume : 

REE ta a Residual Volume 

The first apparatus was similar to that described b 
Ramsay and Collie (Roy. Soe. Proc. lx. p. 206, 1896). After 
an extremely laborious and prolonged series of diffusions a 
small but apparently real difference of density was detected 
amounting to about 0:7 per cent. A much more elaborate 
apparatus was designed and was started early in 1914. This 
apparatus is on the see-saw principle and the volume ratio is 
about 2000, so that given perfect mixing this should give an 
enrichment of 1:4. Rather more than 200 c.c. of enriched 
gas had been collected by the time the War interrupted the 
experiment. It is hoped that the apparatus will soon be 

Phil. Mag. Ser. 6. Vol. 37, No. 221. May 1919. 20 
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started again, and when anotler 100 c.c. are collected the 
whole will be diffused again. This second operation should 
give a theoretical enrichment of 2, so that unless the mixing 
is very bad a definite increase of density might be obtained. 

A very much simpler and better type of continuous 
diffusion apparatus would be one on the rotating principle 
used in the Gaede mercury pump, the difficulty being the 
manufacture of the rotating part of pipeclay or unglazed 
porcelain with a suitable device for withholding and collect- 
ing the small residual volume of less diffusible gas. Should 
diffusion methods prove sufficiently hopeful, an effort will be 
made to construct such an apparatus. 

It will be seen from Rayleigh’s equation above that there 
is not the least hope of getting approximately complete 
separation for a reasonable quantity of gas in a reasonable 
time by this diffusion method even under theoretically 
perfect conditions of mixing. 

Another method that has been suggested consists in allow- 
ing the gas to diffuse through a column of heavier gas or 
liquid. Its practical difficulties are considerabie, and its 
advantages over the other method by no means obvious. 

Density. 

There are two direct methods of separating isotopes by the 
effect of their different masses. The first of these, gravi- 
tational separation in the stratosphere, applies only to neon 
if this be really a mixture of two isotopes. 

If M be the atomic weight, g the gravitational constant, 
p the pressure, and p the density, then if no mixing takes 
place dp=—gpdh, h being the height. In the isothermal 
layer convection is small. If it is small compared with 
diffusion the gases will separate to a certain extent. Since 
T is constant 

i ele do _ Mg 
fa M and p = RT dh, 

, Baie 
whence foe. Uh 

po being the density at the height hy at which mixing by 
convection ceases, about 10 kilometres, and Ah the height 
above this level. If two isotopes are present in the ratio 1 
to Ko, so that the density of one is pp and of the other Koo 

Hs 
Tie. iol 
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at height ho, then their relative density at height hy+Ah is 
given by 3 

_ gAh 
ee ame 

> a ie i i ! : Putting T= 220 as is approximately true in England, 
f 

K Fama es 79°38 x 10 "Ah (M—Ma) 
ae ] 

Ko 

Ah being measured in kilometres. If M,—M,=2, therefore 

K — p71 075x10-*Ak 

Ko 

It might be possible to design a balloon which would rise to 
100,000 feet and there fill itself with air. In this case the 
relative quantity of hypothetical metaneon would be reduced 
from 10 per cent. to about 8:15, so that the atomic weight of 
neon from this height should be 20°163 instead of 2072. If 
one could get air from 200,000 feet, e.g. by means of a long- 
range gun firing vertically upwards, the atomic weight of the 
neon should be 20:12. Though the quantities are measur- 
able they do not appear sufficiently striking to warrant the 
outlay and labour such experiments would entail. 

The second method which suggests itself for separating 
isotopes by means of their different masses is to centrifuge 
them. In this case the same equation holds as above except 
pe varies from the centre to the edge. In a gas there- 
ore 

dp Mar vdr Mo? ane 

pee caiiitee. .  E-? 

Sealy 
whence . pyar oR 

Up being the peripheral velocity. Here again, if Ky is the 
ratio of the quantities present at the centre, the ratio at the 
edge will be 

v2 
K : ORT (M,-M,) 

0 

A peripheral velocity of 10° cm./s. or perhaps even 
13x 10° cm./s. might probably be attained in a specially 
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designed contrifuge, so that a might be made as great as 
0 

g70'205(M, — Ma) 

Areven 70°37 (My, — My 

If M,— M, is taken as 2 a single operation would therefore 
give fractions with a change of K of 0°65. Thus again, if 
neon is supposed to consist of 90 per cent. of gas of a 
weight 20 and 10 per cent. of a gas of atomic weight 2 22, ine 
concentration of the heavier component at the edge would be 
2°36 times that at the centre. The apparent atomic weight 
of the gas from the edge, however, would only be about 
1°0065 oreater than that of oas from the centre after one 
operation. By centrifuging several times, however, or by 
lowering the temperature the enrichment might be increased 
exponentially. 

Centrifuging a liquid, e. g. liquid lead, would not appear to 
be so fav ourable, though it is difficult to form an accurate 
idea of the quantities without a knowledge of the equation of 
state. If compression is neglected and the one lead treated 
as a solution in the other, a similar formula to that given 
above holds. Provided the atoms occupy equal spaces, as 
they appear to do in the solid, ie centrifugal force on the 

heavier component is (M,—M,); S and, as above, its concen- 

tration should increase from the centre to the edge in the 
ratio 

a7RT Me), 

Again, putting M,—-M,=2 (.g. thorium lead and 
uranium lead), v=10° and 'T=600, one finds that the con- 
centration of the thorium lead would be nearly 50 per cent. 
greater at the edge than at the centre, after one operation. 
Separation by this method therefore seems possible though 
difficult and costly. 

Positive Rays. 

This method consists in allowing the parabolas corre- 
sponding to the isotopes generated by the use of electric 
and magnetic fields in the usual way, to fall through two 
parabolic slits into separate vessels containing e.g. charcoal 
cooled in liquid hydrogen. In this manner theoretically 



Possibility of separating Isotopes. D33 

complete separation would be achieved, so that it is worth 
while inquiring into the quantities of the gases obtainable in 
the case of neon. 

The maximum separation of the parabolas corresponding 
to masses 20 and 22 (obtained when electric deflexion @ is 
half the magnetic) is approximately 

1 MM, 20 
Sor a 28° 

Taking a reasonable value of 6 as °3 the maximum angular 
width of the beam for complete separation =‘01. If the 
canal-ray tube is made in the form of a slit at 45° to axes, 
?.e. parallel to the curves, the maximum angular length of 
the beam might be say 5 times as great, which would 
collect the positive rays contained in a solid angle of 
‘0005 sq. radian. 

The concentration of the discharge at the axis of the 
positive ray bulb is considerable, and may be roughly 
estimated to correspond to a uniform distribution of the 
entire current over a 3 sq. radian. One may probably 
assume that half the current is carried by the positive rays, 
and that at least half the positive rays consist of the gases 
desired. If neon is analysed by this method therefore the 
total current carried by the positive rays of mass 20 is 

0005 x 4x b x4 xi=:00052. 

If 7 is as large as 5 milliamperes this =1°5 x 10° E.8.U. 

1519¢ 104 

a 2-7 x10" x 4°77 x 10-9 
== 139. % 10 ¢.c-/sec., 

2. e. one might obtain about one-tenth of a cubic millimetre of 
neon and +}, cubic millimetre of metaneon per 100 seconds 
run. 

The chief difficulty is the excessive cold necessary in the 
receiving vessels which must be sufficient to fix the molecules 
even at the extremely low pressure of 107-* mm. in the 
camera. This could be obtained by the use of liquid helium, 
but whether charcoal cooled by liquid hydrogen would suffice 
is at present uncertain. No such difficulty occurs of course 
in the separation say of the lead isotopes, but so far it has 
not proved possible to obtain lead positive rays quite 
apart from the difficulty of separating the parabolas when 
obtained. 
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Conclusions. 

The following conclusions may be drawn from the above 
considerations and results :— 

(a) Thermodynamic theory indicates that isotopes must be 
separable in principle even chemically under some physical 
conditions, though the separation may be small and these 
conditions may not be obtainable without great difficulty. 

(b) None of the physical methods considered give hope 
of easy separation even for gaseous isotopes. When the 
quantities dealt with are reasonably large the enrichment is 
extremely small, and when anything like complete separation 
is hoped for the vield is microscopic. The most promising 
method appears to be the use of a centrifuge, provided the 
engineering problems can be overcome. 

(c) The ‘experimental results quoted so far as they have 
gone cannot pretend to be conclusive either as to the 
homogeneity of neon or to the separability of isotopes. 

Summary. 

Theoretical ‘considerations are advanced to show that 
elements of different atomic weights must be separable in 
principle though possibly not in practice. 

Various possible methods of separating such substances 
are discussed. 

Fractional Distillation or Chemical Separation may be 
possible under suitable conditions. 

Diffusion must lead to a positive result, but the technique 
is necessarily laborious. 

Gravitational Separation is small. Centrifugal Separation 
appears promising, but would involve heavy outlay and 
elaborate preparations. 

Hlectrical Separation, the only method offering hopes of a 
pure product, will only yield microscopic quantities even if 
the very serious difficulties indicated can be overcome. 

Experiments to separate the hypothetical constituents of 
Neon are described, in which neither by fractional distil- 
lation nor by diffusion have conclusive results yet been 
obtained. 

Farnborough, 
Feb. 15th, 1919. 



XLIX. Notices respecting New Books. 

VIBRATIONS OF BowED INSTRUMENTS. 

On the Mechanical Theory of the Vibrations of Bowed Strings and 
of Musical Instruments of the Violin Family, with Experimental 
Verification of the Results: Part I. By ©. V. Raman, M.A., 
Life-Member and Vice-President, Indian Association for the 
Cultivation of Science. Calcutta: The Indian Association for 
the Cultivation of Science, 1918. Pp. i1i+158. Price 3s. 4d. 

HE investigations, mathematical and experimental, here re- 
corded form a happy alternating blend and constitute a 

notable advance in this interesting subject. 
Heimholtz, by his vibration microscope, obtained experimental 

data as to the motion of a well-bowed string, and upon this 
built up his theory. He also surmised that the bowed point 
moved forward at the speed of the bow and returned quicker. 
Among many other results obtained in the present work this 
surmise is shown to be true for ideal conditions. In other cases 
it may be approached but not reached. 

After Helmholtz came the work of F. Krigar-Menzel and 
A. Raps, who directly photographed on a film the displacement- 
time curves of the vibrations of bowed strings under a variety of 
conditions. More recently E. H. Barton and his students worked 
upon the vibrations of bowed and plucked strings on the monoz 
chord and violin, obtaining photographically simultaneous dis- 
placement-time curves of string and some associated part ot the 
instrument, bridge, belly, &c. 

The prese1t work strikes a new note in that the vibrations of 
the string under the forcing of the bow and coupled with the 
yielding of the bridge are all treated by the appropriate differential 
equations which are solved and discussed. 

The wolf-note pitch of the ’cello is specially dealt with and 
simultaneous curves obtained for string and bridge showing 
cyclical alternations of amplitude. The theory of the bridge 
motion, in general and when muted, is also tested by experimental 
curves with the bridge loaded in various ways. 

A kinematical theory of the bow’s action is worked out, which 
leads to the possibility of vibrations represented by graphs con- 
sisting of two-step zig-zags, or more complicated forms of similar 
types. 

Bowing under various conditions as to pressure and speed are 
treated. 

Besides 28 text-figures, the work contains 26 full-page plates 
giving excellent photographic reproductions of vibration curves 
many of them being of striking beauty and interest, 
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The present instalment is but a portion of Part I. of the whole 
work, and the sueceding portions will be eagerly awaited by those 
interested in the distinct contribution to a fascinating subject 
which is being made by this distinguished scientist. i. ae 

L. Intelligence and Miscellaneous Articles. 

DR. LINDEMANN’S CONSTRUCTION FOR RECTIFYING ANY 

ARC OF A CIRCLE. 

To the Editors of the Philosophical Magazine. 

Pe A 6 Addison Road, W. 4. 
rs Le | Dec. 8th, 1918. 

M4* I be allowed to point out that the construction given by — 
Dr. Lindemann in the current number of the Philosophical 

Magazine (vol. xxxvl. Dec. 1918, p. 472) follows the lines of a note 

entitled ‘“A Geometrical Construction for z,” in the Mathematical 
Gazette for 1910 (vol. v. p. 188). 

The demonstration given with Dr. Lindemann’s construction is 
analytical in character, and does not bring oat the important fact 
that the lengths AE, AH in his figure are the sums of the lengths 
of the chords joining the points which divide the are AB into two 
and four equal parts respectively, whilst the length of AI is the 
sum of the lengths of the tangents at A and B and at the middle 
point of AB. ‘The construction is calculated to give the length of 
the arcas the common limit of the sums of the sides of the inscribed 
and circumscribed polygons. Dr. Lindemann’s last step, the tri- 
section of the interval KI, makes the approximation to the limit 
more rapid (theoretically), but sacrifices symmetry, and necessitates 
the introduction of trigonometrical analysis ; otherwise the Third 
Book of Euclid suffices for the proof. 

lam, Gentlemen, 
Yours faithfully, 

F. J. W. WHIPPLE. 
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LI. Collision of «a Particles with Light Atoms. 1. Hydrogen. 
By Professor Sir E. Ruraerrorp, /R.S.* 

Ol, Q* the nucleus theory of atomic structure, it is to be 
anticipated that the nuclei of light atoms should 

be set in swift motion by intimate collisions with @ particles. 
From consideration of impact, it can be simply shown that as 
a result of a head-on collision, an atom of hydrogen should 
acquire a velocity 1:6 times that of the 2 particle before 
impact, and should possess -64 of the energy of the incident 
a particle. Such high speed ‘“H” atoms should be readily 
detected by the scintillation method. This was shown to 
be the case by Marsden tf, who found that the passage of 
a particles through hydrogen gave rise to numerous faint 
scintillations on a zine sulphide screen placed far beyond 
the range of the @ particles. The maximum range of the 
H particles, set in motion by the « particles from radium C, 
was over 100cm. in hydrogen or about four times the range 
of the colliding & particles in that gas. This range ¢ agreed 
well with the value calculated by Dar win t from Bohr’s § 
theory of the absorption of a particles by matter. 

In most of the experiments of Marsden, a thin glass 2-ray 
tube, containing purified radium emanation, was used as an 
intense source of rays. This was placed in a closed vessel at 
a suitable distance from a zinc sulphide s-reen, and the space 

* Communicated by the Author. 
+ Marsden, Phil. Mag. xxvii. p. 824 (1914). 
t Darwin, Phil. Mag. xxvii. p. 499 (1914). 
§ Bohr, Phil. Mag. xxv. p. 10 (1918). 

Phil. Mag. S. 6. Vol. 37. No. 222. June 1919, 2 P 



538 Sir E. Ruthertord on Collision of 

between filled with compressed hydrogen. It was found that 
the number of H scintillations fell off approximately according 
to an exponential law when absorbing screens of matter were 
interposed, and the relative absorption of metal foils was in 
good accord with the square root law observed by Bragg for 
a particles. 

In a second paper, Marsden * showed that the a-ray tube 
itself gave rise to a number of scintillations like those from 
hydrogen. Similar results were observed with an a-ray tube 
made from quartz instead of glass, and also with a nickel 
plate coated with radium C. The number of H scintillations 
observed in all cases appeared to be too large to be accounted 
for by the possible presence of hydrogen in the material, 
and Marsden concluded that there was strong evidence that 
hydrogen arose from the radioactive matter itself. Further 
experiments were interrupted by the departure of Mr. Marsden 
to New Zealand early in 1915 to fill the Professorship of 
Physies in Victoria College, Wellington. The quantity of 
radium available there was too small to continue observations, 
while the possibility of further work was precluded by the 
return of Professor Marsden to Europe on Active Service. 
We have seen that Marsden in his second paper had some 

indications that the radioactive matter itself gave rise to swift 
Hatoms. This, if correct, was a very important result, for 
previously the presence of no light element except helium 
had been observed in radioactive transformations. 

It was thought desirable to continue these experiments in 
more detail, and during the past four years I have made a 
number of experiments on this point and on other interesting 
problems that have arisen during the progress of the work. 
The experiments recorded in this and subsequent papers have 
been carried out at very irregular intervals, as the pressure 
of routine and war-work permitted, and in some cases 
experiments have been entirely dropped for long intervals. 

§ 2. Source of the scintillations from active matter. 

Marsden had observed that the number of H scintillations 
from a nickel plate, coated with radium C, was considerably 
greater than for a corresponding quantity of emanation— 
measured by y rays—from an «-ray tube. It thus seemed 
possible that i atoms might arise from the disintegration of 
radium ©, for it is well known that this product is trans- 
formed in an anomalous manner. In order to test this 
point, observations were made on the variations of the 

* Marsden, Phil. Mag. xxx. p. 240 (1915). 
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number of H scintillations from an a-ray tube immediately 
after it was filled with emanation. It is well known that 
the amount of radium C in such a tube increases at first very 
slowly. For example, after filling a tube with emanation, 
the fraction of the final amount of radium C present after 
10 minutes is only, 2 per cent., but reaches 9 per cent. 
after 20 minutes*. Consequently, observations made on 
the number of scintillations within 10 minutes after filling 
should decide definitely whether the scintillations arise from 
radium C alone and not from the other a-ray products 
present, viz. the emanation and radium A. In the latter 
case, the number of scintillations after 10 minutes should be 
only 2 per cent. of the final number reached about three 
hours later when radium C is in transient equilibrium with 
the emanation. 

A number of a-ray tubes were kindly made and filled for 
me by Mr. N. Tunstall, B.Sc. The whole process of filling 
and removal for testing was done as rapidly as possible, ana 
the counting of scintillations was usually begun within four 
minutes after filling. The a-ray tube was placed between 
the poles of a strong electromagnet in order to reduce the 
luminosity due to 8 rays on the zinc sulphide screen, placed 
2 centimetres beyond the range of the «rays. After every 
precaution had been taken to avoid radioactive contami- 
nation, the number of scintillations observed between 4 and 
10 minutes was greatly in excess of the number to be 
expected if they had their origin in the transformation of 
radium © alone. The actual ratio of the maximum number 
varied with the thickness of the a-ray tube, but the fraction 
observed initially was from 20 to 40.per cent. of the maximum 
reached three hours later. 

These results showed conclusively that, if the H atoms from 
_a glass «-ray tube were a product of radioactive disintegration, 
they arose not only from radium C but also from radium A 
-or the emanation or both. It is hoped to discuss in a later 
paper the results of a number of experiments to test whether 
hydrogen is a product of radioactive change. It is not easy 
to give a decisive answer to this important problem on 
account of the numerous factors involved. It will be seen 
later that the number of scintillations from hydrogen is 
much greater than is to be expected on the simple theory, 
and it is difficult to be sure of the absence of hydrogen as a 
contamination in the source and absorbers of the radiation. 
In addition, both nitrogen and oxygen atoms are set in such 
swift motion by collision with « particles that they cause 

* ‘Radioactive Substances and their Radiations,’ Rutherford, p. 499. 
aE 2 
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scintillations outside the range of the « particles. It seems. 
probable that the large number of scintillations observed by 
Marsden (loc. cit.) from a niekel plate coated with radium © 
were mainly due, not to H atoms, but to high-velocity N and 
O atoms produced from the air between the source and the 
screen. 

§ 3. Source of radiation. 

While the use of a-ray tubes as an intense source of 
radiation has many advantages, it has the drawback that 
the « radiation is heterogeneous arising from the three 
products radium A, radium C, and the emanation. In 
addition, it is difficult to make a-ray tubes of uniform 
thickness whose stopping power is less than two centimetres 
of air. For these reasons, I have discarded the use of a-ray 
tubes and have conducted the majority of the experiments 
with a homogeneous source of radiation, consisting of the 
active deposit of radium. ‘Twenty cree after removal 
from the emanation, the « radiation arises entirely from 
radium C and is homogeneous with a range in air of 7 cm. 
A brief account will now be given of the method for 
obtaining an intense source of radiation of convenient 
dimensions. The source usually consisted of a circular 
bevelled brass disk which was screwed on the lower end of 
a glass stopcock. The emanation, after removal from the 
radium solution, was sparked with oxygen to remove excess. 
of hydrogen aad the volume was reduced to about 0'5 ¢.c. 
This emanation was introduced by means of a mercury trough 
into a small transfer pump and the mercury raised until its. 
level was 1 or 2 mm. below the disk to be activated. The 
disk was connected through the stopcock with the negative 
pole of the lighting circuit and the mercury with the positive 
pole, in order to concentrate to some extent the active matter 
on the surface of the disk. After two hours’ exposure, the 
emanation was pumped out and the active disk removed. 
Theoretically, in order to obtain the maximum activity, the 
exposure to the emanation should be more than three hours, 
but in practice it is found that an exposure of two hours gives 
more activity, while an exposure of twenty-four hours gives 
much less than an exposure of two hours. This anomalous 
effect had been previously observed by Ratner *, and is 
apparently due to the loss of active matter from the disk 
through the intermediary of the electric wind. 

Using a large quantity of emanation, it is possible to 

* Ratner, Phil. Mag. xxxiv. p. 429 (1917); xxxvi. p. 397 (1918). 



a Particles with Light Atoms. 541 

obtain in this way a disk, coated on one side with radium C. 
which has a gamma-ray activity equal to 80 mg. of radium, 
In most experiments, sources were employed of activity 
between 5 and 80 mg. of Ra. 

The active disk after removal was washed in alcohol and 
then heated for a minute in an exhausted tube inside an 
electric furnace at about 300° C. As Ratner (loc. ct.) has 
pointed out, the treatment with alcohol reduces greatly the 
loss of oe bine matter by so-called volatilization, while the 
heating tends to remove the surface gases and ne. emanation 
occluded in the disk during its exposure. The quantity of 
active matter on the disk was determined with the aid of a 
standardized gamma-ray electroscope. The decrease of 
intensity with time is known from the well-known curve 
of decay. 

§ 4. Counting scintillations. 

As the systematic counting of H scintillations under varied 
conditions is a rather difficult and trying task, it may be of 
some value to mention the general arrangements found most 
suitable and convenient in practice. Using the excellent 
zine sulphide screens, specially prepared by Mr. Glew, the 
scintillation due to a high-speed H atom appears as a fine 
brilliant star or point of light, very similar in appearance and 
intensity to that produced by an alpha particle about 3 mm. 
from the end of its range. Near the end of the range of the 
H atom, the scintillation becomes very feeble, and can only be 
observed on a dark background. Consequently,in a hetero- 
geneous beam of H atoms, the actual number counted per 
minute is to some extent dependent on the luminosity of the 
background seen inthe microscope. It isimportant to adjust 
and keep the luminosity of the screen to the right amount 
throughout the whole interval of an experiment. ‘This is 
most simply done by means of a small ‘‘ pea’’-lamp fixed in 
a metal tube in which the current is varied. While weak 
scintillations are readily counted on a dark background, it 
is difficult under such conditions to keep the eye focussed on 
the microscope image and the eye rapidly becomes fatigued 
and counting becomes erratic. The microscope employed 
had a magnification of about 40 and covered a field of 2 mm. 
diameter. ‘This in practice was found to be a very convenient 
magnification. In later experiments, special zinc sulphide 
screens were prepared in which the smaller crystals were sifted 
through a fine gauze on to a glass plate covered with a thin 
layer of adhesive material. These fine crystals completely 
covered the plate several crystals deep. With such a screen, 
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the H scintillations appeared larger and more diffuse, probably 
due to the scattering of the light in passing through the thick 
layer of crystals. and were more easily counted, wile weak 
scintillations could be counted on a brighter background than 
with the ordinary screen. At the same time, the layer of 
crystals was so uniform, that each incident H atom produced 
a scintillation. 

In these experiments, two workers are required, one to 
remove the source of radiation and to make experimental 
adjustments, and the other to do the counting. Before 
beginning to count, the observer rests his eyes for half an 
hour in a dark room and should not expose his eyes to any 
but a weak light during the whole time of counting. The 
experiments were made in a large darkened room with 
a small dark chamber attached to which the observer retired 
when it was necessary to turn on the light for experimental 
adjustments. It was found convenient in practice to count 
for 1 minute and then rest for an equal interval, the times 
and data being recorded by the assistant. Asa rile! the eye 
becomes fatigued after an hour’s counting and the results 
become erratic and unreliable. It is not desirable to count 
for more than 1 hour per day, and preferably only a few 
times per week. 

Under good conditions, counting experiments are quite 
reliable from day to day. Those obtained by my assistant 
Mr. W. Kay and myself were always in excellent accord 
under the most varied conditions. It was usually arranged 
that the number of scintillations to be counted varied between 
15 and 40 per minute. 

$5. Haperimental arrangement. 

For experiments with hydrogen and other gases, the active 
disk D (fig. 1) was mounted at a convenient height parallel to 
the screen on a metal bar B which slid into a rectangular brass 
box A, 18 cm. long, 6 cm. deep, and 2 cm. wide, ‘with metal 
flanges at hoth ends fitting between the rectangular poles of 
alarge electromagnet. One end was closed by a ground glass 
plate C, and the other by a waxed brass plate H, in the centre 
of which was cut a rectangular opening | cm. long and 3mm. 
wide. This opening was covered by a thin plate of metals 
of silver, aluminium or iron, whose stopping power for 
a particles lay between4and 6 cm. of air. The zinc sulphide 
screen F was fixed opposite the opening and distant 1 or 2 mm. 
from the metal covering. By means of two stopcocks, the 
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vessel was filled with the gas to be examined either by 
exhaustion or displacement. It is a vreat advantage to have 
the zinc sulphide screen outside the apparatus, in order to 
avoid contamination due to volatilized active matter, and 
for the easy introduction of absorbing material between the 
end plate and the screen. 

Fig. 1. 

In practice, the source was introduced into the brass 
vessel at a convenient distance from the screen, and the air 
exhausted.. The & rays after traversing the end plate fell on 
the screen, and the marked luminosity due to them was a 
guide in fixing the microscope M in the centre of the opening. 
The diameter of the field of view (2 mm.) was less than tlie 
width of the opening (3 mm.). 

Since the number of H atoms observed under ordinary 
conditions is less than one in a hundred thousand of the 
number of « particles, H atoms, projected in the direction 
of the « particles, can only be detected when the a rays are 
stopped by the absorbing screens. It was not found possible 
to bring an intense source closer than 3 cm. from the screen 
on account of the luminosity excited in it by the y rays and 
swift 8 rays, which prevented counting of weak scintillations. 
A strong magnetic field was necessary to bend away the 
B rays which caused a very marked luminosity on the screen. 
A field of 6000 gauss was generally employed for this 
purpose. 
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§ 6. Seentillations due to source and absorbing screens. 

When the containing vessel was exhausted of air, scintil- 
lations were always observed on the screen proportional in 
number to the activity of the source. The number fell off 
rapidly between 7 and 12 cm. air absorption and then more 
slowly, but a few could be observed nearly to 28cm. The 
variation of number with amount of absorption in terms of 
cms. of air is shown in fig. 2. This refers to a heated brass 
source, 3°3 cm. from the screen, with a heated silver plate 
of stopping power 6 cm. of air just before the screen. 

Fig. 2. 

Number of seintillations per 

milligram 

Frange in cms. of air 

These scintillations appear to be due mainly to H atoms. 
excited partly in the source and partly in the absorbing 
sereens. Thin foils of aluminium, for example, placed close 
to the source increase the number of scintillations. This is 
due to the occlusion of hydrogen, which can be removed b 
heating the aluminium in an exhausted furnace just below 
the melting-point. Similar effects were observed with silver 
but not with gold. In practice, all screens to be used 
in the path of the a rays were heated to drive off occluded 
gases as far as possible. “This is very necessary when small 
numbers of scintillations have to be counted. Usually a 
silver plate was used to absorb the a rays. Gold was found 
to be very free from hydrogen, but it could not be used in 
place of silver close to the screen on account of the marked 
luminosity set up on the screen well beyond the range of the 
aparticles. This peculiarity of gold had been previously noted 
by Marsden, but I was surprised to observe the magnitude of 
the effect with strong sources of radiation. A fuller account 
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of the nature and cause of this luminosity will be postponed 
till a later paper. Ina similar way, mica was found to cause 
a good deal of luminosity, apparently due to gamma rays. In 
addition, as is to be expected, mica gives rise to numerous 
H atoms and swift oxygen atoms. For these reasons, mica 
is unsuitable for an absorbing screen for « particles in this 
type of experiment. 

§ 7. Theory of Collision of « particles with light atoms. 

It will be seen later that the number of H atoms and their 
distribution with velocity differ markedly from the results 
to be expected theoretically. It is consequently desirable to 
consider first with some detail the results to be anticipated 
on simpie theoretical grounds, before discussing the experi- 
mental results. 

The eftect of collision of swift « particles with light atoms 
has been worked out by C. Darwin *. 

a particle: M mass, H charge, v initial velocity, ¢ angle 
of scattering from original direction. 

Light atom: m mass, e charge, u velocity after impact, 
@ angle of deflexion from original direction 
of « particle. 

From considerations of simple impact, it follows that 

aes M 
U —— ZU M+m “GOs 0, es . . e . (1) 

m sin 20 

Se naar pcan nme ee) 

If there is no loss of energy in the impact we should 
consequently expect w= 8vcos@ for the hydrogen atom, 
quite independently of any assumption as to the nature and 
magnitude of the forces involved in the impact. In order, 
however, to calculate the number of H atoms scattered within 
a given angle @, it is necessary to make special assumptions 
as to the magnitude and direction of the forces. Assuming 
that the forces arise from the charges carried by the atomic 
nuclei which are to be regarded as points, and that the forces 
vary as the inverse square, Darwin has shown that 

EN cg gs oat g ea od) 

where p is the perpendicular distance from the atom 
on the initial direction cf motion of the a@ particle and 

_ Belt 
ea eae NL 

* C. Darwin, Phil. Mag. (Joc. evt.). 
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Tf Q «@ particles pass normally through a layer of 
gas thickness dx, which contains N atoms per e.c. at 
N.T.P.. then the number dn of H atoms projected between 
the angles 0 and @ is given by 

dn = QNap*dz 

= mNQy? tan? @. da: 

Since the reduction of velocity of the « particle in passing 
through 1 em. of hydrogen is small, the number » of H atoms 
produced per em. of path is given by 

n/(Q=acNpttan? 6... 

In this case 7/Q is the fraction of « particles which give rise 
to an H atom between () and @. 

Taking e=4H=4'77 x 107" e.s. unit, v=1:922 < 10 em, 
per sec., N=5:41 x 10", and e/m=9570 for hydrogen, 

then ha ea LO 

and nfQ = 146x 107% tan? 0...) oe 

It was found experimentally that the swiftest H atoms due 
to an «particle from radium C had a range corresponding to. 
28 cm. of air or four times the range of the a@ particle. 
Generally it was found that the maximum range of the 
H atom was four times the range of the « particle producing 
it. Since the range of & particles varies as the cube of their 
velocity, it follows that the range of H atoms is proportional, 
at any rate approximately, to the cube of their velocity. 
Since the velocity of an Hatom projected at an angle @ with 
the « particle is uw) cos @ where wo is the maximum velocity 
of the H atom, the range R of an H atom projected at angle @ 
is given by R/Ryp=cos*@ where Ro is the maximum range. 
Since, however, the « particles fall nearly nermally on the 
screen, the H atoms deflected at an angie @ travel a distance 
Rsec@. Consequently the range R in the direction of the 
a particles is given by R/Ry=cos* @. Substituting the value 
of 8 in equation (5), 

n[Q = 1-46 x 10-8 ( ME ee): 

This equation only applies to « particles of velocity x 
emitted by radium C. Since p« 1/z?, it is seen that the 
number of H atoms varies as 1/v*. Remembering that 
the range of the « particle varies as »°, it is easily seen 
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that for 2 particles of range 7 

n/Q = 1:46 x 10-®(r9/r) 3 (./ “re —1), 

where 79 is range of @ particle from radium C, viz. 7:0 cm., 
and Ryax, is the maximum range of the H atom for a range 7, 
viz. 4r. 

The values of n/Q for different values of R are given in 
Table I. for 2 particles of range 7, 5, and 3 cm. in air 
respectively. It should be noted that Q/n represents the 
number of @ particles required to produce on the average in 
traversing one centimetre of the gas one H atom, which has 
a range equal to or greater than R cms. of air. 

TABLE I. 

Range of « particles Range of @ particles Range of « particles 
= 1 ems. =i) OLS: == 2 Chis: 

| at 
Range R | Range R : Range R / 

of H Bibra: aie | of H cide La | of H atoms. | mt. | 

lem. | 63x10-6| lem. | 7910-6 lem. | 11:1x10-6' 
ys al es its 49 - ,, yee irs Ca. yi5 / 
A, 2-8 | Bet APB. ants 45, 
ri ” 1:46 ” | « 7 ” 1:53 ” a: 9 3°3 ” 

10 ” "98 29 10 23 ‘95 ” 5 »? 2°5 99 

14 9 60 9 14 9 45 ” 6 ” 19 ed | 

18 ” 34 ” | 16 9 27 ” 8 ” 10 oy) : 

ae, 19. 18.4, ies | 10", ge aie 
24 ”? 12 ” 20 ” 0 ” 12 2) 0 2? 

26 sh) 05 ”? | 

28 99 | 0 ” | 
t + 5 pes - 

These results are shown graphically in fig. 3, curves A, B, 
and C respectively, for ranges of the H atoms from 5 to 
28 cm. It is seen that the curve A is approximately 
exponential between 8 and 18 cm., falling to half value in 
about 5°3 cm. This holds equally for curves B and C over 
corresponding ranges. These curves give the theoretical 
variation in number of the H atoms with range such as 
would be observed if the numbers of H atoms were counted 
for different thicknesses of absorber. 

As the value of n/Q is less than 1/100000, it is not feasible 
with the present arrangement to detect H atoms within the 
range of the much more numerous « particles. For this 
reason, if is not possible to compare theory with experiment 
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in the region of short ranges for which some of the values are 
calculated. It is seen that while the number of H atoms for 

ai Fange of as 7CMS. 
” ” Sy to 

oO» 

Mg Le 

Fig. 3. 

co 
iN 

e 6 10 14 18 ee 26 30 

Penge of // atoms in cms. of air 

short ranges increases rapidly with the reduction of range of 
the @ particle, the three curves show approximately the same 
ordinates for 6°35 em. range of the H atoms. 

§ 8. Absorption of H atoms. 

The source of « rays was a brass disk coated with radium C 
only in the central part, in order to reduce the area emitting 
arays. The initial y-ray activity of the disk was equivalent 
to about 10 mg. Ra. The zine sulphide screen was mounted 
parallel to the disk in the apparatus shown in fig. 1 at 3°3. cm. 
distance from the source. An opening in the end of the box 
was covered with a heated silver plate, whose absorption 
for « particles was equivalent to 5:8 cm. of air, and the 
whole apparatus was filled by exhaustion with dry hydrogen, 
at atmospheric pressure. Suitable absorbing screens of 
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aluminium foil were interposed between the silver plate and 
the screen, and the scintillations counted. 

The results obtained are shown in fig. 4, curve A, where 
the ordinates represent number on an arbitrary scale and the 

Fig. 4. 

- 

Number of H atoms 

Range of H atoms in cms. of air 

abscissee the thickness of absorbing material measured in 
terms of cms. of air for a particles. The equivalent absorption 
in the silver plate and in the hydrogen is included. The 
latter was taken as equivalent to 8 mm. of air or one quarter 
the length of the path of the « particles in hydrogen. The 
correction due to the natural scintillations from the source 
and silver plate was small. 

It is seen that there is no diminution in the number of 
scintillations for absorptions between 9 and 19 em. of air®. 
After 19 cm., there was a slow decrease followed by a rapid 
fall near the end of the curve. No scintillations were observed 
beyond 28 cm., 2. e. for a range four times that of the a par- 
ticles from radium C. 

The shape of the absorption curve is entirely different 
from that to be expected theoretically. The latter is shown 
in curve B, calculated from the data given in § 7, the same 
ordinate being taken for an absorption of 10cm. Between 
9 and 19 ecm. absorption, the number of  scintillations. 
according to theory should fall from 100 to 28. 

* It should be remarked that, for the distances employed, the width 
of the testing vessel (fig. 1) was sufficient to give the correct average. 
distributions of H atoms with velocity, corresponding to a source at the 
centre of a sphere. 
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This peculiarity of the absorption curve is only marked 
for long-range a particles. In fig. 5 the absorption curves 
for initial ranges of the a particles Tem., 6:6, Ga (a 
3°9 em. are shown. The range was reduced by interposing 

A. range of incident 

lnarticles| 

aa 

“2 cms 

4 

NWumber of H atoms nN > 

g Nt 
19 

rng of a atoms in cms. ve air 

gold or aluminium screens of known stopping power for the 
a particles close to the source. Hven when the range of 
the « particles is reduced from 7 to 6 cm., the absorption 
curve already shows an evident decrease of number with 
thickness of absorber, and this decrease becomes much more 
marked for decreasing ranges between 6 and 3 cm. 

The absorption curves for ranges between 5°7 and 3:9 cm. 
are very similar in shape to the theoretical curves. For 
example, in curve F for an initial range of ee of 
3°9 cm. the number of H particles is reduced to 4, 4, } for 
increase of absorption of 2-4, 4°0, 5°5 cm. respectively. “The 
numbers are in good agreement with the calculated values, 
viz. 2°8, 5:0, 6°4 em. respectively. The numbers are in still 
closer agreement if we take the average range of the « parti- 
cles acting on the hydrogen column, viz. 3°9—-4=3°5 cm. 
The corresponding numbers are then 2°3, 4:2, 5:0 cm. 

. respectively. 
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We shall now consider the interpretation of the anomalous 
absorption curve for a range of 7 cm. shown in curve A. 
The curve is very similar to that to be expected if the 
hydrogen atoms were thrown forward mainly in the direction 
ot the « particles, and all with the same velocity ; in fact, the 
absorption curve for a pencil of H atoms is very similar in 
shape to that for a pencil of homogeneous « rays from 
radium ©, 

It is well known that the number of « particles counted by 
the scintillation method in a homogeneous pencil of « rays 
from radium C remains constant from 0 to 6 cm. of the 
range, and then rapidly falls to zero in the last centimetre of 
therange. This end effect is usually ascribed to the scattering 
of the @ particles in their passage through the absorbing 
material. Nowif the H narticles consist of H atoms carrying 
unit positive charge e and projected with a velocity u=1°6 v, 
where v is the velocity of the « particle, the average angular 
scattering per cm. should be proportional to e/mu? and should 
thus be 78 of that suffered by the & particle for an equal 
range. Since the H atom has four times the range of the 
x particle, the average angular scattering of the H atoms 
betore absorption should be approximately 2 x °78=1°56 that 
of the @ particle. It follows, therefore, that the decrease in 
the number fora homogeneous beam of H atoms should begin 
about 6 cm. from the end of the maximum range 28 cm. 

iow. 

Number 

Frange tn ems. of air 

This theoretical curve is shown in fig. 6, curve A. Re- 
membering that the stopping power of the hydrogen column 
for « rays corresponds to 8 mm. of air, the absorption curve 
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of H atoms due toa particles of :ange 6°2 cm. has a maximum 
range 24°8cm. ‘The corresponding absorption curve is given 
in curve B. The intermediate curve © shows the distri- 
bution to be expected for the hydrogen column, supposing the 
H atoms are all projected in the direction of the « particles 
with a velocity proportional to the velocity of the & particle 
at each point ‘of the hydrogen column. 

This theoretical curve i is very similar in all respects to 
the experimental curve (fig. 4, curve A), showing that the 
H atoms produced in a thin film of hydrogen are nearly 
homogeneous in velocity and are thrown forward in the 
dineenon of the colliding a particles. 

It dc es not follow that aa direction of the H atom coincides 
with the direction of the & particles, but the average deflexion 
cannot. be much more than 10° or 15°. For an angle of 
deflexion of 0, the range of the H atom in the direction 
of the a particles is Rinax. x cos*@. The value of cos*@ is 
0:94 for 10°, 0°87 for 15°, and 0°78 for 20°. An average 
value of @ of 20° would make the decrease in the number 
begin about 13 em. instead of 19 em. 

It is to be anticipated that the average angle of deflexion 
should increase rapidly with decrease of the velocity of the 
a particle. The rapid changes in shape of absorption curve 
with change of velocity of « particle are at any rate partly 
due to this cause. 

It is difficult to determine directly the actual average angle 
of deflexion of H atoms, since the H aton:s are scatiened con- 
siderably in passing through the minimum 7 ecm. of air or 
other absorbing material required to stop the & particles. 

There seems to be little doubt that if a film of hydrogen 
were exposed to e particles of greater initial velocity than 
those from radium C,a nearly homogeneous beam of H rays 
would be obtained, all of which would travel nearly in the 
direction of the a particles. 

§ 9. Variation of number of H particles with velocity of 
a particles. 

In order to reduce the velocity of the a particles, the 
vertical source in the apparatus shown in fig. 1 was com- 
pletely covered with different thicknesses of gold foil whose 
stopping power in terms of air was accurately determined. 
The distance between the source and screen was 3°3 cm., and 
the apparatus filled with hydrogen at atmospheric pres sure. 
The gold toils were pressed tightly against the source to 
prevent production of H atoms between the source and 
foils. The number of H particles was determined after 
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passing through absorbers of known stopping power. The 
results are given in the table below. 

| _ Absorption | 
Absorption pa in terms of air MS | 
of gold foil | Legyiie cane | between source Observed! |), Calculated 
: ; ; ofarays | j number of number of 
in terms of ah ae Reape and screen ee H at 

| ems. of air. Fete | including eer ayy bes 
/ | the hydrogen. 

O em. 7 C cm. 8°3 cm. 100 100 | 

lar DS 55 Gro); 77 103 

tae 9% WO 3s dl 119 

| Che ere Ob ts 6:0), 25 139 

| aes, Sg Ue (9 ee 5 128 

In the last column are given the relative numbers of 
H atoms to be expected on the simple theory given in § 7, 
when account is taken of the maximum range of the H atoms 
and the thickness of absorber traversed. Since the number 
of H atoms for corresponding ranges varies as the inverse 
fourth power of the velocity of the « particles, 7. e., as the 
inverse four thirds power of the effective range of the 
a particles, the number of H atoms should increase with 
lowering of the velocity of the incident a particles. The 
observed numbers, however, instead of increasing with re- 
duction of velocity of « particles, fall off slowly at first and 
then very rapidly for ranges between 3°5 and 3 cm. 

In these experiments, the intensity of the H radiation was 
reduced by this passage through absorbing material equal to 
6:6 cm. of air. In order to reduce this absorption, another 
series of experiments was made in which the silver plate of 
stopping power 5°8 cm. was replaced by an aluminium 
plate of stopping power 3-7 cm. ‘The velocity of the 
a particles was reduced by aluminium foil instead of gold 
foil, placed close to the source. The aluminium foils used in 
these experiments were freed as far as possible from hydrogen 
by heating in a vacuum, and the results obtained with 

aluminium as absorber were similar to those with gold. The 
presence of numerous H atoms was observed for « particles 
of range 2°5 cm., but the number was small and just 
measurable with certainty for « particles of range 2:0 cm. 
The actual number in the latter case was small compared 
with that observed for « particles of range 33cm. Experi- 
ments at low ranges are rendered somewhat difficult by the 
necessity of taking into account the H scintillations which 

Phil. Mag. 8. 6. Vol. 37. Nee 222) ume LOO 2 Q 
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arise from the absorbing material and source. These are 
always present, and in number comparable with those pro- 
duced by the admission of hydrogen. While the general 
resulis show that, under the experimental conditions, the 
number of H atoms becomes relatively small for ranges of 
a particles between 2 and 3cm., it is not possible to say 
with certainty whether the number falls to zero for ‘still 
smaller velocities of the incident @ particles. We are unable 
to continue observations with this experimental arrangement 
for absorptions less than 7 em. of air, so that no information is 
available of the number of H atoms of range less than 7 em. 

In § 8, the absorption curves for H atoms produced by 
a particles of different velocities have already been given. 

§ 10. Number of H atoms. 

We have already mentioned that the number of H atoms 
is considerably greater than that to be expected on the 
simple theory. It is important to determine the number as 
accurately as possible, as it gives us important information 
on the nature of the collision. The apparatus of fig. 1 was 
employed. <A thick copper plate with a hole 1:02 mm. 
diameter was placed over the end silver plate of stopping 
power about 6 cm., and the zine sulphide screen placed 
about 1 mm. away. Even allowing for possible scattering, 
all the H atoms passing through the opening were counted 
by the microscope, which had a field of view of diameter 
20mm. The source was part of a small hemisphere whose 
outer surface was active, placed 2°85 cm. from the end of 
the vessel. The space between was filled with hydrogen 
at atmospheric pressure. The initial y-ray activity of the 
source was about 10 mg. Ra. 

The zine sulphide screen was specially made for the 
purpose and was estimated to have about 90 per cent. 
efficiency in giving scintillations. As a result of three 
separate concordant determinations, it was found that the 
number of H atoms for hydrogen at N.T.P. falling on the 
screen corresponded to 5:1 per minute per milligram of 
activity, including an allowance of 10 per cent. for in- 
efficiency of the screen. 

If /=length in cms. of path of « particles in hydrogen, 
A=area of opening in sq. cms., 
n=number of « particles emitted per second by one 

milligram of radium, 
p= traction of « particles which produce an H atom 

per centimetre of path in hydrogen at N.T, P. 
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Then obviously 

number of H atoms per second on area A= pr ee 
60 4ar/? * 

Taking /=2°85 em., A=0°84 sq. mm., n=3°72x 10", 

then p= wt xKlLO-% 

or in round numbers p=10~°. 

This number was obtained for a total absorption in path of 
H atom corresponding to about 15 cm. of air, but we have 
already seen that the number under conditions of experi- 
ment does not vary sensibly between 9 and 19 cm. absorption. 
We have seen in § 7 that the number of H atoms to be expected 
on the simple theory is ‘98 x 107° for 10 em. absorption and 
“31x 107° for {9 em. We thus see that for an absorption of 
10 em., the observed number of H atoms is 10 times the 
theoretical value and for 19 em. 31 times. 

Using the observed result that 1 in 10’ of the « particles 
produces one H atom per centimetre of path of hydrogen, 
it is easy to calculate the maximum distance of the direction 
of flight of the « particles from the centre of the hydrogen 
atom in order to produce a high speed atom. 

If p=this perpendicular distance, 
N=number of atoms of H per c.c. at N.T.P. 

Then ay N=10-°. 
Pau: N= 2x 2°705 x 10", 

tien p=24x«10-™ cm., 
or, on an average, each « particle of radium C of range 
7 em. produces an H atom when the perpendicular distance 
of its path from the centre of the H atom is equal or less 
than 2°-4x107% cm. It should be remembered that this 
calculation deals with the « particles of range 7 cm. when 
the H atoms are projected mainly in the direction of the 
incident « particles and with a range not less than 19 cm. 
of air, 7. e., with a velocity comparable with the maximum 
velocity of the H atom. As already shown, the distribution 
of velocity is very different for a particles of shorter range, 
although the actual number in all cases exceeds considerably 
the value calculated on the simple theory. 

§ 11. Closeness of approach of « particles to H nucleus. 

The experimental results considered show that the number 
and distribution of H particles are very different trom those 
calculated on the assumption that the « particle and H atom 
are to be regarded as point nuclei carrying charges + 2e and 
+e respectively, and indicate that the forces involved in 

2Q2 
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a close collision differ considerably in magnitude and 
probably in direction from those to be expected on the 
simple theory. 

In order to throw light on the magnitudes involved, 
consider the following case. Assume that for distances 
greater than D between the centres of the colliding atoms, 
the forces are given by the simple theory but for decreasing 
distances the forces between the nuclei augment rapidly 
according to other laws, and that all the collisions of closer 
approach than D result in the production of a high-speed 
H atom which for @ particles of range about 7 cm. tends to 
be projected approximately in the “line of flight of the 
# particles. 

Darwin (loc. cit.) has shown that the apsidal distance D 
between an « particle and H. atom is given on the simple 
theory by 

p= Mw (1+sec 0), 

where p= =(5 oe a) =927 10°“ for @ parinelesuen 

maximum range 7 cm., where @ is the angle of deflexion 
of H atom and wy the velocity of « particles from radium C. 
In the same notation (§ 7) 

2 
V9 

p=p- tan 6. 
vw 

Eliminating 6 from these two equations, p?= D (D—2 a 

We have seen (§ 9) that for « particles of range about 
7 cm. the value of p=2°4x10-%. Substituting this value 
of p and putting v=vp we find the corresponding value of 
D=85'5x107-% em. It will be seen later that all collisions 
for which D on the simple theory is greater than this value, 
should give rise to H atoms of velocity too small for detec- 
tion. We may consequently conclude that all collisions for 
which D is equal or less than 3:5 x 107" em. give rise to 
a high-speed H atom. 

It is of interest to consider, on these assumptions, how the 
number of H atoms should vary with the velocity of 
the incident « particles. From the above equation, it is 

2 
seen that p=0O when D=2y 5. Substituting the value 

D=3°9x 10>", p=920x 10°, we tind 7¢,/i= Sota 
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range of « particles of this velocity vis 2°77 em. ‘This result 
means that « particles of range less than 2°7 cm., acted on 
by the forces given by the simple theory, are unable to 
approach within the critical distance D of the nucleus of the 
hydrogen atom. 

Since the number of H atoms produced is proportional to 
the value of p” given in equation 

D 
Number of H atoms of velocity y sw” 

Vo Ke D —2u 99 99 99 9? 

Substituting the values of D, uw, vp/v, the relative number of 
H atoms to be expected for different values of v are given 
below :— 

Range of incident « par- 
files mnems. 5)... / 6 5 4 oo 3'0 Se, 

Relative number of 
Hi atoms 3.322. Eoatee ts pit OO 88 te, 50 35 15 0 

It has been previously pointed out that the observed 
number of H atoms shows a rapid decrease for ranges 
between 3 and 2 cm., a result in general accord with these 
calculations. It is, however, not to be expected that there 
would be any close agreement between theory and experi- 
ment, for the theory supposes that there is an abrupt 
variation in the magnitude and direction of the forces for an 
apsidal distance D, a condition which is physically im- 
probable. We may, however, conclude that the variations 
of number of H atoms with velocity i is not inconsistent with 
the view that the forces between colliding atoms augment 
rapidly for values of D<3°5 x 10-¥ cm. 

From the known values of D and yw, we are able to cal- 
culate the value of 0,7. ¢., the angle of deflexion of the 
H atom for a collision of apsidal distance D=3°5 x 107? em. 
For a rays of range 7 cm., 0=69°; the corresponding 
effective range of the H atom is 28cos‘@ or 46 mm. _ It is 
thus clear that, on the assumptions made, no atoms for which 
D>3:5x10-" should be detected under the experimental 
conditions. 

The general results are consistent with the view that the 
field of force between the « particle and hydrogen nucleus 
undergoes rapid changes in magnitude and probably also in 
direction when the nuclei approach within 3°5x107! em. 
of each other. 
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§ 12. Summary. 

1. The production of high-speed hydrogen atoms due to 
close collisions between « particles and atoms of hydrogen 
has been studied using the @ particles from radium © as 
a homogeneous source of radiation. In such close collisions, 
where the nuclei approach within a distance of about 
3x 107! em., the number and distribution of the H atoms 
are entirely different from those calculated on the assumption 
that the nuclei are to be regarded as point charges repelling 
bei other according to the law of inverse squares. 

2. The H atoms produced by swift « particles of range 
76m, ‘are shot forward mainly in the direction of the 
2 particles and are nearly uniform in velocity. 

3. The distribution with velocity of H atoms becomes 
more and more heterogeneous with decrease of velocity of 
the « particles. For « particles of range less than 4 em: of 
air, the distribution and absorption of H atoms are in fair 
accord with the simple theory although the observed 
numbers are greater than those calculated on the theory. 

4. The number of swift H atoms produced by « particles 
of range 7 em. is 30 times greater than the theoretical 
number. The number falls off rapidly for ranges of 
a particles between 3 and 2 cm. On an average 10° 
a particles give rise to one swift hydrogen atom in traversing 
one centimetre of hydrogen. 

D. It has been calculated that all « particles of range 7 em. 
projected within a perpendicular distance p= 2°4 x 107 em. of 
the centre of the hydrogen nucleus give rise to swift H atoms. 
The corresponding apsidal distance is about 3°5 x 107 cm. 

6. As observed by Marsden, hydrogen atoms are emitted 
by the radioactive source. The number observed is small, 
and it is difficult to decide whether these H atoms arise from 
the radioactive transformation or from occluded hydrogen 
in the source. 

Discussion of results. 

On the nucleus theory of the atom, the charged nucleus 
is supposed to be of such small dimensions that it may 
be regarded as a point charge for distances of the order 
of 10-"'cm. The correctness of this point of view in the 
case of hydrogen is strongly supported by the remarkable 
success of Bohr and those who have followed him in 
explaining by its aid the finer points of the hydrogen 

sar — 
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spectrum. The experiments of Geiger and Marsden* on 
the large angle scattering of heavy atoms like those of gold 
showed that the nucleus of the gold atom could be regarded 
as a point charge for distances bE the order of 3 x 107 “ig cm., 
and that the law of inverse squares held up to that distance 
within the limits of experimental error. In the present 
experiments on the collision of particles with hydrogen 
atoms, the atomic nuclei approach still closer, viz. to a 
distance of the order of 3x107-% cm. It is to be antici- 
pated that for such small distances of the order of the 
diameter of the electron, the structure of the helium nucleus 
can no longer be regarded as a point, and this is borne out 
by experiment. Such a conclusion in no way invalidates 
the nucleus theory as ordinarily understood; but a study 
of the forces close to the nucleus is of great importance in 
throwing light on its actual dimensions. 

It is clear from the results given in this paper that a close 
collision between an « particle and a hydrogen nucleus is an 
exceedingly rare occurrence. Only 1 in 100000 of the 
a particles passing through 1 em. of hydrogen at normal 
pressure and temperature gives rise to a high-speed H atom, 
while in the same distance each « particle on an average 
passes through the sphere of action of about 10000 hydrogen 
molecules. ‘Thus for every 10° collisions with the molecules, 
in only ene case does the « particle pass close enough to the 
nucleus to give rise to a swift H atom. No doubt a much 

- greater number of H atoms are set into comparatively swift 
motion by less direct collisions, but these do not give rise 
to H atoms which can be detected beyond the range of the 
a particle. 

It is clear that for such close collisions, each hydrogen 
atom in any complex molecule acts as an independent unit, 
so that swift H atoms should be liberated by « particles from 
every substance containing free or combined hydrogen. 
This is fully borne out by experiment. 

In seeking for an explanation of these anomalous results, 
there are two salient facts to bear in mind, viz., that (1) the 
H atoms produced by a@ particles of range greater than 
6 cm. are projected mainly in the direction of the « particles 
and over a narrow range of velocity, and (2) the number of 
such swift H atoms is far in excess of the number on the 
simple theory of point charges. 

If we consider the nuclei of the atoms in collision to act 

* Geiger and Marsden, Phil. Mag. xxv. p. 604 (1913). 
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as point charges, no advantage in explanation is gained by 
supposing that the free charges carried by the nuclei are 
greater than those usually supposed ; for while such an 
assumption gives an increased number of H atoms of all 
velocities, it fails to account for (1) above. 

If we suppose the central forces fall off more rapidly than 
the inverse square law, the proportion of swift atoms in- 
creases relatively. This can be deduced from consideration 
of the calculations given by Darwin” for the case of the 
inverse cube law, and it is not difficult to see that this 
relative increase of high speed particles becomes more 
marked the more rapid the law of variation of the central 
foree. In all cases, however, the pencil of H atoms should 
be widely heterogeneous for all velocities of the colliding 
a particle. It thus seems clear that no theory of single 
central forces can account for the experimental facts. 

This is not unexpected, for we have every reason to believe 
that the « particle has a complex structure consisting pro- 
bably of four hydrogen nuclei and two negative clecironeay 
If we assume, for “simplicity, that the hydrogen nucleus 
acts as a point charge for the distances under consideration, 
we still have a complicated system of forces near the nucle 
of the « particle. 

Now we have seen that the anomalous effects in hydrogen 
manifest themselves when the two nuclei approach within 
about 3x 107! em. of each other. Geiger and Marsden 
have shown that the scattering of « particles in passing 
through atoms of a heavy element like gold, is consistent 
within experimental error with an inverse square law of 
repulsion, and in the case of a head-on collision, the closest 
distance of approach is about 353x107” ecm. or about 
10 times the distance in the case of a close collision between 
the « particle and the hydrogen atom. It appears significant 
that, in the latter case, the closest distance of approach is 
about the same as the accepted value of the diameter of the 
negative electron, viz. 36x 107% cm. The observed effects 
are similar to those to be expected if the helium nucleus, for 
example, consisted of a charged disk of radius about 
3x107% em. with its plane perpendicular to the direction 
of motion, and it seems clear that the helium nucleus must 
have dimensions of this order of magnitude. 

If the helium nucleus is composed of two electrons and 
four hydrogen nuclei, we should expect a complicated field 

* Darwin (loc. cit.). 
+ Rutherford, Phil. Mag. xxvii. p. 488 (1914). 
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of foree round the nucleus and rapid variations in direction 
aud magnitude of the forces for distances of the order of the 
diameter of the electron. Jn our ignorance of the detailed 
structure of the nucleus, we can only speculate as to the 
magnitude and direction of the forces close to it. Con- 
sidering, however, the enormous repulsive force between two 
positive nuclei in collision at a distance of 3x 107"? em.— 
about five kilograms weight on the inverse square law,—it is 
to be anticipated that not only the structure of the complex 
helium nucleus should be much deformed, but that the 
electron itself may suffer strong deformation under the 
intense electric forces. If such deformation of the electron 
he possible, it is not difficult to see in a general way that the 
forces between the nuclei in collision may vary exceedingly 
rapidly close to the nucleus, and may even change rapidly 
from one of repulsion to one of attraction.., It may be 
ossible in this way to explain the experimental effects 

observed, including both the projection in the direction of 
the a particle and the increase over the number to be 
expected on the simple theory. 
It is of course possible to suppose that the actual law of 

force, apart from deformation, does not follow the inverse 
square for very small bees: - but since the inverse square 
law appears to hold at any ae approximately for positive 
charges up to a distance 3 x 10-' cm., it seems simpler to 
suppose that the rapid alteration in magnitude and direction 
of the force close to the nucleus is due rather to a deforma- 
tion of its structure and of its constituent parts. Taking 
into account the intense forces brought into play in 
such collisions, it would not be surprising if the helium 
nucleus were to break up. No evidence of such a dis- 
integration, however, has been observed, indicating that the 
helium nucleus must be a very stable structure. 

It will be shown in a later paper that the anomalous 
effects observed in hydrogen are shown also by collision of 
swift « particles with nitrogen and oxygen atoms and for 
about the same distance between the nuclei. 

My thanks are due to Mr. W. Kay for his assistance in 
counting and in ali the experimental work. 

University of Manchester, 
April, 1919. 
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LIT. Collision of a Particles with Light Atoms. IL. Velocity 
of the Hydrogen Atom. By Professor Sir E. RurwEerForp, 
mon...” 

a the first paper giving an account of the number of 
H atoms produced by «@ particles and their absorption 

by matter, it has been implicitly assumed that the long-range 
scintillations observed in hydrogen are due to swift hydrogen 
atoms set in motion by close collisions with « particles. This 
is supported by the observations that the range of the atoms 
is in good accord with the value calculated by Darwin from 
Bohr’s theory of absorption of charged particles. 

Taking into account, however, the intense forces developed 
in such collisions and the possibility of the disruption of the 
structure of the nuclei involved in the collisions, it was 
thought desirable to determine experimentally the mass and 
velocity of these flying atoms, and to compare the values 
with those deduced from the collision theory. Such a deter- 
mination was rendered the more necessary by certain apparent 
anomalies observed in connexion with the brightness and 
distribution of H atoms, an account of which will be given 
later in this paper. 

To determine the mass and velocity of the H atom, it was 
necessary to measure the deflexions of a stream of H atoms 
both in a magnetic and in an electric field. The experiments 
were somewhat tedious and difficult on account of the small 
number of H scintillations present under the experimental 
restrictions. 

Magnetic deflexion of H. atoms. 

In these experiments it was necessary to produce the 
H atoms at a definite point, and for this purpose a film of 
paraffin wax of convenient thickness, exposed to an intense 
beam of « rays, was used. The method finally adopted was 
to compare directly the deflexion of a pencil of H atoms 
produced from the film of paraffin wax, with the deflexion of 
a pencil of a rays using the same source of « rays in both 
cases. 

The experimental arrangement is shown in fig. 1. 
The horizontal slits A and B, about 1 cm. broad and 1 mm. 

wide, were mounted on a rectangular brass bar C. The 
source R, consisting of a circular brass disk coated on one 
side with radium C, was mounted on a vertical block D, close 
to the slit A and making a small angle with the horizontal. 

* Communicated by the Author. 
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This carrier was then introduced into the rectangular brass 
vessel shown in fig. 1 of the previous paper, and the whole 
apparatus was placed between the poles of a strong electro- 
magnet. A vertical slit 1°5 cm. long and 3 mm. wide, cut in 

Fig. 1. 

the end plate of the box, was covered with a thin sheet of 
iron E whose stopping-power for « particles corresponded to 
4 cm. of air. Close to this was placed the zine sulphide 
screen S. The distance between the slits A and B was 
2°85 cm., and between B and the iron screen 3°25 em. On 
exhausting the apparatus of air a well-defined band of & rays 
about 2 mm. broad was observed on the screen. The distance 
measured by the microscope between the centres of the two 
bands on reversing the field of about 9000 gauss was about 
3:9 mm. A film of paraffin wax about 30» thick mounted on 
a frame was then placed close to the slit A between it and the 
source. This gave a band of H scintillations on the screen, 
which was of about the same width as the beam of «@ rays. 
Aluminium screens were introduced between the iron plate 
and zine sulphide screen, so that the total absorption between 
the source and screen was equivalent to 14:4 cm. of air. » 
Under these conditions the two bands of H scintillations 
obtained by reversal of the field were carefully determined 
by the microscope, and the centres of the bands were found 
to be about 6 mm. apart. 

As a result of three concordant determinations, it was 
found that under the experimental conditions the average 
deflexion of the pencil of H atoms was 1:45 times the 
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deflexion of the pencil of « rays from radium ©. Since the 

Mo, , 
value of _, for e particles from radium C has been accurately 

1D) 
determined in other experiments and found to be 3°98 x 10°*, 

mu. } ‘ 
— for the pencil of H atoms is 
FI 

the average value of 

2°74 10°. Now, on passing the slit A, the maximum range 
of the H atom is 28—3'4=24°6 em., while the minimum 
range for H atoms to be observed on the screen is 
28—144=13'6 em. Since the range of the H atom is 
proportional to the cube of its velocity, the velocity of the 
H atoms observed which passed through the magnetic field 
lies between ‘Y6u) and *79u, where wo is the maximum velocity 
of the H atom due to ane particle from radium C.- Since the 
relation between number and velocity was approximately 
linear over this range, the average velocity of the H atoms 

fs ae 
was ‘87u). Consequently the value of —— for the swiftest 

H rays produced by «@_ particles ioe radium © is 
1/°87 x 2:74 x 10°=3'15 x 10°. On the collision theory, the 
velocity w of the H atoms of mass m is given by 

ORT as m “eae, 

and the maximum value 

Ug =— 1°6 v. 

MUG . ° 
The value of —— for H atoms carrying unit charge 3 ? 

should consequently be 3°2x 10°. The agreement between 
theory and experiment is closer than we should expect 
considering the difficulty of the measurements. In these 
experiments it was found that all the H atoms carried a 
positive charge, and no sign of scintillations was observed 
indicating the presence of negatively charged or neutral 
atoms. 

Electrostatic deflexion of H atoms. 

The determination of the deflexion of H atoms in an 
electric field was a much more difficult and lengthy process. 
The experimental arrangement finally adopted is shown in 

* Rutherford and Robinson, Phil. Mag. xxviii. p. 552 (1914). 
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fig. 2. The « rays from a slanting source R passed through 
a film of paraffin wax about 30 yw thick placed at the end of 
two parallel insulated brass plates A and B, 6:02 em. long, 
and 0°155 cm. apart. These were mounted on an ebonite 

—> To pump. 

frame DD with circular ebonite ends which slipped into a 
glass tube T. A brass plate with a slit 1 em. long and 3 mm. 
wide covered with a thin silver plate of stopping power 6 cm. 
of air, was fixed at the end of the tube T. The zine sulphide 
screen was mounted outside close to the silver plate. The 
electric connexions with the plates A and B were made 
through ground-glass stoppers shown in the figure. 

As radium (was employed as a source, it was necessary 
to arrange for rapid exhaustion of the apparatus to stand 
5000 volts between the plates after a short interval. After 
preliminary evacuation by a Fleuss and Gaede mercury-pump 
a Langmuir pump was used, and the process was so rapid that 
the necessary vacuum was reached and held within two 
minutes of introducing the apparatus into the glass tube. 

In order to deflect completely the H atoms in passing 
between the parallel plates, it was calculated that about 
30,600 volts would be required. Apart from the difficulty 
of obtaining rapidly a vacuum sufficient to support and 
maintain such a voltage, a steady supply of not more than 
7000 volts was available in the Laborator y. To overcome 
this difficulty, it was arranged to compare the deflexions of 
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H atoms due to a magnetic field with that due to a combined 
magnetic and electric field. The glass tube carrying the 
source and parallel plates was placed between the poles of a 
strong electromagnet, the plane of the plates being parallel 
to the direction of the magnetic field. The microscope was 
fixed in the centre line of the plates A and B so as to count 
the scintillations emerging from the plates, and the variation 
of the number with strength of the magnetic field was deter- 
mined. The reduction of the number with increase of the 
magnetic field depended on two causes :—(1) the removal of 
H atoms bent to the sides of the plates, and (2) the bending 
of the H atoms emerging from the plates in the magnetic 
field in the short distance between the end of the plates and 
the zine sulphide screen. These two effects were difficult to 
separate, but (2) was made as small as possible by reducing 
to a minimum the distance between the end of the plates 
and the screen. The relation between the number of scintil- 
lations and strength of field with no electric field acting, is 
shown diagrammatically in fig. 3. Suppose the magnetic 

Fig. 3. 

NWumber of samtiiidenans 

al 
Magnetic field 

field to be of a strength H corresponding to a point P on 
the curve. If a voltage be now applied so as to bend the 
H atoms in the same direction as the magnetic field, the 
number of scintillations on the screen decreases correspond- 
ing to a point Q on the curve of field H,. On reversing the 
voltage the two fields oppose each other, and the number of 
scintillations correspond to the point R of field H,. Suppose 
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for simplicity that the number of H atoms are counted as 
they emerge from the plates A and B. Let H be the steady 
magnetic field and X the electric field applied between A 
and B. Then it is clearly seen that, if « be the velocity of 
the H atom, 

for assisting fields,  Hew+ Xe=H,eu, 

for opposing fields, Heu—Xe= Hye. 

Subtracting 2eX =(H,— Hj )eu, 

ae ex 
anc PEL. ° 

so that the velocity of the H atoms can be determined 
directly. In practice, it was found that the curve PQR 
over the experimental range was nearly a straight line. The 
initial field H was varied in different experiments, but was 
usually about 4000 gauss. The steady voltage employed 
was about +4500 volts. The ratio of the number of scintil- 
lations observed on reversal of the electric field varied in 
different experiments according to the magnetic field H and 
the voltage, but lay between 1°8 and 3 in the various expe- 
riments. Hach experiment was complete in itself, for not 
only were the scintillations counted on reversal ot the electric 
field, but also the number for two magnetic fields on either 
side of the fixed field which give nearly the same ratio of 
number of scintillations as that obtained by reversal of the 
electric field. 

The paraffin film had a stopping power of 3:2 cm. of air, 
and the stopping power of the silver plate together with the 
aluminium screens was 11°4 cm. The range of H atom, 
which passed between the parallel plates and produced scin- 
tillations on the screen, thus lay between 28 —3°2=24°8 cm. 
and 28—14°6=13°4 cm. 

The corresponding velocities are ‘96u) and *78u) where w 
is the maximum velocity of an H atom due to an a particle 
from radium C. As in the experiments on the magnetic 
deflexion the average velocity was found to be *87u. In 
calculating the relative effect due to a magnetic and electric 
field, a small correction is necessary to allow for the fact that 
the electric field was only effective the length of the plates, 
while the magnetic field acted on the H rays from the slit A 
to the zine sulphide screen. Making this correction, estimated 
to be about 12 per cent., the deflexion due to 1000 volts 
between the plates was found to correspond in five different 
experiments to 235, 227, 260, 235, 221 gauss respectively, 
with an average value of 238 gauss. 
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Thus, 
oA ea WO ] 

US = = KX = = 2°71 x 10° Cm. ‘per Bec. 
He 155) eos P 

The maximum value 

i — ‘ 

o= IR7 x 2°71 % 10° =3°12 10° cm. peneam 

The calculated value of wj)=1°6 x 1:92 x 109 

=3'07 x 10° em. per second. 

The experimental and calculated values agree well within 
the probable error of experiments. rom the magnetic 
deflexion we found that 

=3:15 x 10°, 
é 

and from the electric deflexion 

Uses ple we ALU, 

consequently, e/m=10* e.m, units. 

The value of e/m for the hydrogen atom in the electrolysis 
of water is 9570. The agreement is sufficiently close to show 
that the long-range scintillations produced by a particles in 
hydrogen are due to hydrogen atoms carrying a unit positive 
charge. The agreement between the calculated and observed 
velocities shows that, within the margin of experimental error, 
the conservation of momentum and energy hold for close 
collisions between the atomic nuclei and that there is no 
sensible loss of energy due to radiation. 

Brightness of scintillations. 

The maximum energy communicated to an H atom is *64 
of the energy of the colliding & particle. After passing 
through 12 em. of air, for example, the energy of the H atom 
is reduced to ‘44 of the energy of the particle. Supposing 
that the H atoms are produced by @ particles of radium C of 
range 7 cm., the energy of the H atom after passing through 
12 cm. of air, corresponds to an @ particle of range about 
2cm. In practice, the brightness of the corresponding H 
scintillations is much less than is to be expected from its 
energy, and is not greater than that produced by an a 
particle of range 5mm. This relative lack of brightness of 
H scintillations compared with @ particles of corresponding 
energy holds for all velocities of the H atoms. Since we 
have seen that we can rely on the calculations of the energy 
of the H atom, it seems clear that the H atom is less effectives,, 
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in producing light on a zine sulphide screen than an a 
particle of equal energy. This may be a consequence of the 
much weaker ionization along the path of the H atom, for 
since its range is four times that of the « particle and energy 
‘64, the energy spent per unit path is only 1/6 of that due to 
an « particle. ; 

In this connexion it is of interest to note, that nitrogen 
atoms set in motion by x particles from radium CU have a 
range in air of about 9cem. Although the energy of the 
nitrogen atoms after traversing 7 cm. of air is less than that 
of the H atoms after traversing 12 cm., the nitrogen atom 
gives a much brighter scintillation than the H atom. 

Probability distribution of H. scintillations. 

In the course of counting H scintillations, it was often 
noted that a number of the scintillations appeared as instan- 
taneous doubles, 7. e. two points of light of about equal 
brightness appeared in the field of view at the same instant. 
Some preliminary experiments seemed to show that the 
number of these doubles was greater than was to be expected 
from probability considerations. For example, in counting 
bright scintillations due to the active deposit of thorium, on 
an average, about 1:5 doubles per minute were counted for 
an average of 50 scintillations per minute, while for a similar 
number of H scintillations the number of doubles was about 5. 
If these “doubles” from hydrogen were instantaneous doubles, 
it was obviously a matter of great importance, possibly 
indicating the disruption by collision of one of the nuclei 

into two parts. 
A large number of experiments were made to test this 

question, using both hydrogen and paraffin wax as a source 
of H atoms, but very similar results were obtained under all 
conditions of experiment. The most favourable theoretical 
conditions were chosen to increase the number of such 
doubles if they existed. For example, the H atoms were 
liberated in a thin film of paraffin covering an opening 
1 mm. in diameter, placed near the zine sulphide screen. 
The distance of the screen from the paraffin film and the 
nature of the absorber between was adjusted, so that even if 
two atoms were shot forward nearly in the same direction, 
the scattering would separate them on an average a con- 
venient distance in the field of view of the microscope, 
which included a field of view 2 mm. diameter. No apparent 
advantage as regards the number of doubles was gained by 
this arrangement. 

I was fortunate, in January of this year, to obtain for a 

Phil. Mag. 8. 6. Vol. 37. No. 222. June 1919. 2K 
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short time the skilled assistance of Professor E. Marsden 
before his return to New Zealand. Systematic observations 
were undertaken to record electromagnetically the time of 
appearance of each scintillation on a chronograph tape while 
the number of doubles was separately recorded. Mr. Marsden 
and Mr. Kay counted alternately for a minute interval, and 
the counts of each observer were separately analysed by 
the former at leisure. On the probability theory, the 
number of intervals between ¢, and ¢, seconds is given by 
Ne-#-®) where 1/u is the average interval between each 
scintillation and N the total number of intervals. Marsden 
and Barratt * had previously verified the correctness of this 
theory, which shows that short intervals are more probable 
than long ones. If the average number of scintillations is 
30 per minute, w=1/2, and if the eye fails to distinguish an 
interval less than 1/10 of a second, the average number of 
doubles to be expected is 1°5 per minute. In practice, under 
favourable conditions, the eye is just able to detect 1/10 
second intervals for bright @ ray scintillations. 

Comparisons were made to test the probability distribution 
of « particles from polonium, whose range was adjusted to 
give a scintillation of about the same average brightness as 
the H atom. 

The results of a typical series of counts both for « rays 
and H atoms are included in the following table. The theo- 
retical and observed number of intervals <1/10, < 1/2, and 
<1 second are given in the table below :— 

| 

Average 
5 Total 

number 
‘Calculated | Observed | Calculated | Observed | Caleulated Number | 2 j 
number of | number of | number of | number of | number of | nuinber | 

reas ee of scintil-| eyo: intervals. | intervals. | intervals. | intervals. | intervals. | 
a8 ae lations. | "| <1/10'sec.| <1/2 sec. | <1/2’sec,) aaisees <1 sec. | 

j 
q 

—e | 

z particles from | polonium. | 

Mic. 28:0 250 13 {29 53 60 106 105 

Keel ot 229 10 9-6 45 45 83 79 
| 
| = 
| 
| 

Hydrogen atom|s. 

M 24:3 243 15 9°6 50°5 46 84 81 

Keni) ieee g: 250 25 9:2 58°5 45 92 79 

1 em Beata) 216 24 11 60°5 50 95 beer iicte: 

K 29°6 148 18 7 33 30 59 58 

* Marsden and Barratt, Proc. Phys. Soc. xxiii. p. 367 (1911); xxiv. 
p- 56 (1918). 
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The calculated numbers are the sum of each observation 
worked out separately. 

It will be seen that while there is a very satisfactory 
agreement between theory and experiment for the @ rays 
from polonium, the agreement is not so good for the H atoms. 
In the ease of the « rays, the number of doubles shows that 
the eye cannot distinguish an interval less than 1/10 second ; 
while in the case of H atoms the number of doubles is nearly 
twice the theoretical number calculated on this power of 
distinction. Whether this difference is apparent or real is 
difficult to decide, for it must be remembered that counting 
such weak scintillations and at the same time distinguishing 
time intervals make a difficult task. 

It is clear that under the experimental conditions, only a 
small fraction of the number of scintillations can be regarded 
as possible instantaneous doubles, and the effect is too small 
and uncertain to draw any very definite conclusions. It may 
be urged that a question of this kind could be settled more 
definitely by arranging that a small number of scintillations 
fell on the screen per minute when the probability of short 
intervals becomes very small. On the other hand, it takes a 
long time to count a sufficient number to compare theory 
with experiment, and it is very fatiguing to the eye and 
unreliable to count for long under such conditions. 

IT am much indebted to Professor Marsden for his valuable 
help in obtaining and analysing data for me on this 
important point. 

LITT. Colliston of « Particles with Light Atoms. III. Nitrogen 
and Oxygen Atoms. By Professor Sir H. RuTHERFORD, 
Tes. 

|i has worked out a general theory of the absorp- 
tion of electrified atoms in passing through matter, 

and has verified his conclusions by consideration of the 
absorption of @ particles. On this theory, Darwin { has 
shown that the range of a swift hydrogen atom in hydrogen 
ean be calculated, and the value so found is in good accord 
with experiment. It is not difficult to deduce by the same 
method that the range # in hydrogen of an electrified atom 
of charge e and mass m moving with a speed equal to an 

* Communicated by the Author. 
+ Bohr, Phil. Mag. xxv. p. 10 (1913). 
t Darwin, Phil. Mag. xxvii. p. 499 (1914). 
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« particle of range R in hydrogen is given by 

on. EP 
ei Ve . e? e e e . e . ele 

where M is the mass and E the charge on the @ particle. 
It is to be expected that this relation would hold approxi- 

mately for the passage of electrified atoms through light 
substances like air and aluminium. Since M=4 and H=2e 
where e is the unit charge, the range w of a particle carrying 
a single charge is obviously e=mR. The velocity u acquired 
by an atom of mass m due to a close collision with an 
a particle of velocity v is given by 

a 9 EEE C08 
M +m ; 

where @ is the angle of deflexion of the atom after the 
collision. Assuming that the range of electrified atoms 
in general like the range of « particles varies as the cube 
of the velocity, the range « after collision of an atom 
carrying unit charge is given by 

2M ‘E ond, © 

xr=mR Gr ) cos’. 
[+m 

Applying this result to H atoms, the maximum velocity 
should be (8/5)*R=4°1R, while the observed value is about 
4. Asa further test of this relation, consider the range 
to be expected for the recoil atom of radium B of mass m 
resulting from the expulsion of an « particle of range 
4:75 cm. from radium A. By the principle of momentum 

u= 

Mv=mw and the velocity of recoil w= ae where m=214. 

Consequently the range in air 

3 
=214.( 553) x475=-067 em. 

The value found by Wertenstein* is :12 mm., but, con- 
sidering the very wide range of velocity, the agreement is 
fairly satisfactory. If it be assumed that the range is pro- 
portional to the power 2°85 instead of 3, this is a good 
agreement both for the hydrogen and recoil atoms. 

If the atom after collision with an a particle carries a 
charge of two units, its range from (1) should be only about 
1/4 of the same atom carrying a single charge. For 

* Wertenstein, C. R. cl. p. 869 (1910) ; cli. p. 469 (1910). 
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example, in a collision of an « particle with the helium 
nucleus of equal mass, the range of the helium atom should 
be the same as the & particle before the collision if it carries 
two charges, but four times this range if it carries one 
charge. 
We have collected in the following table data connected 

with the collision of « particles with the lighter atoms of 
matter. The maximum velocity, momentum, and energy 
of the atom after collision are given as fractions of that of 
the incident « particle. The range is calculated on the 
assumption that it is proportional to the power 2°9 of the 
velocity and that the atom carries unit charge. 

For convenience, the data for hypothetical atoms of mass 
2 and 3 times that of hydrogen are included. 

TABLE I. 

Ratio of | Ratio of | Ratio of | Batic of 
El t Atomic | velocity |momentum| energy |, chiek £ | 
hay a weight. | to that of | to that of | to that of a | 

a particle. | a particle.| a particle. | eeparticle, 

Fiydrogen .-<...... 1 16 “4 "64 3°91 
Sree veka... 2 1°33 66 89 4°6 
Rete ers 3 (pias *85- "98 - 5°05 

Heliam) .:.:5.-.<... + 1-00 FOO) 51%; 1:00 4:00 
LDS ae 7 727 1-27 925 2°78 
Beryllium ......... 9 615 1°38 "85 2°20 
IBSE OU: 26056222525. 11 533 1-46 ‘78 rit: 
@arnbon | 22)... 6. 12 "300 1°50 ‘75 161 
ILPOREW. 0%. «0. 14 “444 1:55 ‘69 1°33 
22540 eee 16 "400 1-60 ‘64 1:12 
HMinorine...( 2.0 :... 19 348 1:65 ‘DTD ‘89 
1120, 1 oe ee eae 20 333 1:67 5D "82 
BONE on aanion 23 “296 1-70 “50 ‘67 
Magnesium ...... 24 . 286 1-71 “49 ‘64 
Aluminium ...... 27 ‘258 1-74 “45 53 
Lis 0: (Cae eae 56 "133 1-86 25 19 
SEVER sco. 4. ce oa. 108 ‘O71 1:92 136 05 

1-92 079 017 SELIG ce eae Ramana | 197 ie AO 

It is seen that, on the assumption of unit charge, all the 
atoms of atomic weight up to oxygen should be detected 
beyond the range of the a particle. Supposing that 
a particles of range 7 cm. are used, the maximum range 
to be expected for unit charge are for He 28-0, Li 19°6, 
Be. 15:4, Bol 12-4, © 11-2, N 9a, O 7°8.cm. 

Some preliminary experiments have been made with 
helium, using the apparatus similar to that employed for 
hydrogen and described in paper I. but on a smaller scale. 
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The resuits show that if the collisions of « particles with 
helium atoms give any long-range scintillations of the order 
of 28 cm. range, their number is very small compared with 
that produced in hydrogen under similar conditions. We 
may consequently conclude that the swift helium atoms 
produced by collision carry a double charge like the 
a particle. 

A few experiments have been made to test whether the 
atoms of lithium, boron, or beryllium have the range to be 
expected if they carry a single charge. ‘The salts Tie 
B,O;3, BeO were spread in a thin layer over the active source 
which was inclined at a small angle with the horizontal, and 
determinations made of the number of scintillations beyond 
the range of the @ particle. The air was exhausted and the 
a particles absorbed in aluminium and silver foils. No 
certain evidence was obtained of the preseuce of appreciable 
numbers of scintillations at the ranges to be expected if the 
atoms carry a single charge. Experiments of this kind are 
not easy on account of the difficulty of obtaining thin 
uniform films of the salts or metal under examination, and 
of the necessity of getting rid of all traces of hydrogen 
and water vapour, which give rise to numerous H atoms. 
It is intended later to make a systematic examination of 
these elements to determine the range of the atoms produced 
by close collisions with @ particles. 

Experiments in Air and Oxygen. 

Experiments on the range of swift atoms become much 
easier and more certain when the elements are in the gaseous 
state, for there is then no uncertainty with regard to the 
unifor mity of the absorbing column and usually no difficulty 
in ensuring absence of hydrogen and water vapour. Thin 
films of rolled metals like aluminium, silver, or gold are 
usually very irregular in thickness. This irregularity comes 
out very obviously when intense sources of radiation are 
employed under conditions when one in a million of the 
incident particles can be detected. It is not unusual in 
these cases to find that « particles can be detected at a 
distance 10 per cent. beyond the average range of the 
a particles as determined by ordinary methods. Mica films 
are very uniform and show none of these irregularities, but 
unfortunately mica contains both hydrogen and oxygen and 
gives rise to numerous H and O atoms beyond the range of 
the bombarding a particles. 
We have seen that both N and O atoms carrying a 

single charge should be detected beyond the range of the 
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a particles, and this is borne out by experiment. In the 
case of air, the active disk coated with radium C of y-ray 
activity about 30 mg. Ra, was mounted with its plane 
vertical at a distance of about 7 cm. from a zine sulphide 
screen in the open air. Both the source and screen were 
placed between the poles of a large electromagnet to deflect 
the 8 rays. The vertical convection currents due to the 
heated electromagnet prevented any contamination of the 
screen by active matter escaping from the source. 

The end of the range of the « particles was sharply defined, 
but numerous bright scintillations were observed for distances 
nearly 2cm. beyond the range of the « particles. There was 
a steady decrease both in number and brightness up to 9 cm. 
of air, and beyond that distance the small number of scintil- 
lations observed, due to H atoms from the source and from 
the water vapour in the air, fell off slowly. 

The range of these atoms was best determined by placing 
the screen just outside the range of the « particles (7:1 cm. 
at 15° C.) and then adding thin screens of aluminium foil 
close to the zine sulphide screen. The variation of number 
with absorption in terms of cms. of air is shown in fig. 1. 

Bice: 

Felative number of scintillations 

ene in cms. ar. 

It will be seen that the scintillations fall off at first slowly 
with increase of absorption and more rapidly near the end 
of their range, which was equal to 9:0 cm, of air at normal 
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pressure and 15°C. The scintillations, presumably due to 
swift N and O atoms, are bright and easily counted for a 
total absorption corresponding a about 7°5 em. of air. At 
this stage they appear equal in brightness to those given by 
an @ particle of range about | cm. 

In other experiments with air, nitrogen, and oxygen, and 
carbon dioxide, the screen ame source were placed in /a 
rectangular box and a slow current of the dried gas passed 
through during the experiment.. This prevented contami- 
nation of the screen by diffusion of active matter from the 
source, and the range was determined by altering the distance 
between source and sereen. | 

The scintillations in pure oxygen and carbon dioxide were 
about the same brightness for corresponding ranges, and had 
nearly the same equivalent ranges in alr as Fle due pre- 
sumably to N atoms from the air. 

This was rather surprising, as we should expect the O 
atoms to have considerably less range than the lighter 

N atom. The calculated ranges (see table above) are 7°8 
and 9°3 em. respectively. This suggested the possibility 

that the seintillations might be due ae to N or O atoms but 
to actual « particles of range 9 cm. which were expelled 
from the radioactive source. If this were the case, the total 
range of the « particles should not be altered by placing an 
absorbing screen of aluminium or gold of known stopping 
power close to the source in the path of the « rays. On the 
other hand, if the scintillations were due to swift N or O 
atoms from the air, the range should be diminished. For 
example, if a screen of stopping power equal to 3°5 cm. of 
air were placed in the path of the # rays of range 7:0 em., 
the resulting range of the «& particles acting on the gas is 
3°5 cm., and the total range of the N or O atoms measured 
from the source should be 3°5+ 7 X3°5=8:-0 cm. instead of 
9°0 em. Experiments of this kind were made with an 
aluminium and a gold screen of stopping powers 3°7 and 
4-2 cm. respectively, but were not altogether satisfactory 
on account of the inequalities of the films already referred 
to. They showed, however, that no appreciable number of 
scintillations could be detected beyond 8cm. The results 
indicated that the scintillations were due to atoms of N and 
O and not to & particles from the source. This was further 
confirmed by experiments with mica screens of stopping 
ower 7°70 cm. The number of bright scintillations which 

resembled « particles were less than half the number observed 
in air or oxygen gas under similar conditions, but the 
presence of numerous H atoms from the mica interfered 
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with an accurate determination. Since mica contains 
oxygen as well as hydrogen we should obtain swift O atoms, 
and the number of scintillations observed was about that to 
be expected from the amount of oxygen present, but was less 
than the number observed in air. There appears to be no 
doubt that the scintillations observed in air between the 
ranges 7 and 9 cm. arise from collision of «& particles with 
Nand Qatoms. The observation that the range of the swift 
atoms, produced by a@ particles in their passage through 
car hon dioxide, is equivalent to the range of O atoms, indicates 
that there are no carbon atoms carrying a single Wee ge, for 
in that case bright scintillations should have Tete een 
for ranges up to 12 cm. of air (see Table I.). 

lit w ill be remembered that in the beautiful photographs 
of Mr. C. T. R. Wilson * showing the trails of « particles, an 
example is given where the « particle in air shows a sudden 
deflexion of 43°, and there is clear evidence of a well-marked 
spur presumably showing the trail of the N or O recoil 
atom. Itis of interest to compare the length of this spur 
with the range to be expected for a collision with an O atom. 
If } be angle of deflexion of the « particle and @ the deflexion 
of the O atom, 

m sin 20 

ee M—m cos 20’ 

where m=mass of O atom and M=mass of « particle. 
Pennine Wet a Vb. ob —45 , then 0=63°-55. 
If v = velocity of the « particle before the collision, the 

velocity of the O atom 

My ee 
~ M+m 

while the velocity of the « particle after the collision 
is 934 v. 

Range of recoil O seo : « (ae =m) = 13 

Range of @ particle after collision — "934 

.vcos0='178 v, 

This is based on the calculation that the maximum range 
of O atoms due to « particles from radium C is 7°8 em., 
while the observed range is 9°0 cm. Making this correction, 
the value 13 becomes ‘15. 

It is possible to compare only roughly the ranges of the 
a particle and recoil atom in the photograph, but the results 
are in fair accord with the calculation. 

* C. T. R. Wilson, Proc. Roy. Soc. A. Ixxxvii. p. 277 (1912). 
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In the same photograph the a particle shows another 
sudden bend of 10°5. In this case, the range of the recoil 
O atom should be only about 1/800 of the & particle and 
could not be distinguished on the photograph. 

Number of N atoms. 

In a previous paper we have calculated the number and 
distribution of H atoms produced by @ particles on the 
assumption that the nuclei may be regarded as point centres 
of force repelling according to the law of the inverse square. 
When these calculations are applied to the collision of 
a particles with nitrogen or oxygen nuclei, the distribution 
with velocity of the N and O atoms is very similar to that 
for H atoms. We should consequently expect on the simple 
theory that the number of N and O atoms should fall off 
very rapidly between 7 and 9 cm., and that the number of 

short-range atoms should greatly preponderate. Quite the 
contrary is observed in the experiments (fig. 1), where it is 
seen that the number of scintillations fall off quite gradually 
with range. 

There seems to be no doubt that the effects produced by 
the collision of « particles with N and O atoms are very 
similar to those observed in hydrogen. ‘The observations 
only receive an explanation on the assumption that the N 
and O atoms like the H atoms are thrown forward mainly 
in the direction of the & particles and, at any rate for swift 
a particles, the velocities of the recoil atoms are nearl 
uniform for a given velocity of the & particles. It should 
be pointed out that the experiments with air and oxygen 
differ in one respect from those with hydrogen. In the case 
of air the 2 particles are completely absorbed in the column 
of gas, while in the case of hydrogen the stopping power 
was usually equivalent to less than 1 cm. of air. Con- 
sequently in the air experiments, the scintillations observed 
are due to N and O atoms which are produced by a particles 
of all ranges between 7 and 0 cm., and thus have a wide 
range of velocities. 

A number of experiments were made by the use of absorb- 
ing-screens of aluminium and gold in order to determine the 
number of N and O atoms produced by «@ particles of different 
range. The result asa whole showed that, for example, the 
number produced in the first 3°5 cm. of the range of 
the « particle from radium C was greater than in the last 
3°5 cm., but accurate deductions were vitiated by the lack of 
uniformity in thickness of the metal films. 
A number of concordant measurements were made to fix 
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the total number of scintillations observed in air for a known 
activity of the source. The number of scintillations per 
minute due to N and O atoms at a distance of 7°5 cm. in 
air at 15° C. was 2:2 on an area of the zine sulphide screen 
equal to 3:14 sq. mm. Referring to curve 1, it is seen that 
the number corresponding to an absorption of 7 cm. should 
be 2°6 and the number for 8 cm. absorption 1:5. 

All those atoms of range equal jo or greater than 8 cm. 
must be produced in the first 3°5 cm. of the path of the 
a rays; for the O atoms produced by « particles of range 
3°) em. cannot travel further than 8 cm. from the source, 
and probably only a small fraction reach this distance owing 
to scattering and straggling. 

For the purpose of calculation, suppose that the production 
of swift atoms is uniform over the first 3°5 cm. of the range 
and that p is the ratio of the number of swift atoms produced 
per cm. of path to the number of « particles passing through 
the gas. 

The number Q of recoil atoms falling per second on the 
screen of area A after passing through /cm. of gas is given by 

AIN 

‘dary?’ 
Q=p 

where N is the total number of @ particles emitted by the 
source per second (3°7 x 10" per second per mg. Ra of 
activity) and r is the distance of the source from the screen. 

Putting 

156. : aan ate 
iz 60” Oe sa. em...) (=3'd) em \\= 7"D, cm. 

then the average value of p=4°3/10°. 
When we take into consideration the well-known way in 

which the « particles fall off near the end of the range 
in consequence of scattering, it is obvious that the true value 
of p is considerably greater than the above and is probably 
about 7/10°. 

In the experiments with hydrogen, it was shown that 
p =1/10° about—a value not verv different from that 
observed in these experiments. We may consequently con- 
clude that about the same number of swift atoms are 
produced per centimetre of path by the passage of « particles 
through air, oxygen, and hydrogen. As in the case of 
hydrogen, it can be shown that all @ particles, shot within 
a perpendicular distance p=2°4 x 107 cm. of the atomic 
nucleus, give rise to swift atoms of nitrogen and oxygen. 
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It is clear from these results that the nuclei under con- 
sideration can no longer be regarded as point charges for 
distances of approach of the outer of the diameter ior the 
electron. As far as experiment has so far gone, it is difficult 
to fix with certainty the distance at which ie fone between 
the nuclei become abnormal, but a rough estimate can be 
made. Regarding the male: as point ‘charges, the closest 
distance of “approach in a collision is 1°9 x 10-" em. in the 

case of a hydnegen atom and 3°8 x 107 em. in the ease of 
the oxygen atom. ‘Taking into account the close similarity 
of the effects produced by a particles in hydrogen and 
oxygen and the greater repulsive forces between the nuclei 
in ie latter case, it seems probable that the abnormal forces 
in the case of oxygen manifest themselves at about twice the 
distance observed in the case of hydrogen. This would mean 
that the rapid variation in the magnitude and direction of 
the forees between the nuclei in lead to the recoil 
of swift atoms mainly in the direction of the a@ particle 
should begin at a distance about 7x 107'3 em. Such a 
result. is. to be anticipated on general grounds, for pre- 
sumably the oxygen nucleus is more complex and has larger © 

dimensions than Ghat of helium. 

In a paper published three years ago Mr. A. B. Wood and 
the writer * described experiments which showed that the 
active deposit of thorium gave rise to a few « particles of 
range 11°3 em. in nadtane to the main group of ranges 
5-0 and 8:6 em. In these experiments, the a rays of range 
8°6 cm. were absorbed in mica. In the light of the present 
experiments, the oxygen present in the mica should give 
rise to scintillations like « particles of range 

a0) 
S°6 X 211 cm, 

"7 
‘ 

This range is nearly the same as that observed in the 
thorium experiment, and raises the question whether these 
long range a2 particles are not in reality due to collision of 
a particles with the oxygen atoms in the mica. A fraction 
of the scintillations must undoubtedly have been due to this 
cause, but on the other hand the number of scintillations 
observed, about 1/10000 of the number of @ particles, is 
considerably greater than is to be expected from the experi- 
ments with radium ©. Further experiments to clear up this 
important point have been undertaken by Professor Marsden 
in New Zealand. 

_* Rutherford and Weod, Phil. Mag. xxxi. p. 379 (1916). 
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LIV. Collision of « Particles with Light Atoms. IV. An 
Anomalous Effect in Nitrogen. By Professor Sir 
EK. RutTHERForRD, /’.R.S.* 

T has been shown in paper I. that a metal source, coated 
with a deposit of radium C, always gives rise to a number 

of scintillations on a zine sulphide screen far beyond the range 
of the « particles. The swift atoms causing these scintillations 
carry a positive charge and are deflected by a magnetic field, 
and have about the same range and energy as the swift Hatoms 
produced by the passage of « particles through hydrogen. 
These “‘ natural” scintillations are believed to be due mainly 
to swift H atoms from the radioactive source, but it is difficult 
to decide whether they are expelled from the radioactive 
source itself or are due to the action of « particles on occluded 
hydrogen. 

The apparatus employed to study these “‘ natural ”’ scintil- 
lations is the sameas that described in paper I. The intense 
source of radium C was placed inside a metal box about 3 em. 
from the end, and an opening in the end of the box was 
covered with a silver plate of stopping power equal to about 
6 cm. of air. The zine sulphide screen was mounted outside, 
about 1mm. distant from the silver plate, to admit of the 
introduction of absorbing foils between them. The whole 
apparatus was placed in a strong magnetic field to deflect the 
8B rays. The variation in the number of these “ natural ”’ 
scintillations with absorption in terms of cms. cf air is shown 
in fic. 1, curve A. In this case, the air in the box was 
exhausted and absorbing foils of aluminium were used. When 
dried oxygen or carbon dioxide was admitted into the vessel, 
the number of scintillations diminished to about the amount 
to be expected from the stopping power of the column of 
as. 
A surprising effect was noticed, however, when dried air 

was introduced. Instead of diminishing, the number of 
scintillations was increased, and for an absorption corre- 
sponding to about 19 cm. of air the number was about twice 
that observed when the air was exhausted. It was clear from 
this experiment that the « particles in their passage through 
air gave rise to long-range scintillations which appeared to 
the eye to be about equal in brightness to H scintillations. 
A systematic series of observations was undertaken to account 
for the origin of these scintillations. In the first place we have 
seen that the passage of « particles through nitrogen and 

* Communicated by the Author. 
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oxygen gives rise to numerousbright scintillations which have 
a range of about 9cm. in air. These scintillations have about 
the range to be expected if they are due to swift N or O atoms, 
carrying unit charge, produced by collision with «& particles. 

ip. ay 
fo) 

Frelative number of scintillations 

Ww 

10 14 ign y 22 26. "26 
Absorption in cms. of air 

All experiments have consequently been made with an ab- 
sorption greater than 9 cm. of air, so that these atoms are 
completely stopped before reaching the zine sulphide screen. 

It was found that these long-range scintillations could not 
be due to the presence of water vapour in the air ; for the 
number was only slightly reduced by thoroughly drying 
the air. This is to be expected, since on the average the 
number of the additional scintillations due to air was equi- 
valent to the number of H atoms produced by the mixture 
of hydrogen at 6 cm. pressure with oxygen. Since on the 
average the vapour pressure of water in air was not more 
than 1 cm., the effects of complete drying would not reduce 
the number by more than one sixth. Hven when oxygen 
and carbon dioxide saturated with water vapour at 20° C. 
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were introduced in place of dry air, the number of scintil- 
lations was much less than with dry air. 

Tt is well known that the amount of hydrogen or gases 
containing hydrogen is normally very small in atmospheric 
air. No difference was observed whether the air was taken 
directly from the room or from outside the laboratory or was 
stored for some days over water. 

There was the possibility that the effect in air might be due 
to liberation of H atoms from the dust nuclei in the air. No 
appreciable difference, however, was observed when the dried 
air was filtered through long plugs of cotton-wool, or by 
storage over water for some days to remove dust nuclei. 

Since the anomalous effect was observed in air, but not in 
oxygen, or carbon dioxide, it must be due either to nitrogen 
or to one of the other gases present in atmospheric air. The 

latter possibility was excluded by comparing the effects 
produced in air and in chemically prepared nitrogen. The 
nitrogen was obtained by the well-known method of adding 
ammonium chloride to sodium nitrite, and stored over water. 
It was carefully dried before admission to the apparatus. 
With pure nitrogen, the number of long-range scintillations 
under similar conditions was greater thaninair. Asa result 
of careful experiments, the ratio was found to be 1°25, the 
value to be expected if the scintillations are due to nitrogen. 

The results so far obtained show that the long-range 
scintillations obtained from air must be ascribed to nitrogen, 
but it is important, in addition, to show that they are due to 
collision of « particles with atoms of nitrogen through the 
volume of the gas. In the first place, it was found that 
the number of the scintillations varied with the pressure 
of the air in the way to be expected if they resulted from 
collision of 2 particles along the column of gas. In addition, 
when an absorbing screen of gold or aluminium was placed 
close to the source, the range of the scintillations was found 
to be reduced by the amount to be expected if the range of 
the expelled atom was proportional to the range of the 
colliding « particles. These results show that the scintil- 
lations arise from the volume of the gas and are not due to 
some surface effect in the radioactive source. 

In fig. 1 curve A the results of a typical experiment are 
given showing the variation in the number of natural scintil- 
lations with the amount of absorbing matter in their path 
measured in terms of centimetres of air for « particles. In 
these experiments carbon dioxide was introduced ata pressure 
calculated to give the same absorption of the « rays as ordinary 
air. In curve B the corresponding curve is given when air 



‘584 Sir E. Rutherford on Collision of 

at N.T.P. is introduced in place of carbon dioxide. The 
difference curve C shows the corresponding variation of the 
number of scintillations arising from the nitrogen in the air. 
It was generally observed that the ratio of the nitrogen effect 
to the natural effect was somewhat greater for 19 cm. than for 
12 cm. absorption. 

In order to estimate the magnitude of the effect, the space 
between the source and screen was filled with carbon dioxide 
at diminished pressure and a known pressure of hydrogen was 
added. The pressure of the carbon dioxide and of hydrogen 
were adjusted so that the total absorption of & particles in the 
mixed gas should be equal to that of the air. In this way it 
was found that the curve of absorption of H atoms produced 
under these conditions was somewhat steeper than curve C of 
fig. 1. As a consequence, the amount of hydrogen mixed 
with carbon dioxide required to produce a number of scintil- 
lations equal to that of air, increased with the increase of 
absorption. For example, the effect in air was equal to 
about 4 em. of hydrogen at 12 cm. absorption, and about 
8 em. at 19 cm. absorption. For a mean value of the 
absorption, the effect was equal to about 6 cm. of hydrogen. 
This increased absorption of H atoms under similar conditions 
indicated either that (1) the swift atoms from air had a some- 
what greater range than the H atoms, or(2) that the atoms from 
air were projected more in the line of flight of thee particles. 

While the maximum range of the scintillations from air 
using radium C asa source of ¢ rays appeared to be about the 
same, viz. 28 cm., as for H atoms produced from hydrogen, 
it was difficult to fix the end of the range with certainty on 
account ot the smallness of the number and the weakness of 
the scintillations. Some special experiments were made to 
test whether, under favourable conditiens, any scintillations 
due to nitrogen could be observed beyond 28 cm. of air 
absorption. or this purpose a strong source (about 60 mg. 
Ra activity) was brought within 2°5 em. of the zine sulphide 
screen, the space between containing dryair. Onstill further 
reducing the distance, the screen became too bright to detect 
very feeble scintillations. No certain evidence of scintillations 
was found beyond a range of 28 cm. It would therefore 
appear that (2) above is the more probable explanation. 

In a previous paper (III.) we have seen that the number 
of swift atoms of nitrogen or oxygen preduced per unit path 
by collision with « particles is about the same as the corre- 
sponding number of H atomsin hydrogen. Since the number 
of long-range scintillations in air is equivalent to that produced 
under similar conditions in a column of hydrogen at 6 em. 
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pressure, we may consequently conciude that only one long- 
range atom is produced for every 12 close collisions giving 
rise to a swift nitrogen atom of maximum range 9 cm 

It is of interest to give data showing the number of long- 
range scintillations produced in nitrogen at atmospheric 
pressure under definite conditions. For a column of nitrogen 
3°3 cm. long, and for a total absorption of 19 em. of air from 
the source, the number due to nitrogen per milligram of 
activity is °6 per minute on a screen of 3:14 sq. mm. area. 

Both as regards range and brightness of scintillations, the 
long-range atoms from nitrogen closely resemble H atoms, 
and in all probability are hydrogen atoms. In order, how- 
ever, to settle this important point definitely, it is necessary 
to determine the detlexion of these atoms in a magnetic field. 
Some preliminary experiments have been made by a method 
similar to that employed in measuring the velocity of the 
H atom (see paper II.). The main difficulty is to obtain a 
sufficiently large deflexion of the stream of atoms and yet 
have a sufficient number of scintillations per minute for 
counting. The a rays from a strong source passed through 
dry air between two parallel horizontal plates 3 cm. long and 
1-6 mm. apart, and the number of scintillations on the screen 
placed near the end of the plates was observed for different 
strengths of the magnetic field. Under these conditions, 
when the scintillations arise from the whole length of the 
column of air between the plates, the strongest magnetic 
field available reduced the number of scintillations by only 
30 per cent. When the air was replaced by a mixture of 
carbon dioxide and hydrogen of the same stopping power for 
a rays, about an equal reduction was noted. As tar as the 
experiment goes, this is an indication that the scintillations 
are due to H atoms; but the actual number of scintillations 
and the amount of reduction was too small to place much 
reliance on the result. In order to settle this question 
definitely, it will probably prove necessary to employ a 
solid nitrogen compound, free from hydrogen, as a source, 
and to use much stronger sources of « rays. In such expe- 
riments, it will be of importance to discriminate between 
the deflexions due to H atoms and possible atoms of atomic 
weight 2. From the calculations given in paper III, it 
is seen that a collision of an @ particle with a free atom of 
mass 2 should give rise to an atom of range about 32 cm. in 
air, and of initial energy about °89 of that of the H atom 
produced under similar conditions. The deflexion of the 
pencil of these rays in a magnetic field should be about °6 of 
that shown by a corresponding pencil of H atoms. 

Phil. Mag. S. 6. Vol. 37. No. 222. June 1919. 28 
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Discussion of results, 

From the results so far obtained it is difficult to avoid the 
conclusion that the long-range atoms arising from collision of 
« particles with nitrogen are not nitrogen atoms but probably 
atoms of hydrogen, or atoms of mass 2. If this be the case, 
we must conclude that the nitrogen atom is disintegrated 
under the intense forces developed in a close collision with a 
swift « particle, and that the hydrogen atom which is liberated 
formed a constituent part of the nitrogen nucleus. We have 
drawn attention in paper III. to the rather surprising obser- 
vation that the range of the nitrogen atoms in air is about 
the same as the oxygen atoms, although we should expect a 
difference of about 19 percent. Ifin collisions which give rise 
to swift nitrogen atoms, the hydrogen is at the same time 
disrupted, such a difference might be accounted for, for the 
energy is then shared between two systems. 

It is of interest to note, that while the majority of the 
light atoms, as is well known, have atomic weights repre- 
sented by 4n or 4n+3 where » is a whole number, nitrogen 
is the only atom which is expressed by 4n+2. We should 
anticipate from radioactive data that the nitrogen nucleus 
consists of three helium nuclei each of atomic mass 4 and 
either two hydrogen nuclei or one of mass2. If the H nuclei 
were outriders of the main system of mass 12, the number of 
close collisions with the bound H nuclei would be less than if 
the latter were free, for the « particle in a collision comes 
under the combined field of the H nucleus and of the central 
mass. Under such conditions, it is to be expected that the 
a particle would only occasionally approach close enough to 
the H nucleus to give it the maximum velocity, although in 
many cases it may give it sufficient energy to break its bond 
with the central mass. Such a point of view wouid explain 
why the number of swift H atoms from nitrogen is less than 
the corresponding number in free hydrogen and less also than 
the number of swift nitrogen atoms. The general results 
indicate that the H nuclei, which are released, are distant 
about twice the diameter of the electron (7 x 10~% em.) from 
the centre of the main atom. Without a knowledge of the 
laws of force at such small distances, it is difficult to estimate 
the energy required to free the H nucleus or to calculate the 
maximum velocity that can be given to the escaping H atom. 
It is not to be expected, a priori, that the velocity or range 
of the H atom released from the nitrogen atom should be 
identical with that due to a collision in free hydrogen. 

Taking into account the great energy of motion of the 
a particle expelled from radium GC, the close collision of such 
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an @ particle with a light atom seems to be the most likely 
agency to promote the disruption of the latter ; for the forces 
on the nuclei arising from such collisions appear to be greater 
than can be produced by any other agency at present avail- 
able. Considering the enormous intensity of the forces 
brought into play, it is not so much a matter of surprise 
that the nitrogen atom should suffer disintegration as that 
the « particle itself escapes disruption into its constituents. 
The results as a whole suggest that, if « particles—or similar 
projectiles—-of still greater energy were available for experi- 
ment, we might expect to break down the nucleus structure 
of many of the lighter atoms. 

I desire to express my thanks to Mr. William Kay for his 
invaluable assistance in counting scintillations. 

University of Manchester, 
April 1919. 

LY. The Rotational Oscillation of a Cylinder in a 
Viscous Liquid. By D. Coster”. 

HIS problem has been dealt with by Stokes Tf for the 
purpose of numerical calculations to determine the 

viscosity of the air. Still, I think it interesting to publish 
another solution of the problem which gives more oppor- 
tunity of discussing the different cases, though it is perhaps 
less adapted to precise calculations. 

The method to be followed will be in the main the same as 
that used by Prof. Verschaffelt in the analogous case of the 
sphere{. We consider the rotational swings about its axis 
of an infinitely long cylinder which executes a forced vibra- 
tion. Our object will be to ascertain the motion in the liquid 
which will establish itself after an infinite time (in practice 
atter a relatively short time §) in order to compute the 
frictional moment of forces exerted on the cylinder by the 
liquid. The calculations will be referred to a height of 1 cm. 

The motion of the cylinder may be represented by 
a = acospt where « is the angle of rotation. An obvious 
assumption to be made is that the liquid will be set in motion 
in coaxial cylindrical shells each of which will execute its 
oscillations asa whole. On this assumption it is not difficult 

* Communicated by Prof.G. N. Watson, M.A., D.Sc. First published 
in the Amsterdam Proc. May 1918, vol. xxi. p. 193. 

+ Math. Papers, vol. v. p. 207. 
t Cf. Amst. Proc. vol. xviii. p. 840; Comm. Leiden, 148C. 
§ Cf. Comm. Leiden, p. 22, footnote. 

Z8 2 
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to establish the differential equation of the motion of the 
liquid. 

Let p be the density, 
u the viscosity of the liquid. 
w the angular velocity of a cylindrical shell. 
r the radius of the shell. 

The frictional force per unit area of one of the shells will 

then be Papo? and the frictional couple on a cylindrical 

surface of radius r will be 23, 22 : 

Taking a shell of thickness dr its equation of motion 
will be 

2mr8drp 2 = 2 1 277 ge ; dr, 

which reduces to 

a ~s—.. 
ww Ot Or a or (1) 

For an infinitely long time of vibration, 7. e. for uniform 
rotation, (1) simplifies to 

dw  3dw 
=—,+-— . 6 6 rs 

det ear 3 a 

The solution of (2) is o= = + ¢ , c, and ¢, being constants. 

of integration. If the solid culiader (radius R) rotates with 
uniform speed © in an infinite liquid, the result will be 

w= —-, giving for the frictional couple, as is well known, 
y 

the expression 
—4erpR7O. . 2.) a) 

In order to arrive at a possible solution of (1) we have to 
make our assumption regarding the motion of the liquid a 
little more definite by assuming that the angular displace- 
inent of each shell is represented by 

a,=f(r) cos} pt—d(r)t.  . . aay 

We may also consider (3) as the real part of the complex 
function we'?’, where u is a function of 7 the modulus of 

which gives the amplitude of the oscillation and the argument 

the phase-shift d(7). Remembering thato= Be equation (1) 

inay be reduced to 
dtu du) dope. 
dr dr ” a 
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Equation (4) is closely related to the differential equation 
of the cylindrical functions. Indeed by the substitution 
y=zv, Bessel’s equation of the first order 

Pepi ea 1 
ds i: ape + (1- a)y=0 

changes to 
Ge 3dv 
12 EF Pee +v=0. 

It follows that the general solution of equation (4) is 

pe ~{Ady(er) + BNyer)}, nse 

where c= ig re , A and B being complex constants of. 

integration. J, is the cylindrical function of the first kind 
and first order, N, that of the second kind and first order *. 

As regards ¢ an agreement must be come to. We shall 
choose the root with the negative imaginary part, i.e., 

c=ke +, where k=|c\= ye. 
pb 

As a first boundary-condition we have Limra,=0. As 

this relation must hold for all values of t, it follows that 
lim ru =0. 
r= 

The cylindrical functions with complex argument all be- 
come infinite at infinity with the exception.of the so-called 
functions of the third kind, or Hankel’s functions ate and 

1 hae Of these He disappears at infinity in the positive 
imaginary half-plane and on the contrary becomes infinite in 
the negative half, whereas the opposite is true for H®. By 
our choice of ¢ in the negative imaginary half we are led to 
the function H®. For the constants of integration in 
equation (5) this gives the relation + B=—7A, so that (5) 
becomes 

v=" Her). ii iets Sah CE 

For the determination of A we have to use the second 

* Cf. Gray and Mathews, ‘Bessel Functions.’ Nielsen, Cylinder- 
Sfunktionen; Jahnke und Emde, Funktiontafeln. Instead of N, Gray and 
Mathews use the symbol Y. 
+ Between J, N, and H a linear relation holds. Cf Jahnke u. Emde, 

p. 95. 
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boundary-condition ag=acos pt, R being the radius of the 

cylinder. We therefore assume that there is no slipping 
along the wall. | 

Hence aR 
Sea OES H?(cR) 

so that 

aR Hy’(er) tpt 
4, = RF eR) a eS ea (7) 

The symbol R means that the real part has to be taken of 
the function which stands after it. 

If we had chosen for ¢ the root with the positive imaginary 
part, we should have had to utilize the function Ho ee 

quite easy to verify that this would not have made any 
essential change in the solution (7). 

For large values of « (real and_ positive) HO (ae / —i) 

approaches asymptotically to 

Fouls 

e 0/2 —1 (- as — >) = 
é Ko wees 

therefore for (AR) sufficiently large : 
kr 

ak e v2 ety esse 
ee pe Se a COS = —(Oage SHOR VFe (72 gO) @ 

where ¢ = arg H}?(cR). 

From (8) it appears that damped waves are propagated 
from the cylinder to infinity, the velocity of propagation 
being 

Ae =P? _. [22H 
Oo a ime fo 

and the wave-length 

2Qarv 2 On 
(ata 2 Le? = ory 5 ee (8’) 

P yp 

The frictional moment on the wall of the vibrating 

9 

cylinder is 27uR? Ea where w= ow . First we determine 
fofael ot 

Eat from (7): 

0%, | a spt H? (eR) i dl (9) 
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For the reduction of the second part on the right-hand 

side of (9) we make use of the well-known recurrence- 
formula of the eylindrical functions: 

dH (z) t 
ay oS Dae 5 = Hye 5 (2; 

By its application (9) assumes the form : 

| =Bj — any re) | « 7 GEO) 
Or HY(cR) 

giving for the frictional couple: 

m2 ref 2?) = — 47ruR? ae 2 Rae He 2) et] 

eg ae | Pe HR) + 

For an infinite time of swing, i.e, p=0, but with a 

rotational velocity differing from 0, lea / becomes 0. 

In that case the second term on the right of (11) disappears on 

Hy (eR) 

=H (cR) ’ 
only the first term then remains, which ae with (2’). 

Moreover® : 

two grounds: first, because c=0, secondly, ie even) 

It appears from the accompanying graphs f of the modulus 

H® (eR) 
H(cR) ‘R) and argument of that this limiting value is practi- 

cally reached at 

fame ies by FOS ee ene) 

where 

* Cf. Jahnke u. Emde, |. c. 

+ Tables for HC” and H™ will be found Jahnke u, Emde, pp. 139, 140. 

ye 
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The condition |¢cR =10 means that the radius of the 
cylinder must be about equal to or larger than the wave- 
length. If Ris small compared with X the second part of 

the frictional couple is negligible. For |cR|2=10 the second 

term on the right-hand side of (10) becomes : 
TT 3 (vet =)y . _2 

—acie”’ = —ake ( +) (since c=ke * i 

Hence equation (11) now becomes : 

a, es ‘ae pre 7 K=— 47pR*o—2r7pkR Ae eo (ot +Z)) ae 

where o= 2 (a cos pt). 

The frictional couple thus divides into two parts, one of 
which does not contain the density of the iiquid, and another 
in which it occurs and which therefore refers to the emission 
of waves. In the transition to the limit of uniform rotation 
the first part only remains. 

In the discussion of the second part of the frictional 

moment the quantity ay is an important factor. If 
mn 

we take a time of oscillation of 277 seconds, so that p=1, we 

have kay / Eby 
be 

This gives the following values for k: 

k= ° (p=). p. pL. WA ). 

9°5 Water TG° . oka est 1 0011 ‘ 
AGM AE Oo eset Oe 0:0013 0:000171 2°8 

Air O01 stm 3. oo : 0:28 
Air 0-001 atm.* ......... 0-09 
Hydrogen 1 atm.0° ... 0:0000898 0-000085 1 

* * At these pressures » has not become much smaller. Cf. Kundt u. 
Warburg, Pogg. Ann. 1875, Band clv. 
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From this table it appears that, except for dilute gases, R 
has to be relatively small in order that the second part may 
be neglected with respect to the first. For instance, for atmo- 

ay ome ee 14 and (8) oa spheric air wi 5 em. an H® (eR) , 

so that the amplitude of the second term of the frictional 
couple is still 56 per cent. of that of the first (see equation (11)), 
in which everything is calculated for a time of oscillation of 
27 seconds. 

There is a further special limiting case of equation (13), 
which is of some interest. Let R become infinite, and let a 
at the same time disappear, in such a manner that Ra 
converges toa finite limit b. We thus approach the one- 
dimensional problem of the oscillation of an unlimited flat 
plate in its own plane in an infinitely extended liquid. ‘he 
frictional force per unit of area is found from (13) to be 

d P= —pk5(Ucos(pt+ 7). ie ek) 

a formula which is well known from hydrodynamics*. A 
term analogous to —4awR’w does not occur in the one- 
dimensional problem, the. reason evidently being that with a 
uniform translation of the plate a condition of equilibrium 
‘does not arise, until the whole liquid away to infinity proceeds 
with the velocity of the plate. 

Finally it is of importance to ascertain for what frequency 
the amplitude of the forced vibration becomes a maximum, 
in other words, to what frequency the system cylinder-liquid 
resounds, if the cylinder is urged back to the position of 
equilibrium by a quasi-elastic force. 

The differential equation for the forced oscillation in 
complex notation is as follows : 

da da i 
O78 +1ia, + Ma=Ee®. ° ° e (15) 

Here in our case L is a complex quantity L=L'+iL", 
where 

L! =(47pR?+,/27pkR’) 

L"=,/2apkR’. 

If we only concern ourselves with the particular solution 

* Cf. Lamb, ‘ Hydrodynamics,’ 3rd edition, 1905, p. 559. 
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of (15) which gives the forced oscillation, we can also write 
(15) in the form : 

(0+ ae +15 si ” + Max Ee™, (16) 
ps dt Eig 

We see, therefore, that in consequence of the motion of 
the liquid an apparent increase of the moment of inertia 
arises. 

Putting 04 yg: iy 

p 

the particular solution of (16) becomes : 

oe ee Rabies i(pt—) 

Vv (M—6'p?)? + Lp? 

in which the phase-angle ¢ is determined by the constants of 
the differential equation. 

Resonance occurs for M—6’p?=0 

or * Op? + L"p—-M=0 . . . 

a= - 

Now L” is proportional to *£ and k= Bes so that we prop mf 

may conveniently write L'’=Np*, N being a constant. 
(17) is now replaced by 

Op'+Np?—-M=0. . ... . (18) 

This equation, which is bi-quadratic in ,/p, determines the 
frequencies to which the system resounds. On closer ex- 
amination there appears to be but one resonance-frequency. 
Naturally we are only concerned with the real roots p of 
equation (18). There are found to be two such roots, one 
for which ,/p is positive, and another for which Vp is 
negative. Now it follows from our calculation that we have 
assumed ,/p, which occurs in k, to be essentially positive. 
For if we substitute a negative value for p in our equations, 
we obtain a system of waves which moves from infinity 
towards the cylinder. But the amplitude of this system is 
infinite at infinity, so that our first boundary-condition would 
not be satisfied. 

Delft (Holland), 
March, 1919. 



Vila proposed Hydraulic Hxperiment. 

To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 

JN the issue of this Journal for October 1918 (p. 315) 
Lord Rayleigh has proposed an experiment on the flow 

of a liquid between two cylinders, standing side by side, and on 
the influence of a rotation of these cylinders on the form of the 
stream-lines. May I draw your attention to a remark by 
Prof. F. Prandtl of Gottingen, put forward in a discussion at 
a meeting of November 1911 and published in the Zeitschrift 
fiir Flugtechnik und Motorluftschiffahrt, iii. p. 32 (1912), on 
an experiment which is only slightly different from that 
proposed by Lord Rayleigh? It is stated there that no 
vortices (eddies) arise if care has been taken that everywhere 
the parts of the walls go faster than the adjacent fluid. If 
two cylinders, standing side by side, very near to each other, 

rotate in opposite directions, it is possible to make the stream- 

lines close perfectly behind the cylinders. The arrangement 

differs from that as proposed by Lord Rayleigh only as 

far as the flow is directed along the exterior sides of the 

cylinders, and not between them. Photographs seem to have 

been taken of the form of the stream-lines; however, they 

have not been published. 
Delft (Holland Yours truly, 

; oF erie J. M. BURGERs. 



bee 

LVIL. On the Numerical Integration of Differential Equations. 
By H. T. H. Praceto, W.A., D.Se., University College, 
Nottingham *, 

I. Introduction and Summary. 

Vee physical problems lead to differential equations 
which cannot be integrated in finite terms by any of 

the usual devices. In such cases some form of approxl- 
mation must be used. The earliest method of approximating 
was by an infinite series, but this is often very tedious when 
accurate numerical values are required. Runge (Math. Ann. 
vol. xlvi. 1895) has given a formula for calculating approxi- 
mately the increment tof 1 y corresponding to a small increment 
of , when x and yare connected by the differential equation 

Bs alts 
dx =/(2, Yy)s 

and it is given that y=) when w=a. 
Other approximate formulz have been given by Heun and 

Kutta (Zeitschrift f. Math. u. Physik, vols. xlv. and xivinie 
In applying any of these methods to actual examples, it is 

important to know how far wrong the result may be. Runge 
assumes that when two steps of his approximations come 
fairly close together, the error in the final result will be of 
about the same order of magnitude as one-third of their 
difference. But he does not give any definite upper limit 
for this error. 

The object of the present paper is to supply this omission. 
Four simple formule are found which give four numbers, 
between the greatest and least of which the required incre- 
ment of y must lie. A new approximate formula is derived 
from these. 

As an illustration this new formula is applied to the 
example given by Runge. The result is more accurate than 
those given by the methods of Runge, Heun, or Kutta. 

Il. Limits between which the value of a definite integral les. 

Let F(#) be a function which, together with its first and 
second differential coefficients, is continuous (and therefore 
finite) between z=a, andw=a+h. Let F’'(x) be of constant 
sion in the interval. In the figure this sign is taken as 

* Communicated by the Author. 
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positive, making the curve concave upwards. LP, MQ, NR 
are parallel to the axis of y, M is the middle point of LN, 
and SQT is the tangent at Q. OL=a, LN=A. 

Fig. 1. 

Then the area PLNK les between that of the trapezium 
SLNT and the sum of the areas of the trapezia PLMQ, 
QMNR. 

ath 

That is, F'(a)dax lies between 

: hF(a+th)=A say, 

and IA{ F(a) +2F (a+ 3h) + F(a+h)} =B say. 

In the figure F’’(#) is positive and A is the lower limit, 
B the upper. If F''(#) were negative, A would be the 
upper limit and B the lower. 

As an approximation to the value of the integral it is best 
to take, not the arithmetic mean of A and B, but 3B+4A, 
which is exact when PQR is an are of a parabola with its 
axis parallel to the axis of x. It is also exact for the more 
general case when F(#)=a+b«+cx?+ ea*, as is proved in 
most treatises on the Calculus in their discussion of Simpson’ S 
Rule. 

III. Hirtension of preceding results to functions es by 
differential equations. 

Consider the function defined by 

a =f(r,y); y=b when z=a, 

where /(z, y) is subject to the following limitations in the 
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range of values aito ath for 2 and db to b+h for y. It will 
be seen from what follows below that the increment of y Is 
less than 4, so that all values of y will fall in the above 
range. The limitations are: 

(1) /(#, y) is finite and continuous, as are also its first 
and second partial differential coefficients. 

(2) It never numerically exceeds unity. If this condition 
is not satisfied, we can get a new equation in which it is 
satisied by taking y instead of « as the independent 
variable. 

(3) Neither d*y/dx* nor Q//dy changes sign. 
Let mand M be any two numbers, such that 

nn 7 <= MET 

Then if the values of y when 2 isa+4hand a+hare denoted 
by b+) and )+& respectively, 

mh <j< i Mi=1)h, . . ae (Ls 

and mh<k< MASA...” Pe 

We shall now apply the formule of the last section, 
taking y to be the same function as that defined by 

a+c 

y=b+ |" F(a)de, 
a 

uae 

so that h=\ Fiax)dz. 

We have to express the formule in terms of / instead 
of Ef, 

Now, F(a) =the value of dy/de when «=a, 

SO . Ba) =7(a,'b). 

Similarly, F(a+gh)=f(atsh, b+), 

and BFi(a+h)=f(at+h, b+h). 

Now, if d//Oy is positive, so that f increases with y, the 
inequalities (1) and (2) lead to 

flat gh, b+ 5mh) <flat gh, b+j)<flat th, b+3Mh), (3) 
and f(ath, b+mh) <f(at+h, b+k)<f(ath, b+ Mh); (4) 

while if 07/dy 1s negative, 

fla+4h, b+ bmh) > flat zh, b+j)>f(at Bh, b+ 4M), (5) 
and = f(asth, 6+ mh)>f(at+h, b+k) >f(at+th, b+Mh). (6) 
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Thus if F’'(x) =dy/dz is positive and 9//dy is also positive, 
the result of section II., 

A<k<B, 
may be replaced by 

| gee)! CN Ge ae aa 5 CU) 

where p=hf(at+sh, b+ mh) 

and Q=thif(a, 6) +2f(atdh, b+35Mh)+f(at+h, b+ Mh); 

while if F’'(a) is positive, and 0//dy is negative, 

12 eG Ot AN ics US mag era oa re) 

where P=hf(a+ th, 6+3Mh) 

and g=th{f(a, b)+ 2f(a+sh, b+4mh)+f(ath, b4+mh)}. 

Similarly, if F’’(«) and Of/dy are beth negative, 

Rie Meee te i 9 tal Wor aT GD) 

while if F’”() is negative and 0//dy positive, 

eee) Fe a ee EO) 

These results may be summed up by saying that in every 
case (subject to the limitations on f stated at the beginning 
of this section) k lies between the greatest and least of the four 
numbers p, P, gq, and Q. 

As an approximate formula we use /==3B+4A, replacing 
B by Q or g, and A by p or P. 

IV. Application to a numerical example. 

Consider the example selected by Runge and Kutta to 
illustrate their methods 

dy _y-2, 
a ree y— 1 when 7=(.- 

It is required to find the increment / of y when 2 increases 
by 0-2. Here f(a, y)=(y—2)/(y+z). This function satisfies 
the conditions laid down in the last section. 
We take M=1, m=(1—0°25/(1:2 4 0:2) =4/7. 

Then p=0'1654321, 

P=0°1666667, 

g=0°1674987, 

(J =0°1690476. 



600 Numerical Integration of Differential Equations. 

Thus / lies between p and Q. Errors, 

2Q+4p=0°1678424, 0:0000007 

Kutta’s value 0°1678449, 00000032 

Runge’s value 0°1678487, 0:0000070 

Heun’s value 0°1680250, 0:00018383 

The second, third, and fourth of these were calculated by 
Kutta. They are also given in Bateman’s ‘ Differential 
Equations,’ p. 229. Now this particular example admits of 
integration in finite terms, giving 

log (2? + y”?)—2 tan ™ (w/y) =0. 

Hence we may tind the accurate value of k. 

Accurate value=0°1678417. 

Thus in this example our result is the nearest to the 
accurate value, the errors being as stated above. 

We may also test the method by taking a larger interval 
h=1. Of course a more accurate way of obtaining the 
result would be to take several steps, say h=0-2, 0°3, and 
finally 0°5, as Runge does. 

Still, it is interesting to see how far wrong the results 
come for the larger interval. 

We take M=1, m=(1—1)/(2+1)=0. 

Then 3 + 4p =0°50000. 

True value=0°49828, Errors. 

Kutta’s value=0°49914, 000086 

Our value= 0°50000, 0:00172 

Heun’s value=0°51613, 0:01785 

Runge’s value=0°52381, 0°02553 

This time Kutta’s value is the nearest, and ours is second 

University College, Nottingham, 
February 22nd, 1919. 
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LVIII. Preciscon-measurements in the X-Ray Spectra. 
By Manne SInGBAHN *. 

1. Introduction. 

TWXHE systematical measurements of the X-ray spectra, 
discovered by G. G. Barkla, with the help of crystal- 

lattices, taken up by W. H. Bragg, H. G. J. Moseley, 
de Broglie, and others+, have given a great many results 
of the utmost interest. The theories of the constitution of 
the atom and its radiation have received empirical basis which 
has greatly furthered this branch of physical knowledge. 
Through the theoretical investigations of Debye, Kroo, 
Sommerfeld and others, the empirical material has, however, 
in some respects been distanced. It will be seen that the 
spectral formulee of the authors just mentioned require more 
precise measurements of the wave-lengths than those which 
have hitherto been attained, to allow a desirable control. 

For this purpose the author has worked out methods for 
more precise measurements of wave-lengths in the X-ray 

_ spectra. The results of this investigation, which extends 
over the longer waves (greater than 1 A.E.) show that the 
new values have about a hundred-fold accuracy compared 
with the older. Ina following paper a method for accurate 
measurements of the short waves will be given. 

2. Method and Apparatus. 

Inall the older methods of wave-length measurements the 
reflexion angle () iu the Bragg formula 

wru= 2d sin 

was in some way or other geometrically determined, which 
highly limited the attainable accuracy. In the following 
method the angle of the reflected rays is determined as the 
angle through which the same photographic plate has to be 
turned in order to receive impressions of the nth order reflexion 
on both sides of the directray. These angles were simply read 
off on an accurate circle-scale. When the plate was turned 
accurately 4 (and the crystal, nearly 26+180°), the 
spectral lines on both sides would cover one another. When 
the angle was nearly 4¢ the lines on the plate fell at some 
little distance apart. By measuring this distance the small 
correction to 4 could readily be determined with desirable 
accuracy. 

The method requires that plate and slit have the same 
distance from the ‘rotating axis of the reflecting face of 

* Communicated by the Author. 
+ Siegbahn, Jahrb. d. Rad. und. Elektronik, 1916. 

Wt. Mag. 8. 0: Vol. 37. Nov 222. June 1919. Aa 
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crystal (and of the plate-holder)*. Only in this case the 
exact angle of the crystal is without influence on the place 
of the spectral lines on the plate. In this case also do the 
same results come out when the crystal duying the expo- 
sure is continually turned over a little range of angles or 
remains still. In using bad erystals small irregularities may 
in this way be eliminated, if necessary. All the following 
measurements are carried out with selected erystals where 
such precautions were superfluous. 

For the determining of the lattice-constant of potassium 
ferrocyanide only a bad specimen was obtainable. These 
results are therefore not of the same accuracy as the others, 
but are sufficient for the purpose in question. 

As the long waves which this investigation ranges over 
are considerably if not wholly absorbed in atmospheric air, 
the spectrograph was built for Nat: (0°1-0'01 mm. Hg). 
Its construction may be seen in fig. 1. To the plate-holder 

Puce a: 

is attached a circle-scale of great accuracy which is read 
off with two microscopes. Another circle-scale of smaller 
accuracy allows the approximate turning of the crystal in 

the desired position. 

* Bragg,‘ X-Rays and Crystal Structure.’ 
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To separate the high vacuum in the X-ray tube from the 
‘low vacuum in the spectrograph a gold-beaters’ skin with 
red paper, an aluminium foil or some other foil was pressed 
over the slit. 

Great care was taken to obtain an accurate adjustment of 
slit, crystal, and plate, for which purpose special apparatus 
were constructed and built. 
A great deal of the work has been devoted to the con- 

struction of an effective X-ray tube for spectral purposes in 
2T2 
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the region of the long waves. Many types have been built 
and tried, of metal and glass and combinations of both. 
Tubes with cold and with hot cathodes (Wehnelt and hot 
wire) have beencompared. ‘The definite type which resulted 
from these investigations is to be seen in fig. 2. 

This tube is entirely of metal with a wolfram spiral ina 
cylindrical cathode. Only the anticathode is isolated by 
means of a glass tube. Cathode and anticathode can easily 
be detached when necessary. The wolfram spiral is sub- 
stituted ina moment. By serewing the cylindrical cathode 
up or down the focus-spot can be varied from the size of a 
millimetre to the entire anticathode face. 

To allow continuous work both cathode, anticathode, and 
tube are cooled by running water. In some cases a tube of 
this type has worked steadily 10 to 15 hours with 40-50 
milliamp. 10-15 k.v. without any interruption. Such long 
exposures were naturally unnecessary for the Jline-spectra . 
with which the following will exclusively deal. 

3. Experimental Results. 

A. The Wave-length of Cu K a. 

In many experimental researches on X-rays the charac- 
teristic radiation of Cu has been employed as standard. 
From this point of view it seems of the greatest interest to 
give an exact determination of its wave-length. The value 
given by Moseley for Cu K « was 1:549.107°, whereas our* 
ae was 1°539 +0:0038. 

The wave-length of Cu K « has been determined with the 
above-described apparatus on different occasions with new 
adjustments of the whole instrument. The measurements 
are therefore independent of one another, and give a good 
illustration of the accuracy attained. 

Order of Reflectin 
Plate. Reflexion. Wave-length. Crystal. : 

4a.5 1 1537:24.107-11 em. Rock-salt. 
10 a “34 33 
10 3 “bh? - 
23 1 ‘40 Me 
84 1 “21 fy 
90 2 “44 i 

112 1 "44 ; 
28 jf aD Calcite 
28 2 ce) Bs 
26 1 “49 bs 
ee 1 "29 ms 

On an average we obtain 

159375396 0033 £07) jem. 

* Siegbahn u. Stenstrom, Phys. Zs. xvii. p. 48 (1916). 
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where the lattice-constant of rock-salt has been taken at 
2°81400 . 10-8, log 2d=0°7503541, and of calcite at log 2d 
=0°7823347 (see below). 

B. The lattice-constant of calcite. 

Bragg in his eminent work ‘ X-Rays and Crystal Structure ’ 
recommends the use of calcite instead of rock-salt for X-ray 
investigations on account of its more regular reflexions. 
A curve of the intensity of reflexion produced by rock-salt 
given in the book mentioned clearly shows what bad images 
are obtained in some cases by these crystals. In spite of 
this fact, experience from many hundred X-ray spectrograms 
has taught me that with selected specimens (I have used 
rock-salt from Stassfurt) perfectly good images with spectro- 
graphs of this kind may be obtained. Only at very large 
angles do somewhat better results with calcite seem to come 
out, probably owing to the greater absorption in calcite which 
reduces the thickness of the reflecting layer. 

The extending use of the calcite for X-ray spectrography 
makes it desirable for one to know the relation between the 
lattice-constant of calcite and that of rock-salt with sufficient 
accuracy. By means of the above method for deterinining 
the reflexion-angles for monochromatic X-rays this is easily 
effected. The determination has been carried out with the 
following three characteristic radiations:— 

Cu Ka, 

ies) K 2, 

Sn ne. 

With each of them a number of spectrograms with re- 
peated adjustments have been taken. The results are given 
in the following table:— 

Xe log 2d. FES | aes 
Cus ee 1537-36 0°7823339 3029-03 
NS 1932:39 0°7823386 3029-07 
Sinusincche ee 3592'94 07823327 3029-02 

which gives us the most probable value for the lattice- 
constant of calcite (cleavage-face) 

log 2d =0°7823347, 

where the value for rock-salt is taken as 

log 2d=0°7503541, 
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as above. For the sake of comparison we may mention the 
following values of other authors: Millikan* from his 
precise measurements on fundamental physical constants 
deduces the value 

d=3'030+0°001. 107°; 

S. Gortont gives the value 

d= 028: 107": 

and, finally, A. H. Compton { finds 

d=3°0279. 

C. The lattice-constant of potassium ferrocyanide. 

Potassium ferrocyanide has a special interest on account 
of the fact that Moseley, in his classical investigations on the 
X-ray spectra of the elements, used tlis crystal. The syste- 
matical determinations which have been made at the laboratory 
of Lund show, when compared with the measurements of 
Moseley, a constant deviation of about 0°5 per cent., which 
considerably exceeds the limits of experimental error. Asa 
probable cause of this deviation I have suggested that the 
lattice-constant which Moseley used in the calculations of the 
wave-lengths was not in accordance with the assumed value 
for rock-salt. The latter crystal has been used in our inves- 
tigations, and the value d=2°814 given by Moseley in his 
earlier paper was taken as its lattice-constant. For the 
longer waves selenite was used, the lattice-constant of which 
was referred to that of rock-salt. 

For the control measurement of the lattice-constant for 
potassium ferrocyanide a home-made crystal specimen was 
used. The crystal was not very good, but good enough to 
allow sufficiently accurate measurements. From a spectro- 
gram on Cu Kz of the second order the reflexion angle was 
determined at : 

Cu Ka: do=10° 32! 14", 

which gives as value for d, 

d=8'407 .10-* cm 

Millikan, ‘ The Electron.’ 
Gorton, Phys. Rev. Feb. 1906. 

# 

15. 
§ A. H. Compton, Phys. Rev. June 1916. 
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Another spectrogram of Pt Le gives in the third order 
the angle te 

Pt lia: $3=13° 30! 58”, 

while the angle of the same line by rock-salt in the first 
order is 

oy = 13° 27' 47”. 

As a result of these two values we find 

d=8-409 . 10-8, 

or as an average of the lattice-constant of potassiam ferro- 
cyanide 

toes le 

The value which Moseley used was 

d=8-454.10-%. 

This implies that the wave-length tables of Moseley 
must be corrected with —0°54 per cent. in order that the 
value may be referred to the assumed lattice-eonstant of 
rock-salt. 

D. The wave-lengths of the K group in the region Cu—Cl. 

The above methods for accurate wave-length measurements 
have been employed for the longer waves in the K group, 
where the elements Cu—Cl have been investigated. As the 
spectrograms show, the reflexion of these long waves is 
approximately a pure surface effect, where the thickness of 
the reflecting layer may be neglected. In fact, the breadth 
of the lines on the plate is the same as that of the slit 
(about 0-1 mm.), The lines have also approximately sharp 
edges on both sides. The values in the following table are 
the means of several spectrograms taken after repeated 
adjustments, and in some cases with different crystals (rock- 
salt and calcite). The weaker §-lines are in general referred 
to the resp. a-line. 

As will be seen from the next paragraph, the @-line is not 
‘single, and that has possibly had no little influence on the 
result. 
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XN. 10>" em. 
N. K @,. KGB 

ROE Pee 3: Cte 17 4718°70 — 

Me ee the 3 19 3733°86 3447:°37 

Ca vb Au erate 20 335 1°86 3087°89: 

Sa Ae A Ee 21 3025:26 2774°54 

Ce 25; fe ak St 24 22385°17 2081°44. 

| oj eae ee oe ane 26 1932°39 1753°97 

Gi lactase 27 1785°24 1617°58 

DR see eons eens 28 1654°67 — 

31" byes ap ene ae 29 1587°36 1389°53 

KE. The fine structure of the lines in the K-group. 

In an exceedingly interesting paper Sommerfeld * has 
shown that the «-doublet of the K-group is to be ascribed to 
the double character of the second electron ring of the Bohr- 
Rutherford atom. In reality there are two “possible ways 
of distributing the two quanta assigned to the second ring, 
which either gives a circular or an elliptical orbit with 
definite excentricity, the mass of the electron being taken as 
aconstant. The replacing of the electron from the one or the 
other of these orbits, to the first ring, then gives the a line 
in two ways. When the variable mass of the electron is 
taken into consideration there will come out two somewhat 
different frequencies. As this difference can be theoretically 
deduced it vives a very good opportunity to empirically 
prove this hypothesis. 

The theoretical value given by Sommerfeld in his above- 
mentioned paper is : 

Av 

(N—3°5)* 

x 9 By) RNG ‘ Loi —, mar, {1+ R35) , Sie 
2 Zz" ) ee | 

e . e (1) 

where Av, is the analogous frequency-difference by 
hydrogen in the optical spectrum, N is the atomic number, 
und # a constant: 

The best value of Av, determined from the spectrum of 

He by Paschent in his beautiful research on the fine 
structure of some He-lines is: 

#* Sommerfeld, Ann. d. Phys. li. (1916). 
t+ Paschen, Ann. d. Phys. 1. (1916). 
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Av, = 0°3645 + 0:0045 

with es pol46 . 07°. 

The value of the wave-length-difference in the X-ray 
spectrum of Cu as determined from the plates 4 and 5 is 

Ar= [0:00379 + 0:00004]10-°, 

hae 
(N —3°5)* 

with N=29. The right member of the above equation (1) 
has the value 

Avyi[....]  =0°3645 + 0:0079 + 0-0003 
=0°373 + 0-005, 

=(0°379 + 0°004 which gives 

which shows a complete agreement with the empirical value. 
The further examination of this question with other elements 
has led to surprising results, which require further inves- 
tigations. These are now going on and will soon be 
pubiished. 

Another interesting consequence of the theory of Sommer- 
feld has been briefly pointed out in a note* to the Bavarian 
Academy of Science. It deals with fine structure of the 
A-line, which had previously been regarded as simple. This 
line arises when an electron runs from the third to the first 
ring. But as the intermediate second ring will be somewhat 
affected through the variation of the system, the change in 
its energy will also have a little influence on the frequency 
of the line. The double nature of this ring will therefore 
necessarily cause the @-line to appear as a doublet. The 
theory also shows that the frequency-difference between the 
two lines of this doublet will be more remarkable in the 
case of elements with smaller atomic weights, and that the 
weaker component will have the greater wave-length. 

All these predictions of the theory were in the best 
accordance with the empirical results. In fact, the author 
has, without any knowledge of these theoretical] results, on 
the spectrograms of Ni and Co, observed the expected effect 
(see the concluding remarks in the cit. note). 

Some preliminary values for the frequency-difference in 
this doublet [8, 8'] are given in the following table, which 
will soon be completed :— 

* Sommerfeld, Sttz. Ber. d. Bayr. Akad. d. Wiss. (June 1918). 
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N. AX .1Q>t Ap, 

Kat eG, eee 26 3°D5 116 

Lene ee 25 | 4°55 "126 

ier tapi aes 24 4:87 “113 

The weakness of the lines makes an accurate measurement 
very difficult. 

4. The Formule of the K « series. 

Moseley, in his first paper on the X-ray spectra, suggested 
the following formula to represent the K @ series : 

Vv - Sa iia! iL » = (N=1) Ee . oa 

where Ris the Rydberg constant and N the atomic number of 
the element. The theoretical basis which Moseley gave this 
equation can no longer be maintained. ‘The great import- 
ance of this formula lies in the fact that Moseley introduced 
the atomic numbers which have shown themselves to be so 
fundamental for the X-ray spectra. 

The extension of the measurements has shown that 
there are systematical deviations from this simple formula. 
To find a better representation of the numerical results 
Sommerfeld * suggested, in his first paper on this subject, the 
formula 

vy (N—1°6)? (N—3°5)’ 7 ae ee 
where the two terms, which constitute the spectral lines in the 
Bohr theory, have their respective nucleus charges, N—1°6 
and N—3°5. The values of these charges were determined 
from the empirical data. With correction for the variability — 
of the electron-mass Sommerfeld deduced the formula 

END ae yee aja tase areal 
¥ = S[4/1- = (N35 1 aN 167 |, - a 

za) pee ae 

A considerable improvement was made by Debye T, wlio 
succeeded in giving a quantitative explanation of the 
effective nucleus charges. His formula was 

* Sommerfeld, doc. cit. 
+ Debye, Phys. Zs. 1917, p. 276. 
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where 8, represents the Bohr function 

i=p—1 

es ae , 
ee 

1 
sifted, 

s1n v 

if 

The basis of this formula may be briefly related :— 
Debye considers an atom where the first inner electron 

ring of one quantum holds » electrons. When one of these 
n electrons is brought to an outer orbit with two quanta and 
then falls back to the inner ring the «-line will be the result. 
The best agreement with the empirical values is obtained 
when n is taken as 3. In the normal state all the atoms 
(from Na) would therefore have an inner electron ring with 
this number of electrons 

A somewhat better representation is arrived at when the 
above assumptions are slightly modified, as has been shown 
by J. Kroo*. If the two innermost electron rings before 
replacing are characterized by 

The first ring (1 quantum) with 2 electrons, 
and the second ring (2 quanta) as, i 

and after replacing by 

the first ring {1 quantum) ,. 3 5, 
and the second ring (2 quanta) Bn, ah 

The calenlation of the radiated frequency accompanying 
this change gives the formula 

2(k—1 2(1+1 = ag ea 2B + — aie "FB, 

2k 21 eee V1—a?P; —— V1—2’F,, F (5) 

where esa 1=8, 

F,=(N—S,._,)% 

F,=4(N— k+-1— Spa) 

F;=(N—S,)?, | 

F,=1(N—k-S8))?. 
There is only a slight difference between the equations (4) 

and (5), but the comparison with the measurements speaks 
decidedly in favour of the Kroo formuia. 

* J. Kroo, Phys. Zs. 1918, p..307. 
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An elegant treatment of the same problem has been given 
by Sommerteld* in intimate connexion with the investi- 
gations of Kroo. In the paper of Sommerfeld the disturb- 
ances are taken into consideration and their influences are 
numerically deduced. The results show the effect cf the 
disturbances to be without influence in comparison with 
the older measurements where the accuracy is of the order 
0:1-0°2 per cent. only. By increasing the precision of the 
measurements there seems to be some possibility of obtain- 
ing at least a qualitative conception of the disturbances in 
the atom-planetary system, 

Fig. 3. 

See eee eee 
Sp dL 
aa mee ee 
Poll LS sé [a 
BERBER ase 
| | | aof | | 26 | oe 
SRE 

The following table gives an illustration of the congruence 
between the Formals 3, 4,5 and the empirical values. In 
the last columns are the Hes iade from the Kroo formula 
also given; these differences are represented in fig. 3. 

~O-2 

P= Kroo- Per 
as fald ( 1916). ge ie = Exp. cent. 

1 RL Se 192°38 192753 VOLTS 193712 —0°39 —0°20 

US RE Sees 243°89 244-11 243°76 244-06 —0°30 —0°12 

PA cota ae 272°00 22S 271°60 271°86 —0:26 —0°10 

72h WONG ea 301°62 301°77 300°99 301°22 — 0°23 —0-:08 

71 eA Se 399°92 400-09 398°5d 398°70 —O'15 — 0:03 

AD. dos ceaeney 473°32 473°57 471°49 471-58 —0:09 —0°02 

rd chi anmpcnie 51249 512°68 510°34 510°29 — 0:05 — 0:010: 

ck hceee ee 55313 553°36 550°80 550°73 —0:07 - 0°013- 

By caaiie I see OO AT 95:72 592°85 592°75 —0:°10 —0:017 

= am Opt 629-43 639°66 636754 636°42 —012 .—0019: 

Lund Physical Laboratory, 
December 31, 1918. 

*. Sommerfeld, Phys. Zs. 1918, p. 297. 
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